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Abstract The Cox regression model is widely used for
survival data analysis. The Cox model requires a proportional
hazard. If the proportional hazard assumption is doubfult, then
the additive hazard model can be used, where the covariates
act in an additively to the baseline hazard function. If the
observed survival time is more than once for one individual
during the observation, it is called a recurrent event. The
additive hazard model measures risk difference to the effect
of a covariate in absolutely, while the proportional hazards
model measure hazard ratio in relatively. The risk coefficients
estimation in the additive hazard model mimics the multi-
plicative hazard model, using partial likelihood methods. The
derivation of these estimators, outlined in the technical notes,
is based on the counting process approach. The counting
process approach was first developed by Aalen on 1975 which
combines elements of stochastic integration, martingale theory
and counting process theory. The method is applied to study
about the effect of supplementation on infant growth and
development. Based on the processing results, the factors that
affect the growth and development of the infant are gender,
treatment and mother’s education.

Keywords Survival Data, Proportional Hazard, Additive
Hazard, Recurrent Event, Counting Process

1 Introduction

Survival analysis is a branch of statistics for analyzing the
expected duration of time until one event occurs. Survival
data (time to event) is the length of time until an event occurs.

Survival data is the realization of a random survival variable,
namely a non-negative random variable, 7', which is the basis
for the formation of models and methods in survival data anal-
ysis. If the survival time is influenced by other factors then it
can be modeled with a regression model. The regression model
for survival data that is widely used is the Cox multiplicative
model. The Cox multiplicative model requires proportionality
assumption. If the proportional hazard assumption is doubtful,
then additive hazard model is alternative in which the covari-
ates act additive manner on an unknown baseline hazard [1].

The relationship between risk factor and time of occurence
was described by the multiplicative and additive hazard mod-
els. The additive model measures risk differnce to the effect of
a covariate in absolutely while the proportional hazards model,
measures hazard ratio in relatively [2]. It is quite possible that
the relative risk is constant over time, but that the additive risk
time varying. In fact, changes in absolute risk with time give
no information on changes in relative risk with time. In the ad-
ditive hazard model, the covariates act additive manner on the
baseline hazard and are allowed to time varying. The model
with varying coefficients was actually developed first, in 1989
by Aalen, and the model with fixed covariates was developed
by Lin and Ying in 1995. For Aalen’s model, estimation of
the risk coefficient functions can be done using least-squares.
Estimator of the risk coefficient is based on the least squares
technique. Derivation of its estimator, is based on the count-
ing process approach and similar to the Nelson-Aalen estima-
tor. Hypothesis testing is based on the stochastic integral of the
resulting estimator [2]. Lin and Ying’s mimic score equation
from multiplicative hazard model to estimate risk coefficient
in the additive hazard model [3]. The estimation of the regres-
sion coefficient in multiplicative hazard model will be obtained
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through the partial likelihood [2]. The regression coefficient on
Lin and Ying’s additive hazard model is constant.

Survival analysis is often used to determine the association
of risk factors with clinical event such as disease recurrence.
Often an event that occurs more than once on an object in a
period of observation is called a recurrent event [4]. Recurrent
events are often found in the fields of health, epidemiology, in-
surance, demography, etc. Recurrent events are included in the
multivariate failure event because of the correlation between
the recurrence events [5]. The survival data are sometimes en-
countered recurrent event data. Data recurrence if each indi-
vidual is experiencing the same event repeatedly. Some of the
writings are about the frequent instances among others (Pren-
tice, et.al , 1981; Andersen and Gill, 1982; Wei, et.al 1989; Lee
et.al 1992; Kelly and Lim, 2000; Lim and Liu, 2007; Lim and
Zhang, 2011) [6-11]. They discussed a recurrent event data in
the multiplicative hazard model. In the multiplicative hazard
model, proportional hazard must be assumed. Anderson and
Gill analyzed recurrent events with counting process approach
while Prentice, Wei and Peterson used conditional. Kelly and
Lim applied a recurrent event multiplicative model to pediatric
infectious diseases. Lim and Liu applied the recurrence anal-
ysis method to emergency department visits of war pediatric
firearm victims while Lim and Zhang applied a multiplicative
and additive model to emergency department visits for pedi-
atric firearm victims in Milwauke. If the assumption of pro-
portional hazard is doubtful then the alternative is an additive
hazard model. The Cox model emphasizes hazard ratio, while
the additive hazard model emphasizes parameter estimation so
that the effect of the covariate over time is paid more attention.
The additive hazard for recurrent event was presented by Yin
and Cai 2004, Schaubel, et.al 2006, Sun et.al 2006 and Zeng
and Cai 2010 [12-15]

2 Materials and Methods

The additive hazard model is one of the regression models
for survival data. The additive hazard model measures risk
difference in absolutely, while the multiplicative hazard model
measures hazard ratio in relatively. In this article, we will dis-
cuss the estimation of baseline hazard cumulative, estimation
of regression coefficients, and an application additive hazard
model recurrent event about the effect of giving supplements
to infant on their growth and development. .

2.1 The Additive Hazard Model

The additive hazard model is an alternative to the multi-
plicative hazard model known as the cox model. There are two
additive hazard models, namely the Aalen’s Additive Hazard
Model and Lin and Ying’s Additive Hazard Model [2]. The
Aalen’s Additive Hazard Model was introduced by Aalen
in 1989 with a time dependent regression coefficient. The
second model is the Lin and Ying’s Additive Hazard Model
introduced by Lin and Ying in 1994 with a constant regression
coefficient [2]. In this paper, we used Lin Ying’s additive
hazard model, beacause in this model, we provide a closed
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form estimator for the regression parameters [3]

Let 7} be the time for the 4" subject, and C; be the corre-
sponding censoring time. X; = min(T;, C;), where X; whose
distribution depends on a vector of possibly time-dependent
covariates Z(t) = [Z1(t),..., Zp(t)]. The data consists of a
sample [T}, 6;, Z;(t)], i=1,..., n, ¢; is the event indicator and
Zi(t) = [Zin(t),..., Zip(t)] is a p vector of possible time de-
pendent covariate. We assume that the hazard rate at time ¢, for
an individual with covariate vector Z(t), is a linear combina-
tion of the Z;(t)’s, that is,

At) = Xo(t) + > B, Z;(t) (1)

where \o(t) is baseline hazard function. Baseline hazard is the
hazard rate for individuals with zero values for all covariates.
For continuous covariate, baseline hazard is obtained when the
covariates are centered on the mean. The 3;(t) are covariate
functions estimated from the data.

The estimation of the regression coefficients of the Lin
and Ying’s Additive Hazard Model used a method sim-
ilar with score equation on proportional hazard model.
The Score equation is obtained from the derivative of the
log partial likelihood function. The regression coefficient in
Lin and Ying’s Additive Hazard model is time independent [2].

For the 7" individu, we define

Yi(t) = 1 if individu i*" is at risk at t
STl 00 if individu it isn't at risk at t

To find the estimated regression coefficient in the Lin and
Ying’s Additive Hazard model, the first step that needs to be
done is to estimate the cumulative baseline hazard function.
The estimator of the cumulative baseline hazard function can
be found using the counting process theory. The counting pro-
cess, N;(t), can be described as follows

Ni(t) = M;(t) + ; Yi(t)[Xo(t) + B°Zs(t)]dt  (2)

where M;(t) is a martingale. Equation (2) is derived, we get
dAN;(t) = dM;(t) + Yi(H)Ao(t)dt + Yi(1)B Z;(t)dt  (3)

Equation (3) is added and integrated, we get

¢ ESTR AN;(t) = Y B Z(t)dt
0 0 >im Yi(t)
[T AM(1)
0 Diey Yi(t)
The term fot %
where E(dM;(t)) = 0
The estimation of the cumulative baseline hazard function is
as follows

“4)

is called the error component
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The estimation of this cumulative baseline hazard function
will be substituted for the score equation that will be obtained
in the next step.

The regression coefficient estimation in Lin and Ying’s addi-
tive hazard model uses a score equation that mimics the score
equation in the Cox regression model. The score equation in
the Cox model is obtained from the derivative of log partial
likelihood

The Cox model’s score equation is as follows

U =3 / Z,(t) [dzvi () = Yilt)ewp(8' Zi()dAo (1))
=1
(6)

The Score equation on (6) of the Cox proporsional hazard
model, the term expBtZ;(t)dAo(t) is replaced by Ag(t) +
BtZ;(t) of the Lin and Ying’s Additive Hazard Model. The
score equation for the Lin and Ying’s additive hazard model is
as follows:

UG =Y [ 20N - Vi ddat) - Vi) Zi(0]

(N
Equation (5) is subtituted to (7), we get
n t n
2im1 Vi) Zi (t)}
{dM(t) ~Yi(t)8'Z; (t)dt} (8)

The estimate of the regression coefficient, is obtained by
solving the equation U(8) = 0 we get

p= (; /O Yi(t)[Zi(t) — Z(1)][Za(t) — Z(t)]dt)

(g / 120 - Z(t)(t)det)]) )

Z?:l Y;(t)Zi(t) =
s W

The variance matrix 3 is estimated by A~1C'A~! where

where

2.2 Recurrent Event

Often an individual experiences the event more than once
during the observation period. These events are known as re-
current event [4]. Examples of recurring events include tumor
recurrences, epileptic seizures, asthma attacks, migraines, in-
fectious episodes, myocardial infractions, injuries, and admis-
sions to the hospital [5].

Parameter Estimation for Additive Hazard Model Recurrent Event Using Counting Process Approach

Recurrent event is a recurring event of the same type of event
from time to time, while the process that produces the data is
called a recurrent event process. In recent years, recurrent data
has increased in many areas such as public health, business and
industry, reliability, social sciences, and insurance. Recurrence
event occurs frequently in medical studies, where information
is often available on many individuals, each of whom may ex-
perience a recurrent transient clinical event during the observa-
tion period. Examples include the occurrence of asthma attacks
in respiratory studies, epileptic seizures and facts in osteoporo-
sis studies. In business examples include filling out warranty
claims on cars or insurance claims for policyholders [16].

The data consists of a sample [T;x, 0k, Zir(t)], 1 = 1,...,n,
where Ty, is study time, J;, is the event indicator and Z;(t) =
[Zik1, s Zikp) is a p-vector of possibly time dependent co-
variate. Let T be the time when the k" failure occurs for
the i'" subject and C;;. be the corresponding censoring time.
T;r 1s measured from the subject enrollment and the censor-
ing Cjx occurs after the subject has been entered into a study
to the right of the last known failure time and it is right cen-
soring. When T}, is subject to right censoring, the k** failure
time X;; = min(Tik, Cix). X = Ty if the subject was
observed and X;x(t) = Cjy if the subject was censored. Let
0i. = I(Ty, < Cig, where I(.) is an indicator function and
takes the value 1 when T35, < C, and is 0 otherwise

In 1994, Lin and Yang introduced the additive hazard model
where the regression coefficient is constant. This model is
known as the semiparametric additive hazard model [2]. The
Lin and Ying’s additive hazard model for recurrent event with
covariate vector is

ik (1) = Aok (t) + B Zik ()

Where 8 = [f1, B2, ..., Bp] is regression coefficient, Aoy, is a
baseline hazard function. Z;(t) = [Zik1(¢), .., Zikp(t)] is
kap vector covariates.

Data consists of a sample [Tk, 0ik, Zir] , i= 1,2,...n and k=1,
2, ..., K where Tj;p is the event time for i*" subject and k"
recurrence, d;; is the event indicator and is a Kxp-vector co-
variates. We define Y, (t) = 1 if i*" subject and k*" recur-
rence that is at risk in ¢ and Y;;,(t) = 0 if i*" subject and k*"
recurrence that is not risk in ¢. Illustration of recurrent event
observation is presented in Figure 1.

12)

2.3 Counting Process

Counting Process Approach was first developed by Aalen on
1975 who combined elements of stochastic integration, con-
tinuous time martingale theory and counting process theory.
Counting Process was defined N;,(t) = 1; if T, < t and
di, = 1 and Ny (t) = 0, otherwise. Counting Process with the
properties that N;;(0) = 0, and N;(t) < oo with probability
1 and the sample path of n(t) are right censored sample and
piecewise constant with jumps of size 1. The counting process
gives us information about when event occurs. We defined the
process A(t) = fot Aik(t)dt, t > 0, where Ao (¢) is called
intensity process of the counting process. If the stochastik pro-
cess My (t) = Nix(t) — fg Yir(t) \ir(t)dt, then thus one may
think of the counting process as the total number of observed
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Figure 1. Illustration for Recurrent Event

events and the cumulative intensity process as the total number
of expected events up to time t. The difference between these
two quantities is a residual like quantity called the counting
process martingale [2]. The basic counting process N, () can
be decomposed into

Nik(t) = M (t) + /O Yool Por(®) + B Za(D)dt (13)

where M, (t) is martingale.
The general data layout for recurrent data with the counting
process approach is presented in Table 1

2.4 Parameter Estimation

There are n subjects and that each subject can experience
k failures or recurrent events. Suppose that censoring is non-
informative, which means that knowledge of a censoring time
for a subject provides no further information about the subject’s
likelihood of survival at a future time. Let T}, be the time when
the kt" failure occurs for the 7" subject and Cjj, be the corre-
sponding cesoring time. T;j is measured from the subject’s
study enrollment and the censoring occurs after the subject has
been entered into a study to the right of the last known fail-
ure time; thus, it is right censoring. When T} is subject to
right censoring, the k*" failure time X;;, = min(Tix; Cix)
i.e., X; = T; if the event was observed and X;, = Cj; if
it is censored. Let d;, = I(Ty < Cix) , where I(.) is an in-
dicator function and takes the value 1 when X;;, = T} and 0
otherwise. Let Z;; be a covariate vector of p-dimensions for
the ' subject at the k'" failure. For each of the K failures, the
hazard function for the i*" subject with respect to the k%" fail-
ure. Defined N;;(t) denote the counting process representing
the number of event experienced before time ¢.

2.4.1 Estimation For Cumulative Hazard Baseline

Estimation in the additive hazard model focuses on the cu-
mulative regression function. Estimating the cumulative base-
line hazard function uses the counting process theory. The

Counting is defined as follows

t
Nik(t) = My (t) + / Yie(t)[Mok(t) + B Zi()]dt  (14)
0
The equation (14) is derivatived, we get

AN (t) = dMk(t) + Yie () [Dor(t) + B Zi(t))dt - (15)
The equation (15) is added and integrated, we get estimation of
cumulative baseline hazard as follows

t

Row(t) = / Nordt (16)
0

The estimation of the cumulative baseline hazard function

on (16) will be substituted in the score equation to be obtained
in the next step.

2.4.2 Estimation For Regression Coeficient

The regression coefficient of Lin and Ying’s model was es-
timated by using the score equation as in the Cox regression
model. The score equation from The Cox regression is ob-
tained by deriving the log partial likelihood function is

Yir(t)exp(B8' Zix (1)) rNMt)
e Yir(t)eap (5 Zix (1)) (17

The logarithm of (17) is derived from £ to produce the score
equation of the multiplicative hazard model. The score equa-
tion of the multiplicative hazard model recurrent events is as
follows:

U = EK: z”: /Ot dNix(t) (Zik(t) - B) dt

k=11i=1

L(ﬁ) = Hszln?zlnogtgoo {

(18)

where

Y Y Za)Ya (Weap(8 Zin (1))
Yo Yoy Ya(t)ewp(8: Zu(t)
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Table 1. General Data Layout for Recurrent Event

Subject | Interval | Status Start Stop Zilk Zipk
1 1 011 t110 t111 Z111 Z11p
1 2 012 t120 t121 Z121 v | Zi2p
1 r1 O1ry tir0 | tirl | Zirgt | o | Zirgp
2 1 021 t210 to11 Zo11 v | Zo1p
2 2 022 t220 t221 Z221 Z22p
2 T2 021y t2r00 | torgl | Zorgl | oo | Z2rgp
n 1 On1 tn10 tni1 Zn11 v | Znip
n 2 On2 tn20 tn21 Zn21 v | Znop
n Tn 5n'rn tnrn 0 tnrn 1 Z"Tn 1 annp
The equation (18) is decomposed into The estimate of [ is obtained by solving the equation

U(B) = 0 and we obtained the consistent estimator 3
n

K t
U(ﬁ)zZZ/ Zi(t) = C (19) K
k=1i=1"0 BZZ

—1

Zn: /Ot Yir(0)[Zi(t) — Zi ()]

where k=11i=1
_ , _v toy. N K ot _
O = (dNa(®) = Yiu(t)erpB Zu(t)dho(B)) e 20) S5 [1za) - Zuwlana)  e5)
and k=114=1"0
where a®? = aa'. The variance covariance matrix of 5 may
dRo(t) = S S AN (t) be estimated by A7 'V, A" where
Sy Yo Ya(Dewp(8 Za (1)) P
— ®2
The term exp(3! Z;; (t)dt is rechaged by Aok (t) + B! Zix (t)dL, A= Z Z/ Zi(t) = Z" Y (t)dt
we get k=11i=1"0
K n ¢ and
U(B) = Zige(8) [Nk () =Yk (8) Nor (£) 8" Zir (£) lt G -
(B) ZZ/O k(O[ANik () =Yik () Aok (£)+5" Zix (t)dt] V=SS [ Zalt) - Ze(hyana ()
k=11i=1
Q1) i=1 k=1"0
Equation (21) is called score equation from additive hazard K n .
model recurrent event. Z / [Zir(t) — Z (t)]dNix (t)
The equation (16) is substituted into (19), we get b—1i—1"0
K n . The estimate of [ is obtained by solving the equation
U(B) = Z Z / Ziw(t) =D (22) U(B) = 0 and we obtained the consistent estimator (3
k=11i=1"0
R K n t o -1
where B = ZZ/ Yie (D[ Zir(t) = Z(£)] 22
K n k=1i=1"0
1 i Y () Zi(t
D~ - | OB (7, )iy )5 Za )] o
D ket 2ir Yik(t) ) -
(23) YD | [Zlt) = Zi(6))dNu(1) (26)
The equation (22) is rewriten as k=1i=1""0

where a®? = aa’. The variance covariance matrix of 3 may

U(3) = 33 | [Z0t)=Z0)] [aNia0)~Yiu(0)8" Zu(1)a] = Smeted 0y ATV AT where

k=1i=1 K n .
&4 A=Y / (Zn(t) - Zo)*>Viut)dt @7)
k=

where 7k<t) _ ZEL:lnYik(t)Zm(t) <

i1 Yir(t)



Mathematics and Statistics 10(3): 554-561, 2022

and

i=1 k=1
K n t
3 / Zon(t) — Zn(DldNu(?) (28)
k=1i=1"0

2.5 Risk Difference

In the additive hazard model, Risk Difference can be known.
Risk Difference is the absolute difference in outcome between
a control group and the treatment group, i.e. the percentage
of how much the risk of something is reduced if a particular
intervention occurs. The Risk Difference is straightforward to
interprete which describes the actual difference in the observed
risk of event between experimental and control intervention for
an individual. It describes the estimated difference in the prob-
ability of experiencing the event [17] The Risk Difference was
calculated by subtracting the risk for the placebo group with
the risk for the treatment group. Risk Difference is defined as
RDab Aij(a) — Aij(b)

(Aok(t) + Bejy Zija) (1) — (Aox(t) + By) Zijw) (1))
(Bi) Zij(a)(t) = (Bj) Zijvy (1)

(29)

3 An Application

The case study in this research is data from the Lind’s re-
search who discussed iron and zinc deficiency affecting in-
fant’s growth and development and increasing infectious dis-
ease morbidity during infancy and childhood. Therefore, a
combination of iron and zinc supplementation may be a log-
ical prevention strategy [18]. Lind, et.al use analysis of vari-
ance to determine the factors that influence infant’s growth and
development.

The objective of the study was to compare the effects of
combined iron and zinc supplementation in infancy with the
effects of iron and zinc as single micronutrients on growth,
psychomotor, development, and incidence of infectious dis-
ease. Design 680 Indonesian infants were randomly assigned
to daily supplementation with 10 mg Iron, 10 mg Zinc, 10 mg
Iron+10 mg Zinc and placebo from 6 to 12 month of age. An-
other variable that is thought to have an effect on infant growth
and development is the mother’s level of education. There are 4
levels of mother’s education, 1=edclass no-educ (not graduated
from elementary school, 2=edclass6yrs (elementary school),
3=edclass12yrs(secondary school), 4=edclass12more (bache-
lor’s degree) [18].

Data processing used R software with survival package. The
regression model used is the additive hazard model for recur-
rent events. The independent variable and parameter estima-
tion can be seen in Table 2 and Table 3.

According to Table 3, the factors that influence child
growth and development are gender, treatment (supplement)
and mother’s education (edclass).
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Risk Different for girl is defined as

RD Aik(a) = Aik(b)

(5girlZgirl (t) - (5b0yZb0y (t)
(—0.0000637)

It means, girls have a smaller risk of growth and developing
disorders than boys
Risk Different for treatment zinc is defined as

RD Aik(a) — Aik(b)

(BzincZzinc(t) - (ﬁplacebo Zplacebo (t)
(—0.00699)

It means infant who are given zinc supplements have a smaller
risk of growth and developing disorders than infant without
supplements

Risk Different for treatment zinc+iron is defined as

RD Aik(a) = Aik(b)

(ﬁzinc-ﬁ-iranzzinc—i-iron (t) - (Bplacebozplacebo(t)
(—0.00984)

It means infant who are given zinc+iron supplements have a
smaller risk of growth and developing disorders than infant
without supplements

Risk Different for treatment iron is defined as

RD Aik(a) — Aik(b)
(ﬁironZiron (t) - (ﬁplacebozplacebo(t)

(—0.00592)

It means infant who are given iron supplements have a smaller
risk of growth and developing disorders than infant without

supplements
Risk Different for mother’s education 6yrs is defined as
RD Aik(a) — Nik(b)

(ﬁﬁyrs ZGyTS (t) - (ﬁno—edchno—educ(t)
(—0.00529)

It means, infant fron mother’s education 6yrs have a smaller
risk of growth and developing disorders than infant from
mother’s education no-educ

Risk Different for infant from mother’s education 12yrs is
defined as

RD = Aika) — Aik)
(ﬁlerleQ'mo’re (t) - (ﬂno—edchno—educ(t)
= (—0.000167)
It means, infant from mother’s education 12yrs have a smaller

risk of growth and developing disorders than infant from
mother’s education no-educ.

Risk Different for infant from mothe’s education 12more is
defined as

RD Aik(a) = Nik(b)
(ﬂlQmoreZHmore (t) - (/Bno—edchno—educ(t)

(—0.000337)
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Table 2. Independent variables

Variable

categoric

Sex
treatment
mother’s education

O=placebo; 1=zinc; 2=zinc+iron; 3=iron
O=no-educt; 1=6years; 2=12years; 3=12more

0=boy; 1=girl

Table 3. Parameter Estimation

Variable slope coef se(Coef) z p
Intercept 0.05380 0.0009000 | 0.0001310 | 6.88 | 5.86e-12
sexgirl -0.00504 | -0.0000637 | 0.0000407 | -1.51 0.1170
treatmentzinc -0.00349 | -0.0000699 | 0.0000577 | -1.21 0.2260
treatmentzinc+iron | -0.00507 | -0.0000984 | 0.0000573 | -1.72 0.0859
treatmentiron -0.00337 | -0.0000592 | 0.0000585 | -1.01 0.3120
edclass6yrs -0.00541 | -0.0000528 | 0.0001290 | -0.41 0.6820
edclass12yrs -0.01300 | -0.0001670 | 0.0001290 | -1.24 0.1960
edclass12more -0.01670 | -0.0003370 | 0.0000180 | -1.88 0.0604

It means, infant from mother’s education 12more have a
smaller risk of growth and developing disorders than infant
from mother’s education no-educ

4 Conclusions

The additive hazard model is an alternative to the regression
model for survival data if the proportional hazard assumption
is doubtful. The additive hazard regression model measures the
additional risk in absolutely while multiplicative hazard regres-
sion measures excess risk in relatively. Parameter estimation
in the additive hazard model, included estimation of baseline
hazard and estimation of regression coefficients carried out us-
ing the counting process approach. Based on the case study,
the variables that affect the infant growth and development are
gender (boy or girls), treatment (supplementation of zinc, iron
and a combination of zinc + iron) and mother’s education (ed-
class)
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