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Abstract Each of us has had the experience of being overtaken by another less demanding customer in a queue. And each of
us got behind a demanding customer and had to wait a long time. The frequencies of discrimination that appear here are overruns
and heavy work, these are two phenomena that accompany queues, and have a great impact on customer satisfaction. Recently,
authors have turned to measure queuing fairness based on the idea that a customer may feel anger towards the queuing system,
even if he does not stay long on hold if he had one of the two experiences. We have found that this type of approach is more in
line with studies provided by sociologists and psychologists. The frequencies of discrimination in a queue are studied for certain
models of a single server. But for the case of multi-servers, there is only one study of a two-server Markovian queue. In this
article, we wish to generalize this last study and we demonstrate that the result found in the case of two servers remains valid
after comparing the discrimination frequencies of two Markov queueing systems to several servers.
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1 Introduction

To specify the efficiency of a queue, the authors study the performance of a system, by measuring the length of the queues,
the waiting times, the throughput of the system and many other criteria which describe the experience that will be lived by a
customer who wants to visit such a queue.

A growing body of research has recently begun to look at measures of queuing fairness, trying to understand the impact of the
absence of fairness on performance, perhaps if we better understand the link, we give solutions that eliminate or reduce the
manifestation of "social inequality”. [1] is the first work on the issue of fairness measurement in queuing systems, introducing
an indicator called slowdown, they have come to classify M/GI/1queues under different disciplines, in several categories by
comparing their slowdown with that of the Processor-Sharing (PS) discipline, which they considered to be the fairest model.
This method does not deviate from the traditional way and does not arrive at satisfactory conclusions about the psychology of
the human customer which will determine whether or not he is satisfied with the service rendered.

Psychological studies have confirmed that customers consider the queuing system to be unfair if it does not ensure respect for
seniority or if it does not balance service requirements and waiting times. This will be confirmed in the work of [2], where an
equity order is defined and used to develop an equity measure for the queue G/D/1 and then for G/G/R with respect to mul-
tiple disciplines, the conclusion is that almost all examples, it is possible to compare fairness based on the standard deviation of
wait time. In [3], the authors, proposed a measure called "Resource Allocation Queueing Fairness Measure " (RAQFM), justice
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according to this proposal stems from the principle of subdivision of the cake, which boils down to the fact that at a precise time
Server efforts should be distributed evenly across all clients. The most interesting thing in this study, apart from the character
of absolute fairness given to the PS discipline, is the examined sensitivity of the RAQFM measure towards seniority and the
requirement of services in the cases treated. Other measures are mentioned and compared in [4], where it is explained how the
frequencies of discrimination are the most expressive of the psychic and social side of the problem.

Discrimination frequencies are first introduced at [5], where this measure is derived for multiple single-server queues, plus a case
of a two-server queue.

Based on the calculations made at [6] and [7], part of the measurement can be deduced, namely, the overruns. This is the case,
for example, of [8], who compared the frequencies of discrimination in the case of two systems with two servers, and he proved
that the Markovian queue with two servers is fairer than two Markovian queues in parallel under a hypothesis of equiprobable
access to the two queues.

In this article, we want to generalize this last study to the case of ¢ servers, still under FCFS (first come, first serve) , to determine
which of the two queues has more fairness.

In section 2, we give the definitions of the discrimination frequencies and we define the notations. We then describe the first
model in section 3 and calculate the expectation of the measure DF. Section 4 will be devoted to a similar thing for the second
model, except that we did not find an exact value but just a lower bound, this will be sufficient to conclude but not to determine
the real deviation. The last section is reserved for conclusions and future research.

2 Discrimination frequency

We start by giving some definitions allowing to model these two phenomena.
a;, d; and s; are respectively the dates of arrival, departure and the service time of the ith client C;.
s%(t) is the residual service time of C; at instant ¢. ( By convention, if C; has not yet arrived at the daughter at time ¢, we write
!
sh(t) = s;.

o The number of overruns suffered by the client C; is

Oi=Wj / aj>a; N dj <d}l

e The number of heavy jobs suffered by client C; is

Li=|{j / di>dj>ai A sj(a;)> s}

e The discrimination frequency of client C; is

DF; = 0; + L;

We get the above metrics by observing an arbitrary client C,, we will choose the symbols O and L to express the number of
overruns and the number of heavy jobs that this arbitrary client suffers from.

Finally, we note DF' = O + L the discrimination frequency of the random client C.,,.

Note that in M /M /oo-FCFES, clients do not suffer heavy work, so

On the other hand, in M /M /1-FCFS, customers do not suffer from overruns, so

E(D) = E(L) = 5.

We also fix the following notations:
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Notation Definitions

A The arrival rate

1 ||| The service time rate

pe ||| The traffic p. = p/c, with p = %

the probability that a random customer finds n customers upon arrival,
an in the steady state

S; ||| The i*" service time

The number of customers in the system when the random customer
Qoo arrives

C(c,p) ||| The probability of waiting in the M /M /c system
Ngg ||| Number of skips

Ngr, ||| Number of slips

3 First Model

3.1 Model Description

We consider a queue M /M /c, whose arrival rate is A and service rate is
Under the stability hypothesis p. < 1, the state probabilities of this system are expressed as follows:

n

q0-2y , n<c—1
Gn = P(Qoo =n) =
%-ﬁ ) nzc
with

—1
c

SV p
W= > HtaE
Jz::o gt el —=pe)

We recall that the expected number of customers in the queue is

+oo c+1
E(Qx) = nz::oni]n =p+ %m

and that the waiting probability is given by the Erlang formula as follows

—+oo

Cle.p) = P@ue 2 ¢) = 3 =12

3.2 Overtakes O

Let O™ and LV to express the number of overtakes and the number of large job for a first model and DF() = O 4+ L) js
the discrimination frequency.
For this model, the expected number of overtakes is already calculated in [7]. We will write

BOY) = (o Cle.p)
_ P dc

T 2 3i-p)

p(1 = pc) = g

2(1 - pc)
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3.3 Large jobs L")

We assume that the random client C,, finds on its arrival, n clients in the system.

If n < ¢, then C,, will pass directly to the service, without waiting, so the number of the large job will be zero.

We now assume that n > c. Let Sy, ..., .S, be the service times of the customers who are in the queue before C,,. The service
time for the latter is denoted S,,,.

The number [{k =1,...,n / S, < Sk}| is a random variable that follows the law U([|0, n|]) because S, ..., Sy, S, are iid
continuous random variables . The expectation of the distribution U ([|0, n|]) represents the number of possible large jobs. But,
one of the c—1 clients that will be under service with C,, can leave the system before C,,. The probability of this event occurring
is

P(S<Sw): K :%

Bt
because S and S, they are i.i.d. — E(u).
The total number of customers among these ¢ — 1 who will leave the system before C,,, is a random variable 7" which follows the
binomial distribution B(c— 1, 3), so the expected number of large jobs is the subtraction of E(T') = (c—1).5 from the expected
number of possible large jobs, which gives

B(L0/Quemn) = 3§ — 5

as a result

E(LW) = Y E(LY/Quw =n)P(Qw =n)
n=0

o0

n=c

qo p° n—c
= 9a (n—c+1)p

n=0

g 1

2 (1= p.)?

oo

3.4 Discrimination frequency

For M /M /c, we find that the expected number of discrimination frequencies is

E(DFWY)y = EOW)+ EBLW)

_ P8 9 !
2 2(1=pe) 2 (1—pc)?
p qe 1

= -1
2 21— po) (1—pc )

P qe Pe

B 2+2(1_pc)1_pc

1 dcpe

2 |:P+ 2(1 pc)Q]

4 second model

4.1 Model Description

A client arriving at the system has access to one of the queues with a probability equal to % We can consider that we have ¢
A

queues M /M /1, whose arrival rate and service rate for each are respectively % and f, so the traffic is written == Pe (< 1by

assumption).

We can use the formulas of the permanent state and write that the random client C,,, finds in each queue ¢, a number of clients

N;. We recall that the random variable N; follows the following geometric law
P(N;=n)=(1-p)p? , neN
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4.2 Overtakes O

Let O and L to express the number of overtakes and the number of large job for the second model and DF(?) = O 4 [(2)
is the discrimination frequency.

We know that the expected number of customers that exceeds the random customer is equal to the expected number of customers
exceeded by C,,, in other words,

E(Nsk) = E(Nsp)

To calculate the expected number of overtakes which is E(Ngy,), we will look for the expected number E(Ngg ).
We assume without restricting generality that random client is in the last queue F. It can then overtake up to Ny + ... + N._1
clients, who came to the system before Him and who are respectively distributed to queues F; up to Fo_1, such as

Vi=1,.,c—1,¥neN  P(N;=n)=(1-p.)p’

If k4, ..., kc.—1 are the numbers of clients who left their queues F1, ..., F._; before the random client then the number of skips is

c—1 c—1
SNk
i=1 i=1

as a result
c—1 c—1
E(0®) = E(Nsk) =Y E(N;) =Y _ E(min(¥;, N;))
i=1 i=1

where Y; being the number of customers in the Fi queue (which is assumed to be non-empty) served during the stay of the random
customer.
Fori € {1,...,c — 1} fixed, we have

E(N7) = 15;% and Y; = max{j / Stag >S4+ SJ}

The sojourn time in the queue F; is a random variable that follows the exponential law £ (u(1—p.)) therefore the random variable
Y; follows the geometric law given by

vneN , P(Y;=n)=(1-35)(2)"

by independence we obtain that the law of the variable Z; = min(Y;, NV;) is geometric so that
Ve N, PO =n) = (- 525"

we can deduce

c—1 c—1
E(OW) = Y E(N) - E(Z)
i=1 i=1

c—1 p c—1 Pe
— c 2—pc
- ., Z _ _Pe

i=1 1=pe i=1 1 2—pc
_ (c—1)p.

2(1 - pc)

4.3 Large jobs L

The random client will suffer from large jobs in the M /M /1 queue that he will choose and eventually he will suffer from other
large jobs that occur in the other queues.

We are going to ignore these last large jobs and lower the expected number L(?) by the expectation of large jobs which occur in
an M /M /1 queue whose arrival rate is equal to % and the service rate is equal to u, in other words, traffic equal to p., to know
E(LJ,.) =
We write

Pc
2(1—pc)”

2) Pc
E(L®) > 5
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4.4 Discrimination frequency

We obtain a lower bound of the expected number of discrimination frequency as follows

c c—1)p. __ cpe
E(DF®) = E(0®) + B(L®) > grfe— + fotles — e

S Comparison

CPc dc 4dc 1
BDFO) = EOFY) = 5 5 s i
_ cpe__cpe  Clep)  Clep)
2(1 - pc) 2 2 2(1 - pc)
_ pelp=Cle,p))
2(1 - pc)
> 0

We have just shown that the expected discrimination frequency of the second model is higher than that of the first model, which
means that there is more fairness in the first model.

6 Conclusion and further research

In this paper, we calculated the expected number of discrimination frequencies for the queue M /M /c and we also found a lower
bound of the expected number of discrimination frequencies for a system consisting of a series of M/M/ 1 queues in parallel so
that a customer chooses between them in an equiprobable fashion. These calculations enabled us to say, according to the means
available, that the first model is most equitable.

We are concerned about other issues that we would like to discuss in the future that is more realistic, for example,

we would like to know the result of such a comparison when the selection in the second type is made without equiprobability, or
when the servers in the two types have different service rates, or when the principle considered is "last come first served ".

This simple experience has shown us that this field of study is still fertile and needs a lot of exploration.
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