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Abstract Physiological vital signs acquired during trau-
matic events are informative on the dynamics of the trauma and
their relationship with other features such as sample-specific
covariates. Non-time dependent covariates may introduce extra
challenges in the Gaussian Process (GP) regression, as their
main predictors are functions of time. In this regard, the paper
introduces the use of Orthogonalized Gnanadesikan-Kettering
covariates for handling such predictors within the Gaussian
process regression framework. Spectral Bayesian GP regres-
sion is usually based on symmetric spectral frequencies and
this may be too restrictive in some applications, especially
physiological vital signs modeling. This paper builds on a
fast non-standard variational Bayes method using a modified
Van der Waerden sparse spectral approximation that allows
uncertainty in covariance function hyperparameters to be
handled in a standard way. This allows easy extension of
Bayesian methods to complex models where non-time depen-
dent predictors are available and the relationship between the
smoothness of trend and covariates is of interest. The utility
of the methods is illustrated using both simulations and real
traumatic systolic blood pressure time series data.

Keywords Gaussian Process Regression, Variational Bayes,
Traumatic Events, Orthogonalized Gnanadesikan-Kettering
Covariates, Systolic Blood Pressure, Smoothness Parameter

1 Introduction

It is relatively easy to monitor health nowadays using proto-
type medical devices powered by the natural relationship ex-
isting between health conditions and physiological vital signs.
Physiological vital signs acquired during traumatic events can
be insightful on the dynamics of trauma and its relationship
with sample-specific covariates in a given population. Timely
and accurate detection of subtle changes in these vital signs
is an essential element in the recognition and development of
pragmatic interventions for handling traumatic events.
Traumatic injury is one of the major public health problems
with either a long-term disability or death as its effect [1, 2].
Its implications can be serious for the individual who experi-
ences the trauma, the family, and the nation at large. For exam-
ple, the outcome of trauma may cause systemic shock called
”shock trauma”, and may need correcting physiological disor-
ders and interventions to save a life. Thus, knowledge of the
traumatic injury trend in the population is of much interest in
some applications, for example, decision making in national
policies (on safety planning).

There exist several mechanisms, through which resulting in
an individual obtaining penetrating, blunt, and burn forms of
trauma. Some of these mechanisms include motor vehicle col-
lision, falls, sports, homicide, suicide, assault, bites, animal at-
tacks, natural disasters, and other physical injuries which can
occur at home, on the street, or while at work.

Comprehensive surveillance systems, are required to assist in
understanding effectively the burden of both injury and acute
medical presentations. Such surveillance systems are not fully
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functional in some developing countries to allow researchers
and policymakers to benefit from traumatic trends over time.
Statistical methods provide an appealing alternative way for
monitoring the health of a locality or community via model-
ing and a range of approaches have been proposed in the lit-
erature. [3] developed an approach for modeling multivariate
vital signs of patients who underwent upper-gastrointestinal
surgery for detecting deterioration in physiology within the
similarity-based framework. Vital signs data is segmented into
normal and abnormal groups based on admission information
with their densities estimated separately using kernel density
estimation. However, a novelty threshold is established using
the normal density based on the empirical rule. The inference
is then based on the threshold with abnormal events flagged
with novelty scores above the established normal data thresh-
old. [4] proposed kernel density approach based on Parzen
Windows modeling technique [5] with automatic alert thresh-
olds for modeling both univariate and multivariate vital signs
of chronic obstructive pulmonary patients in order to prioritize
them for clinical review. The univariate approach sets thresh-
olds using the appropriate percentile of the cumulative distri-
bution function of each vital sign. Although these methods are
appealing, they have some drawbacks. They are all population-
based and patient-centered; they require knowledge of the nor-
mal model which is too restrictive in the case of small data size,
and the smoothing parameter estimation method is not robust.
In addition, it does not allow easy incorporation of covariates.

Gaussian process regression presents a flexible alternative ap-
proach with the potential to handle the above limitations in a
principled manner. A Gaussian process is a natural general-
ization of multivariate Gaussian random vectors to infinite di-
mensions. They have been utilized for various modeling tasks
involving physiological data [6]. [7] developed an automated
Bayesian Gaussian process approach for detecting deteriora-
tion in univariate vital signs. The approach exhibited improved
performance in terms of a false alert rate of about 23% lower
than the existing Parzen window KDE approach. To take into
account the possible correlations between multiple health indi-
cators, [8] proposed multi-task Gaussian process models for
biomedical applications for monitoring multiple vital signs
jointly. Though the above methods are attractive, no covariate
information is incorporated into the model. Nevertheless, the
health of an individual is influenced by several factors includ-
ing environmental, economic, social, and biological. It seems
only the biological factors such as the vital signs are modeled.
These factors interact and have complex knock-on effects. Fur-
thermore, although Gaussian process models are flexible and
have many advantages, non-time dependent covariates espe-
cially those which yield design matrices present another chal-
lenge that has received little attention in the Gaussian process
regression literature. It is also unlikely to rule out the possi-
bility of outlying covariates amongst the available non-time
dependent covariates, thus compounding their inclusion in the
model specification. This may add up to the well-known limita-
tions of unfavorable scaling of O(n?), and O(n?), respectively,
for computation and memory requirements, limiting its practi-
cal implementation for problems with at most a few thousand
training samples.
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Though, there exist appealing approaches for example sparse
spectral approximations to Gaussian processes (see e.g. [9, 10])
in the literature which addresses the above computational and
storage issues, the assumption of symmetry in such models is
too restrictive for some applications. This paper introduces a
simple approach for handling non-time dependent covariates
in terms of Orthogonalized Gnanadesikan-Kettering (OGK)
statistics with automatic outlying covariate control within the
Gaussian process regression framework. Also, it explores the
use of modified Van der Waerden sparse spectral approxima-
tion for treating random covariance which handles symmetry
assumption that allows building on fast non-standard varia-
tional Bayes methods for modeling traumatic systolic blood
pressure. Randomizing the covariance function of the Gaussian
process, coupled with robust covariate information allows un-
certainty in covariance function hyperparameters to be treated
in a structured way within the Bayesian framework for easy
extension of Bayesian methods to complex Gaussian process
models for systolic blood pressure obtained during traumatic
events, where the relationship between the smoothness of trend
and covariate information is of interest.

The rest of the paper is structured as follows. In Section 2, the
traumatic systolic blood pressure model is formally proposed
and robust covariate information in terms of OGK statistics is
introduced in brief with its application in the Gaussian process
model outlined. Section 3 discusses Bayesian sparse spectral
approximation to Gaussian processes based on modified Van
der Waerden scores. Section 4 outlines the Variational inferen-
tial method for Gaussian process models. Posterior inference
using hybrid MCMC methods is discussed in Section 5. Sec-
tion 6 outlines the performance assessment measures and im-
plementation directions considered for the developed methods.
Application of the methods using simulation and real dataset
are presented in Section 7. Results and discussion are presented
in Section 8 and Section 9 concludes.

2 Traumatic systolic blood pressure
model

Let (t,v),y = (y1,Y2,--+Yn),t = (t1,...,t,), denotes sys-
tolic blood pressure data associated with time ¢ from trauma
patients . Let w = (wl,w27...,wn)' swi = (Wit -, Wip), 0 =
1...,n be non-time dependent trauma specific covariates. As-
sume further that y is functionally (nonlinearly) related to ¢
and linearly dependent on w. We assume the data generative
process follow the Bayesian Gaussian process model

y==5(t) +e 6]

S(t) ~ QP(m(t), O(t, t o, /\>)

where S(t) follows a Gaussian process [6] with mean func-
tion, m(¢), and covariance function, C(¢,t', 05, \), and € rep-
resents a homoscedastic Gaussian random error process, € ~

N (0, ofln>. Setting m(t) to zero for simplicity, we further
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model C(t, t' o, )\) using

C(r,as,)\> =o2exp (—(Ar)?),r=t—1t|. 2)
Further, we model the smoothness of trend using an auxiliary
variable /3

ANN(Q’ﬂ,ai),w:(a;l,...,a;,,). 3)

The remaining hyperparameter models are as follows.

B NN(Hﬁ07Z,3(]>7U§ NIg<a?\»b0>»
b b2 b0 b0
NI € I
o g < 2’ v6> g ( 2’ vs) ’

1 1
NIQ(Q A2) ~ 16 (2 A2)

where a$, 6%, 1150, 50, Ae, As are known and ZG (o, ) rep-
resents an inverse gamma probability model with shape and
scale parameters « and -y respectively. The designed covariate
vector, w, denotes a robust covariate termed Orthogonalized
Gnanadesikan-Ketterning (OGK) statistics [11]. It is obtained
by applying (4) to the columns of w. In particular, for the j
column, w;, is computed as

n
> wijD(z5)
D= ———j=1,...,p )
> D(z;)
=1
where 2 = %, D(z5) = [1 -
2
SQ<le7771) I(|zlj|§n1)7s(zlj7771) = %7771 = 4.5, and

ft; and G; are the median and mean absolute deviation (MAD)
of w; [12]. Note that & yields a robust estimate of the center
of the distribution of covariates. This, ensures automated
control of outliers in the covariate space. Also, the use of
OGK covariates allows data reduction at the covariate level,
with the potential for computational savings of developed
inferential methods. Notice that the hierarchical model for A,
model (3), has the potential to ensure better learning of the
smoothness of trend via (3, though, the estimation accuracy of
[ can be sacrificed. However, the sacrifice here is not much of
a problem since interest is centered on .

3 Bayesian spectral view of GP models

Consider a GP model, f(t) ~ GP (o, (¢, t’)), with 7(t, 1) =

|t —t'|. Let k(s) denotes the spectral density of (¢, t), if it
exists. Then, the following expressions are frue.
7(6) = k(s)Tcos 27T(5t83 +isin (27‘('(5,58)} ds  (5)

k(s) = /T(dt) [cos (27rc5ts) —isin (27rc5ts)} dé;  (6)

where 0, = |t — t |, for notational simplicity. Model (6) spec-
ifies the power spectrum of the covariance function, 7(¢,¢ ).

Covariates

Since k(s) is obtained from the covariance function of a sta-
tionary GP, (5) and (6) are equivalent perspective of examin-
ing the associated GP. Using the fact that covariance functions
are real-valued, (5) reduces to

7(6) = /kz(s) [cos (27r(5t3)} ds
= Ex(s) [cos (27T6ts)} . %)

Applying (7) to (2) gives

C’(Jt,os,)\) :af/k(s)f(

= U?Ek(s) [cos(2mAd:s)], (8)

T, \, 01, 8)ds

where f(m,A,d;,8) = [cos(2mAds) + isin(2wAdrs)] Thus,
(8) can be computed via Monte Carlo integration [13]

C(5t7as7)\) ~ %:f icos (27r)\sl(|(t —z) — (tl — zl)\)),
=1
)]

where z; ~ Unif|0, 27r]. Comparing (9) and the Bayesian
trigonometric model (10)

= i [al cos (27rslt*) =+ v; sin (275115*)} , (10

=1

where t,, = Mt —2;), ay, v ~ N(O

that, S(t) and Z(t) have the same mean and covariance func-
tions,

) ) it is easily observed

c(zw,z(t)) =E[z02(0)]
— %‘3 ic 0s (27T)\Sl((t —a) - (- Zl)))
=1 (11)

Thus, Z(t) can serve as a tractable approximation for S(t) for
developing fast non-standard Bayesian inferential schemes.

3.1 Spectral scores for s; and z;

The spectral frequencies, s; and z; involved in (11) can be han-
dled either deterministically or randomly. We consider the de-
terministic arm and provide a novel treatment based on Van der
Waerden scores [14, 15]. The spectral domain of stationary co-
variance functions allows associated Gaussian processes (GPs)
to be approximated in a formal way. For detailed exposition on
spectral approximation and its application to GP regression,
see, for example, [16], [10] and [9].

Applying (10), we consider modified sparse spectral approxi-
mation for S(t) of the form,

m

) ~ [ozl cos (27rslt*) + v, sin (27rslt*)} ,  (12)
=1

where
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2
s

az771”V~Af(07 %%;),
)

zl:Ffl(% [1+(m:_1)}),l1,...,m.

Note also that F'(z) is the distribution function of a uniform
random variable on the interval [0, 1], G(s) denotes that of the

spectral density of (2), k(s) ~ /\/'(s7 0,55z ) for A =02 =1.
Using (12), the traumatic systolic blood pressure model (1) can

be expressed as

y = Zxa+ e, (13)

2
where a ~ N (0, %12m> with a vectorized as

(al,...,am771,...,7m) and Z) is an n X 2m matrix of

trigonometric basis functions
Z\ = [cos (27rslti*) ,sin (27rslti*)} ,

where t;, = \(t; — z;),i=1,...,n,l=1....,m.

[9] applied normal quantile scores in their Gaussian process re-
gression treatment of longitudinal data. The approach adopted
here is appealing because it addresses the symmetric nature of
the normal quantile scores which may not be necessary in some
applications.

4 Variational Bayes treatment of GP
models

Suppose f(y|¥) defines the likelihood of a sample data, y, from
a population indexed by a parameter, J. Let g(9) denotes the
prior model for 1. Then, inference for v is made via the poste-
rior distribution
g9(v)

F(9l) = FN S,
where h(y) = [ f(y|9¥)g(9)dd. The nature of h(y) completely
determines the tractability or otherwise of the resulting poste-
rior distribution. Variational Bayes methods offer a determin-
istic approach for handling analytically challenging posteriors
[17]. With this approach, f(d¥|y) is approximated with a pro-
posal posterior say, ¢(¢). The choice of appropriate proposal
distribution is obtained by minimizing the Kullback-Leibler di-
vergence between the two distributions

KL (qlf) = E, [log q(9) — log f(ﬂly)} :

Based on (14), we can write

(14)

15)

- S0} (501

The Kullback-Leibler divergence satisfies the equality,

q(v)

Fa (log{fwﬁw }) =0
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so that

a7

lower bound log h(y), where E,(-) denotes expectation with
respect to ¢(99). From (16), minimizing (15) is equivalent to
maximizing (17). In view of this, most Variational Bayes al-
gorithms are constructed based on the maximization of £(g).
An obvious observation is that, £(¢q) = logh(y) for ¢(9) =
f(¥y). A good approximation results when £(q) is deemed
close to log h(y) via a tolerance. For more detailed background
on Variatonal Bayes and its adaptations, see [18, 19, 17, 20].
Now, setting ¥ = ()\,ﬂ, a, O’i, o2, 0% v, vs) , an appropriate
variational approximation for model (1) adopted follows

q(9) = q(a)q(B)q(Na(o?)q(03)q(02)q(ve)q(vs),

(18)

where

g(a) ~ N (ud, 22),q(\) ~ N (g, 032,
4(B) ~ N (1%, 59), q(02) ~ IG(a?, b2),
q(03) ~IG(al,b}), q(02) ~ IG(al, bl),
q(ve) ~IG(ad b ), q(vs) ~ IG(ad,,b2).

Let& = (1t uf,af, b, af, b ) and

& = (ag, bd,ad ,bd_, 03’\2, ¥4, E%) . Let £ be the union of &;
and &;. The lower bound can then be evaluated in closed form
and details are provided in Section C of the supplementary ma-
terial. The lower bound is then optimized with respect to the

elements of &, based on the iterative algorithm outlined in al-
gorithm 1.
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Algorithm 1 Variational Bayes Algorithm for model (1) (VB-
SBPM)

2 0
Initialize: b = 02, X% = 1, uf = @, pf = Zz, 0?\2 — b
bgs:ﬁ’bge_% _02 _IQmab)\—b tol < oo
i 0
Set a}\ = M’ g — Wéibe)’ aS = %’
aq (b +1) aq (b0+1)

Do untll the change in the lower bound < tol :

e e

o bl ng + 42, b«
m ! (b(sjagg)
por( (utnt’ +322) ) + 57

al ad 171 q ad g ’
— [mb—élgm + éZ ] . pd éza(yZ)

’ a —1
ot [5 el (st +32) )~} - 3

a

o b+

023

Covariates

see, for example, [23] and [24]. Metropolis-within-Gibbs algo-
rithms usually consider proposal distributions with fixed vari-
ances and this may not be appropriate for some models espe-
cially complex models. An alternative approach is to allow a
good proposal value to be learned as the algorithm progresses.
This leads to the so-called adaptive Metropolis-within-Gibbs
algorithm [25]. We consider Metropolis-within-Gibbs and its
adaptive variant, adaptive Metropolis-within-Gibbs for poste-
rior inference for the GPR model (1) due to the structure of
the model. In particular, some parameters do not have stan-
dard forms for the full posterior conditionals e.g., A. For adap-
tive MCMC procedures [25], some initialization of variances
of proposal distributions is required to ensure that the sam-
pler explores the state-space very well. Poor initialization could
lead to non-convergence and poor posterior estimates [24]. The
developed algorithms are outlined in Algorithm 2 and Algo-

o 1l pltol? [TZ {y,M ud — %tr( (M?LMZ/ + 3 ) )} — dA rithm 3. Details of the derivation of the posterior full condi-

e [Bas v
] vl 8o
al ~ -1
o ph <+ X% [(@) pi@ + X5 ,UBU}

’ 2 ’
. bge%[(ug—w u%) +oi’+ @ Z;@} + b3

st 2y 20 2+ o(Guans +3D27) )+ b

’ (bQad )

dr=(u5 —@ /‘%)7 by = 57

Ve

The random matrices, Z, Z*, ), M, N, and D involved in
algorithm 1 are defined as follows.

* / 3Z
7* = B, [ZAZ,\} 7 =B, 7], M = e
0 07 _ 07, oz
7T S S o

Further, note that details on their derivations, derivatives and
computations such as expectations associated with them are
provided in Section B of the supplementary material.

S Hybrid MCMC posterior inference

A hybrid MCMC method can simply be viewed as an advanced
MCMC method, in which two standard MCMC methods are
coupled in such a way that one is embedded within the other.
For example, when Metropolis updates are embedded within
Gibbs steps, a hybrid MCMC termed Metropolis-within-Gibbs
algorithm is obtained. A well-known MCMC method for pos-
terior inference for a parameter without a standard form for
the full posterior conditional is the Metropolis-Hasting algo-
rithm [21, 22]. However, for models build based on conjugacy,
the Gibbs sampling algorithm provides a standard method for
making a posterior inference. The Gibbs sampler performs a
block-wise update of parameters through sampling from their
posterior full conditionals. A full conditional is defined as the
posterior conditional distribution of a parameter given the rest.
For a comprehensive account on advanced MCMC methods,

tionals for the algorithms are given in Section D of the supple-
mentary material.

f(M*]) ( A gl gl 7l 2t j2ld i )
(A1) = (AN, o, 10, 210,621, 31, 7+,

bl =05 (yy — 2y 714 el 4oz [Hl]a(t)) + g5,

uﬁf“) _ 2—[t+1]2((f+1) [y'Z/ [t+1]}

1
25:(§ Waw' +35, ) , gs = b /vl

In addition, dy,ax and Ny denote respectively, the tuning pa-
rameter, acceptance rate, and MCMC sample size, utilized in
the MCMC algorithms.
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Algorithm 2 Metropolis-within-Gibbs(MWG)

Algorithm 3 Adaptive Metropolis-within-Gibbs(AMWG)

1. Initialization:
Sett =0, ULO],ULO],JC[ D ,0’)\[ ],03[0],/3[ ],A[O],a[ol,/\/o.

2. Update A as follows.
(a) Sample \* ~ N(f)\[t], o
(b) Sample A1 as Yollows:

Al — A
A

where

with probability min {log (R1), 0}

otherwise,

= (9,2 = ];()\[*])

(¢) Update Z!*+1 and z*[t+1
3. Gibbs steps:

Dl IG(0.5(bS +1), (bgffff[t] + AZQ) )
W L 1G (0.5(b2 +1), (bgogfm + Aiil))

(a3 +0.5),0.5 (AWJ _ w'ﬁ[t]>2 N bg)

4. If t < No,sett = ¢+ 1 and return to step 2, else stop.

6 Performance assessment

In this section, we outline the performance assessment statis-
tics adopted for evaluating the performance of the proposed
methods. We focus on specific features spanning recovery of
underlying trends, ability to handle smoothness, and compu-
tational time associated with model fitting. For the assess-
ment of recovery of underlying trends, we consider scaled root
mean square error (SRMSE) and normalized mean square error
(NMSE) of fit [16] defined, respectively, as

1 & ) 1
SRMSE = Ag, | — U —yi), Ap = ———
n* ; ( ) Ymax — Ymin
and n*
N 2
7% Z (9 — vi)
NMSE = Z*l—,
A N2
= ; (9 —7)

where vy, 4, y denote the true observation, fitted observation and
mean, respectively and n* is the number of observations.

Set d[)f-H] = t—l—%’ ay = 0.44
Initialization: Initialize parameters as in algorithm 2.
Do step 3 of algorithm 2.

Update A as follows.

1. Sample \* from /\/’Q [t] o2, )[t])
2. Sample A1 as follows:

B s

A+ A*  with probability min {log (R;), 0}
A otherwise,
where
)\[*])
Ry = (Am,y*]) — L

1)

3. Update Z[t+1 and Z*[t+1]
5: Update the proposal distribution:

_ ME\t] 4 dE\t“] ()\[tJrl] _ u&t})
[t+1] [t] 1 2 [t]

oty =0yt ((A[t“] ~ul) =y )

log ( [Hl]) log ( [t]) + d[;ﬂ} (min {Ry,1} — a)\)

6: Sett=t+1
7: If t < N return to step 4, else stop.

N[;—H)

6.1 Implementation

The proposed methods were implemented using the R statis-
tical software. All the codes were written in R and run on an
Intel (R) Core (TM) ¢7, 6700 processor Windows PC 3.40 GHz
workstation. The Variational Bayes algorithms used a toler-
ance of 1075, to judge their convergence. That is they were
deemed to have converged when the relative change in the vari-
ational objective function (lower bound) is less than tolerance
in all the experimentations. However, the advanced MCMC
algorithmic initializations followed appropriate random set-
tings based on the prior distributions. The implementation of
the adaptive MCMC algorithm employed the tuning parame-
ter d) (1) — = (t + 1)~ ! with the default acceptance rate set as
ag = 0.44. The posterior inference for the advanced MCMC
methods used chains of length 5000 with the burning of size
2000. Convergence assessment of the MCMC algorithms was
conducted via the examination of representative samples to en-
sure that the comparison with the corresponding Variational
Bayes algorithm is fair.

7 Application

We consider a simulation and real data examples to evaluate the
developed methods. The simulation is based on the proposed
model (1) whiles the real data example is based on a clinical
dataset from trauma patients.
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7.1 Simulation

The generation of the simulated dataset was pursed as follows.
First, we set n = 300,p = 4, 8 = (0.6,0.85,0.9,0.75), 02 =
02 = 0.02% and 03 = 0.5. Next, the functional predictor, ¢
was generated as a grid of equally spaced time points along
n (i.e. sequence from 1 to 300). The simulated predictor, ¢
was rescaled to be in the interval [—3, 3] to ensure equality
or uniformity of treatment in practice. For the non-functional
covariate information, we consider an n X p design matrix,
wW; = [W1i7L{J2Z‘,W3Z‘, w4i7] s where Wil ~ N(O& 0.022), Wi ~
N(0.5,0.012),w;3 ~ Unif[0,1], and w;y ~ N(0,1),i =
1,...,n. Then, OGK covariate vector w was extracted by
applying (4) to the columns of w;. Given w and 3, A\ was
generated from N (&' 3, 03). Then, S(t) was generated using

S(t) ~ GP (0, C(t, ', 03)). Finally, y was generated from
model (1) with the above settings for parameters.

7.2 Clinical data application: Trauma dataset

We consider a real traumatic data application with a dataset
obtained from the reported traumatic events from a sample of
subjects treated at the Komfo Anokye Teaching Hospital. The
data is a matrix of size 3375 by 10 variables spanning age, gen-
der, occupation, type of trauma, site of trauma, mechanism of
injury, Temperature (Temp), Pulse rate (PP), Respiratory rate
(RR), and Systolic Blood Pressure (SBP). The systolic blood
pressure is considered as a response variable while the others
are used as covariates. The categorical covariates, namely, gen-
der, type of trauma, mechanism of trauma, site of trauma, and
occupation are categorized according to defining settings of the
real data. From initial data pre-processing, we observed that
some subjects were children. The data is restricted to adults of
age at least 20 years for this application. This resulted in a cor-
responding dataset of size 2713 by 19 considered for the real
data application. For the continuous covariates age, tempera-
ture, pulse rate, and respiratory rate, OGK statistics were ex-
tracted for use as covariates. We further observed from the pre-
liminary data analysis that the traumatic systolic blood pressure
trend in the original dataset was not useful due to the unplanned
nature of the data collection process. This is because the data
was obtained as a result of individuals who encountered some
degree of traumatic events and reported to the hospital for treat-
ment. Thus, there was no planned study to monitor a sample of
individuals from a given population for traumatic events. Due
to this observation from the preliminary analysis, the applica-
tion here considered ordered traumatic systolic blood pressure
measurements. The developed methods were fitted to a cross-
section of the dataset obtained above. In particular, data of size
500 by 19 is used. The nature of the ordered traumatic systolic
blood pressure observations is shown in Figure 5.

Covariates

Observed Systolic BP
150
|

Time

Figure 1. Plot of ordered traumatic systolic blood pressure data.

8 Results and Discussion

8.1 Simulated dataset

We present the results of the application of the methods to the
simulated dataset here. Figure 2 shows the fitted trajectory un-
derlying the simulated dataset using VBSBPM, MWG, and its
adaptive variant with 50 Van der Waerden scores (m = 50),
corresponding to the fifth run. Clearly, all the methods are able
to ensure good recovery of the simulated trajectory; thus each
method produces a good fit to the simulated data. Next, we ex-
amine the fitted scaled root mean square and normalized mean
square errors in order to quantify the overall fitting perfor-
mance. Figure 3 shows, from left to right, a plot of SRMSE and
NMSE over a range of the Van der Waerden score samples (1m)
for the simulated dataset using VBSBPM, MWG, and AMWG.
The VBSBPM outperforms the MWG and its adaptive variant
in both sSRMSE and NMSE.

Figure 4 illustrates the computational savings of the developed
algorithms in terms of time to convergence. From left to right,
are the computational performance of VBSBPM, MWG, and
AMWG in terms of the time to convergence and the lower
bound maximization profile of the VBSBPM as the algorithm
progresses over the range of m. Clearly, the VBSBPM is faster
than the MWG and its adaptive variant (AMWG) by an order
of magnitude for m > 20 and fits the data well in fewer it-
erations. Nevertheless, the MWG records slight improvement
over its adaptive variant in terms of computational time.

Table 1 and Table 2 report the variational posterior estimates
for 8 and X and their 95% Bayesian credible intervals respec-
tively. The VB algorithm (VBSBPM) yields much narrower
credible intervals than its MCMC counterparts. Also, it handles
the smoothness of trends better than the MWG and AMWG.
This is evident via the magnitude of the posterior point esti-
mates since the smaller the value of 5\, the smoother the under-
lying trend based on the model adopted for the random covari-



Mathematics and Statistics 10(3): 562-574, 2022

ance function.
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Figure 2. Fitted simulated trend using VBSBPM, MWG and AMWG.
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Figure 3. Simulated data. Fitting performance of VBSBPM, MWG
and AMWG. Plot of scaled root mean square error (SRMSE) against
number of spectral frequencies (m) (left). Plot of normalized mean
square error (NMSE) against number of spectral frequencies (m)
(right).
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Figure 4. Comparison of time to convergence of VBSBPM, MWG
and AMWG (left). Plot of lower bound against iterations in the Varia-
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Table 1. Simulated dataset. Comparison of VBSBPM, MWG and

Iteration

AMWG in terms of spatial regression parameters.

Table 2. Simulated dataset. 95% Bayesian credible intervals (BCIs)

Algorithm

VBSBPM MWG AMWG
B Byeseem Brwa Bamwe
B1 0.9122 0.9213 0.9120
B2 0.9154 09316 09152
B3 0.9153 0.9289 0.9274
Ba 0.9203 09202  0.9272
A AvBssem AMwo AaMwo
1.2966 1.5713 1.6028 1.5783

of spatial regression parameters, 5 and A corresponding to Table 1.

95% BCI

/BVBSBPM

Buwa

ﬂAMWG

B1
B2
Bs
Ba

(0.5198,1.2895
0.4062, 1.4420
(0.3797,1.4314
(0.2371,1.4606

[0.3296, 1.5101]
[0.3344, 1.5467]
[0.3567,1.4592]
[0.3456, 1.5112]

[0.4044, 1.4094]
[0.3567, 1.4592]
[0.3743, 1.4875]
[0.3364, 1.5355]

AVBSBPM

AMWG

AAMWG

[1.5698,1.5728]

[0.8220, 2.3353]

[1.1233,2.0018]
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8.2 Trauma dataset

The results and discussion on the traumatic dataset application
are presented in this subsection. Similar to Figure 4, the com-
putational efficiency of the developed algorithms is reported in
Figure 5 for the real data application. From left to right are re-
spectively the plots illustrating the lower bound maximization
profile corresponding to /m = 100 and time to convergence of
the VBSBPM. Again, the variational Bayes algorithm is faster
than its MCMC counterparts by order of magnitude.

Figure 6 shows the fitted trend based on VBSBPM, MWG, and
AMWG with m = 50 and m = 100. It can be observed that
all the methods exhibit similar fitting performance and that
recovery performance increases with increased spectral sam-
ple size. This observation is important in that any one of the
methods could be applicable for inference in the future in the
case where it is difficult to monitor traumatic events and the
Bayesian Gaussian process regression model is adopted as data
generating process and trend recovery is of interest.

Figure 7 reports the overall fitting performance of the VBS-
BPM and its MCMC counterparts both in scaled root mean
square and normalized root mean square errors.

Figures 8, Figure 9, and Figure 10 show the marginal pos-
terior density functions of the spatial regression parameters
for VBSBPM and MWG. The covariates introduced in the
model are age, temperature, pulse, respiratory, gender (male,
female), type of trauma (penetrating, blunt), mechanism of
injury (fall, assault, other mechanisms), occupation (farmers,
drivers, traders, artisans, professionals, security personnel and
laborers). In general, both methods perform better in terms of
recovery of the underlying marginal posteriors. This is clearly
revealed in the plot of marginal variational posterior distribu-
tions of spatial regression coefficients. The coefficients depict
some differences in the plot and this might be due to insuffi-
cient covariate information associated with those betas.

Table 3, Table 4 and Table 5 report the estimates of spatial re-
gression parameters together with their 95% Bayesian credi-
ble intervals for VBSBPM, MWG and AMWG respectively.
The three methods produce comparable significant estimates
for all the spatial regression parameters. More importantly, the
smoothness parameter estimates are all statistically significant.
However, some evident marginal differences exist illustrating
the differing capacities of the methods in handling the smooth-
ness of the traumatic systolic blood pressure trend and its re-
lationship with available sample level covariates, with the VB-
SBPM outperforming both the MWG and AMWG in general.
Also, the AMWG handles the smoothness of the trend better
than the normal MWG. The basis for comparison here is that
the smaller the value the better the smoothness.

Interestingly, using the posterior point estimates of the spatial
regression coefficients, 5’s, as the estimate of the relationship
of covariates to the smoothness of the trend, it can be observed
that the Variational Bayes approach handles the underlying re-
lationship of covariates to the smoothness of trend much better
than the MWG and its adaptive variant. Furthermore, regarding
the contribution of covariates to the smoothness of the trend,
the VBSBPM reports that the contribution from the continuous
covariates namely age, temperature, pulse rate, and respiratory

Covariates

rate with corresponding estimates, Bl, Bg, 33 and B4 are sub-
stantial in comparison with the categorical covariates. Never-
theless, the opposite is seen in the MWG and AMWG. Condi-
tional on the continuous covariates, all the methods yield simi-
lar results in terms of the contribution of covariates to the esti-
mation of the underlying smoothness. The marginal differences
exhibited by the methods may be purely due to the fundamen-
tal differences in algorithmic construction in the corresponding
modeling frameworks (Variational Bayes and MCMC).

Clinical utility of methods

Physiological vital signs monitoring is key in modern health
monitoring worldwide due to its ability to allow the manifesta-
tion of early signs of health deterioration[26]. This has resulted
in physiological vital signs being extensively used in the iden-
tification of deterioration in health conditions in many clinical
studies [27, 7, 3]. Statistical measures that quantify the overall
features of physiological vital signs are being utilized in assess-
ing the quality and clinical properties of drugs in public health.
One of such measures is the smoothness index, widely applied
in the management and treatment of hypertension[28, 29, 30].
The smoothness index of a vital sign, for example, blood pres-
sure is defined as the ratio between the mean hourly change in
blood pressure over 24 hours, divided by the standard devia-
tion [30]. It has been established that the ability of antihyper-
tensive agents to ensure homogeneous blood pressure control
is vital in the prevention of cardiovascular morbidity and mor-
tality. Thus, antihypertensive agents are formally assessed and
differentiated based on the smoothness index by the latest hy-
pertension management standard[30, 28]. There also exists the
likelihood for the smoothness index to be highly affected by
person-specific features such as age, gender, race, activity, and
hemodynamic factors[31]. However, it seems the computation
of the smoothness index measure, as well as the assessment
of its relationship with the above factors, is achieved empiri-
cally. Thus, lacking the ability to formally quantify and cali-
brate the uncertainty associated with the statistic (smoothness
index). Treating the smoothness as a parameter and modeling
it in terms of available covariates allow a principled way of as-
sessing the uncertainty associated with it and its potential rela-
tionship with the available covariates. Also, modeling smooth-
ness in relation to covariates provides a formal way for assess-
ing key contributing covariates of the dynamics of the under-
lying trend. In this paper, an interesting observation based on
all the three inference methods is that the smoothness of trau-
matic systolic blood pressure relates to trauma-specific covari-
ates. Also, the trauma-specific covariates significantly impact
the smoothness compositely. In other words, their effect on the
systolic blood pressure observed during traumatic events is key
to the dynamics of the trend, composite in nature and mainly
through its smoothness. Generally, there exists no formal way
of monitoring traumatic events because of the challenge asso-
ciated with foreseeing the inception of traumatic events based
on a person’s features and behavior. Nevertheless, shock usu-
ally precedes traumatic events with its effect manifested in the
physiological vital signs leading to escalated readings. These
escalated readings are captured in the smoothness parameter if
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modeled as seen in our results. Thus, the smoothness is key in
the Gaussian process regression models and can be an appeal-
ing source for developing pragmatic schemes for monitoring
traumatic events. The magnitude of the smoothness parame-
ter estimate can be employed to differentiate computing co-
variates. Furthermore, the posterior mean to variance (standard
deviation) ratio from the posterior distribution of the smooth-
ness parameter can be utilized as a smoothness index as in the
case of empirical measure termed as the “smoothness index”
used in the management and treatment of hypertension. Alter-
natively, more informed measures in terms of probabilities can
be computed based on the posterior distribution for practical
clinical assessment and monitoring. It is clearly evident that the
smoothness parameter and its relationship with covariates are
important in physiological vital signs monitoring in practice.
Also, the utility of Gaussian process regression for modeling
traumatic vital signs is evident. Note that the Gaussian process
spatial dependence parameter is directly related to the variance
of the derivative of the process, so modeling the dependence of
this quantity on covariates is helpful for capturing the way that
dynamic properties of the process depend on the covariates.

600
I

500
L

400
L

Lower bound
300
L

Time to convergence (Second)
200
I

Figure 5. Comparison of computational times of VBSBP, MWG and
AMWSG over range of Van der Wearden samples (left). Plot of lower
bound attend at convergence against number of iterations for VBS-
BPM (right).
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Figure 6. Fitted traumatic systolic blood pressure trend with m = 50
(left) and m = 100 (right).
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Figure 7. Fitting performance of VBSBPM, MWG and AMWG. Plot
of scaled root mean square error (SRMSE) againstm (left) for all three
methods. Plot of normalized mean square error (NMSE) against m
(right).
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Table 3. Posterior estimate of 3 and A with 95% Bayesian credible
intervals (BClIs) using VBSBPM with m = 100.

: N : a : ER w ey Algorithm
N N o o VBSBPM
0-05 ‘ 0‘5 ;‘0 1‘.5 Z‘G O-DS ‘ 0.‘5 :0 1‘5 Z‘.D ) -D‘S ‘ 0‘5 . 1‘5 ‘ 25 ’ -0‘.5 ‘ G‘SB 1‘5 ‘ 25 /8 BVBSBPM 95% BCI
B 0.9087 [0.3869, 1.5154]
B2 0.9086 [0.4035,1.3212]
ol ; N N Bs  0.9057 [0.3829, 1.3901]
- Lol A o Ba 09105 [0.4279,1.4459]
i i, i i°] Bs 09177 0.3159,1.5153]
°] ‘] ] :] Bs  0.9191 [0.4071,1.5469]
= S S s 57 0.9187 [03859, 15067]
00 05 10 15 20 05 05101520 05 05 15 25 05 05 15 25 /BS 0.9181 [0,45587 1,5038]
" " ’ * Bo 09184 [0.3376, 1.4563]
Bio 09194 [0.3746,1.5119]
Figure 8. Plot of marginal variational posterior distributions of spatial P11 0.9196 [0.2523, 1.5487]
regression coefficients f1, B2, . . ., Os. fiz 09194 [0.3953, 1.4361]
Biz 09197 [0.3010,1.4792]
Bia 09198 [0.3723,1.4734]
Bis  0.9193 [0.32901, 1.545]
B 0.9195 [0.3145,1.4701)
) ) ) Bz 09198 [0.3807,1.4315]
] B B Bis 09195 [0.3346,1.4611]
;] i P Bro 09192 [0.3714,1.4777)
AN S\ A Avesepm 95% BCI
-05 DS& 15 25 -05 USB 15 25 -05 GSB 15 25 16.9351 [16'93207 16'9386]
; :j § jj Table 4. Posterior estimates of 3 and A with 95% Bayesian credible
. . intervals (BCls) using MWG with m = 100.
’ -D‘S ‘ D‘S ‘ 1.‘5 ‘ 25 ’ -D‘S‘ 0‘5 ‘ 1‘5 ‘ Z‘S
b ba Algorithm
MWG
Figure 9. Plot of marginal variational posterior distributions of spatial =
regression coefficients fo, . . . , B16. B Puwa 95% BCI
Jo31 1.0396 [0.5067,1.5689]
B2 1.0481 [0.5193,1.5654]
Bs  1.0748 [0.5915, 1.5581]
B4 1.0288 [0.4884,1.5963]
] o] Bs 09397 [0.3516, 1.5222]
- - Bs 09366 [0.3505, 1.5023]
i i Br 09314 [0.3578,1.5357]
. o Bs 09519 [0.3645, 1.5388)
ST T Bo  0.9403 [0.3644, 1.5244]
N . B0 09311 [0.3550, 1.5130]
Bi1 09190 [0.3124, 1.5264]
Bi2 0.9256 [0.3277,1.5195]
) Bz 09214 [0.3460, 1.5054]
“] Bia 09126 [0.3279, 1.5141]
i Bis 09195 [0.3217,1.4841]
£ Bis  0.9219 [0.3203,1.5202]
sl |\ Bir  0.9256 [0.3550, 1.4985]
0505152 Bis  0.9295 [0.3605, 1.4944]
b Bio  0.9321 [0.3445,1.52085]
A Amwe 95% BCI
Figure 10. Plot of marginal variational posterior distributions of spa-
tial regression coefficients 17, . . ., Bio. 19.0819  [17.5153,20.4978]
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Table 5. Posterior estimates of 3 and A with 95% Bayesian credible
intervals (BCIs) using AMWG with m = 100..

Algorithm
AMWG 95% BCI
B Bamwe
B 09671 0.4121,1.5221

B2 0.9637 0.4371,1.5415
Bz 09784 0.4467,1.5166
Ba  0.9645 0.3747,1.5316
Bs  0.9202 0.3473,1.5146
Bs  0.9305 0.3429,1.5160
Bz 0.9305 0.3546,1.5166
Bs  0.9276 0.3458,1.5273
Bo  0.9267 0.3539, 1.5009

[ ]
[ ]
[ ]
[ |
[ ]
[ ]
[ ]
o
Bio  0.9209 [0.3247,1.5323]
[ ]
[ ]
[ ]
[ ]
[0 ]
[ ]
[ ]
[ ]
[ ]

B11 0.9206 0.3105,1.5252
B2 0.9261 0.3455,1.5031
Bz 0.9100 0.3179, 1.4932
Bia 0.9241 0.3212,1.5117
Bis 09224 .3490,1.5177
Bis 09173 0.3304,1.5126
Bz 0.9146 0.3246,1.5012
Bis  0.9161 0.3163,1.5040
Bro 09184 0.3495,1.5267
)\ )\AMWG

17.8511  [15.3885,21.5437]

9 Conclusion

We have presented a novel Bayesian Gaussian process ap-
proach to traumatic systolic blood pressure modeling. The ap-
proach describes sample-level systolic blood pressure moni-
tored during traumatic events with GP and relates sample-
specific smoothness to robust sample covariates, allowing for
automatic control of extreme values within the non-time depen-
dent sample covariate space. We have developed a fast varia-
tional inference method using a sparse spectral approximation
based on modified Van der Waerden spectral scores. We have
also explored the use of OGK covariates in Bayesian Gaussian
process regression models that yields a substantial reduction
in computational time and also helps produce a better fitting
performance of developed algorithms. Furthermore, we have
explored the use of modified Van der Waerden spectral scores
in G'P approximation for handling symmetry of Gaussian spec-
tral densities used in spectral approximation.

Experimentation with both simulated and real clinical trau-
matic datasets shows that the smoothness of systolic blood
pressure from trauma patients is significantly influenced com-
positely by both trauma-specific and patient-specific covari-
ates. Thus, the smoothness statistic is appealing for developing
pragmatic schemes for monitoring traumatic events based on
physiological vital signs via Variational Bayes Gaussian pro-
cess regression.
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