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Abstract Investors’ attempt is to allocate scarce resources
today and receive the best outcome in future. The best
outcome in future is not known today. But one can forecast
for the best outcome in future today. Markowitz developed
mean-variance model to solve portfolio selection problem.
This model has two main drawbacks. The first is that the
model assumes future expected return is the same as current
expected return. In practice, this assumption may not hold
in general. The second drawback is that the model requires
a lot of estimations when investors consider large number
of assets to include in portfolio. Sharpe developed single
index model to solve the second drawback of mean-variance
model. In this research, we develop future portfolio model to
deal with drawbacks of mean-variance model. The objective
of future portfolio model is to maximize future Sharpe ratio
forecast subject to no short and no leftover constraints. This
model is a realistic model because investors would like to
consider future outcome instead of current outcome. First,
we construct future expected return forecast model to forecast
future expected return of securities. Second, we apply capital
asset pricing model to estimate variance of portfolio. Third,
we build future portfolio model using future expected return
forecast model and capital asset pricing model. Fourth, we
solve for analytic solution of future portfolio model. Finally,
we evaluate the performance of future portfolio model relative
to single index portfolio based on Sharpe ratio process metric,
diversification ratio process metric and accumulation factor
error process metric. The result of this study shows that future
portfolio outperforms single index portfolio based on Sharpe
ratio process metric, diversification ratio process metric and
accumulation factor error process metric except at few instant
time points.

Keywords Accumulation Factor, Arbitrage, Forecast,

Model, Sharpe Ratio

1 Introduction
Markowitz realized that risk and return are positively cor-

related. He noticed that for every given level of risk there is
corresponding optimal level of return. However, investors do
not know the actual future return and risk. Investors choose a
portfolio from efficient frontier based on their risk tolerance.
Mean variance portfolio is a portfolio that can be chosen from
efficient frontier using targeted level of risk. Since mean vari-
ance portfolio depends on estimated value of expected return,
variance of return and covariance returns, it contains parame-
ters’ estimation error. Minimum variance portfolio is a port-
folio which is constructed by minimizing the variance of port-
folio. Researchers have done empirical study to evaluate the
performance of mean variance and minimum variance portfo-
lio out of sample. Empirical studies show that mean variance
portfolio is very unstable and performs poorly out of sample in
terms of Sharpe ratios [1]. Minimum variance portfolio is less
susceptible to the estimation error than mean variance portfo-
lio, [1]. Minimum variance portfolio performs better out of
sample relative to mean variance portfolio in terms of mean
and variance, [1]. Equally weighted portfolio is a portfolio
which contains equal weight for each security in it. Empirical
evidence shows that equally weighted portfolio outperforms
mean variance portfolio and minimum variance portfolio, [1].
Mean variance portfolio lacks diversification and shows poor
out of sample performance, [2]. Markowitz’s celebrated mean-
variance portfolio optimization theory assumes that the means
and covariances of the underlying asset returns are known, [3].
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In practice, they are unknown and have to be estimated from
historical data, [3]. Estimation of the expected returns and
the covariances for the financial assets has a significant im-
portance in quantitative portfolio management, [4]. The fa-
mous financial models used in estimating the input parameters
is CAPM, [4]. The performances of optimized CAPM port-
folios are higher than multi-factor models, [4]. Asset pricing
models have significant role in the Markowitz’s mean-variance
optimization technique since they provide higher portfolio per-
formances with lower risks than the optimized portfolios of
naive returns, [4]. The attraction of CAPM is that it offers pow-
erful and intuitively pleasing predictions about how to measure
risk and the relation between expected return and risk, [5]. We
have described some drawbacks of mean variance portfolio.

It is clear that CAPM uses historical data not the estimated
future forecast. In this research, we use historical data, fu-
ture estimated expected return and future estimated variance to
construct future portfolio. We do not rely on historical data
only but we also consider estimated future expectation and risk
to construct portfolio. For this reason, researchers are inter-
ested to forecast future expected return to construct portfo-
lio. Sharpe constructed single index model using capital asset
pricing model to simplify the mean-variance portfolio model.
Single index model does not consider future expected return
forecast. But investors want to consider future expected return
forecast for portfolio selection. This motivates researchers to
study portfolio selection using future expected return forecast.
In this research, we contribute two novel models for portfo-
lio selection. The first model is future expected return forecast
model. This model is very important for forecasting future re-
turn of securities. It is important for constructing future port-
folio model. The second model is future portfolio model. This
model is important for investors who want to construct portfo-
lio by considering future expected return forecast of securities.
Our empirical study shows that future portfolio is outperform-
ing equally weighted portfolio in the short run and single index
portfolio based on Sharpe ratio process. Moreover, this future
portfolio model requires 4n+1 estimation of portfolio param-
eters for n number of securities. We know that mean-variance
model requires n2+n

2 + n estimation of portfolio parameters
for n number of securities. This shows that future portfolio is
less complex than mean-variance portfolio for large number of
securities. Thus, we notice that future portfolio model is com-
plex than mean-variance portfolio model. It is clear that single
index model requires 3n + 1 estimation of portfolio parame-
ters for n number of securities. This shows that single index
model is more simple than future portfolio model. But single
index model does not include future expected return forecast
for portfolio construction.

In finance, portfolio selection models are very important for
investors and practitioners. Past historical data helps investors
when they want to do technical analysis. There are a lot of fu-
ture return forecasting methods. In this research, we propose to
build future expected return forecast model and future portfolio
model to construct future portfolio.

Investors want to use realistic model to construct portfolio.
Mean-variance model and single index model assumes that fu-
ture expected return is the same as current expected return.

This assumption does not work for general case. The problem
we would like to solve is constructing future portfolio using
future portfolio model.

The general objective of this study is to construct future port-
folio using future portfolio model. First, we build future ex-
pected return forecast model to estimate future expected return
and apply capital asset pricing model to estimate current port-
folio variance. Second, we construct future portfolio model
and solve future portfolio model analytically. Finally, we eval-
uate future portfolio performance relative to equally weighted
portfolio, single index portfolio and market index portfolio
based on Sharpe process.

2 Literature review
Investor should allocate financial resources in efficient and

effective way to maximize return as well as to minimize in-
vestment cost. Constructing an optimal portfolio is allocat-
ing financial or investment resources in effective and efficient
way to maximize portfolio return and to minimize portfo-
lio risk.Investment definition simple. Refer [6, 7]. for in-
vestment definition. Risk is defined briefly in [7, 8]. Port-
folio selection models depend on investors’ risk preference.
See [9, 10, 11, 13] for definition of risk preference, risk
tolerance and risk aversion. Some basic pordolio selection
models are risk neutral Markowitz’s model [14], return neu-
tral Markowitz’s model, risk adjusted model [15], Sharpe ra-
tio maximization model [16, 17], diversification maximiza-
tion model and Treynor ratio maximization model. Sharpe-
Lintner Capital Asset Pricing Model (CAPM) was introduced
by Sharpe [1964] and Lintner [1965], [18]. Researchers, Mac-
beth, Fama, Friend and Bloom, confirmed CAPM in 1973,
[19]. However,Cheng, Grower and Gibbons tested CAPM and
rejected it, [19]. [20] tested that Alphas for a majority of the
Nairobi Securities Exchange stocks are significantly different
from zero. A portfolio is called tangent portfolio if it is con-
structed by Sharpe ratio maximization model, [21]. Sharpe’s
single index model is the easiest and the most widely used
model in constructing an optimal portfolio. Researchers have
used cut off point to determine the optimal portfolio using sin-
gle index model, [21, 22, 23]. The review of many portfo-
lio performance measures is given in,[24]. In [25], the author
mentioned some suitable portfolio measures for different port-
folios.

Sharpe ratio maximization model (SRMM) is given by, [16,
17]:

(SRMM) max
w

∑n
i=1(µi − rf )wi√∑n
i=1

∑n
j=1 σijwiwj

subject to
n∑

i=1

wi = 1,

0 ≤ wi ≤ 1, ∀i = 1, 2, . . . , n. (1)

Single index model(SIM) assumes that return of security as
a linear function of market return. Furthermore, we assume
that cov(ei, ej) = 0 for i ̸= j and cov(rm, ei) = 0 for all i.



626 The Effect of Market Factor on Portfolio Selection

Mathematically, we describe return of security i as follows:

rti − rf = ai + bi(rtm − rf ) + eti. (2)

One can estimate parameters ai and bi as follows: b̂i =
cov(rti,rtm)
var(rtm) and âi = µi − rf − b̂i(µm − rf ), [18]. Single

index model is given by [18]:

SIM max
w

∑n
i=1(µi − rf )wi√

(
∑n

i=1 b̂iwi)2σ2
m +

∑n
i=1 σ

2
eiw

2
i

subject to
n∑

i=1

wi = 1,

0 ≤ wi ≤ 1, ∀i = 1, 2, . . . , n. (3)

3 Methodology
This research presents portfolio selection technique based

on market factor and future expected return and variance. We
introduce a new future return forecasting method to construct
portfolio based on market factor and future expected return.
Furthermore, we show the derivation of future expected return
in this chapter. Moreover, we evaluate the performance of sin-
gle index portfolio and future portfolio using Sharpe process.

Definition 3.1 (Sharpe ratio process). Note that
Sharpe ratio process (vector) is defined by srtp =

(
µ2p−rf

σ2p
,
µ3p−rf

σ3p
, . . . ,

µtp−rf
σtp

)T .

Definition 3.2. Beta of security i is given by βi =
σim

σ2
m

, where
σ2
m is variance of market index and σim is co-variance between

security i and market index.. Alpha of security i is given by
αi = µi − rf − σim

σ2
m
(µm − rf ), where µi is mean of security i,

µm is mean of market index m and rf is risk free rate of return.

Definition 3.3. A security i is called under performing (over-
priced or overvalued) security if αi < 0.

Investors would like to sell under performing securities.
They prefer to buy undervalued securities or fairly priced se-
curities. Suppose that there are m number of under perform-
ing securities. Let n be total number of securities. Then split
the return matrix RM of securities into two matrices RMu and
RMc. A matrix RMu is called return matrix of under perform-
ing securities. RMc is called return matrix of outperforming
or fairly priced securities. Note that the number of columns of
RMu is m, and the number of columns of RMo is n−m.

Let us consider no arbitrage model (NAM). Artificial
short selling is assuming that borrowing from under perform-
ing companies is allowed in a sense that an investor has cap-
ital which is equivalent to borrowed capital. That is, an in-
vestor who invested wo capital in under performing companies
can borrow wo. Note that an investor who invests wo in un-
der performing companies has second alternative investment
opportunity. This opportunity is investing in outperforming
or fairly valued companies. Thus, investors can use artificial
short selling to get zero opportunity cost. They borrow from
under performing companies and invest the borrowed capital

in outperforming or fairly priced companies. However, this
attempt should give zero net expected return and zero net vari-
ance. That is, there is no arbitrage opportunity. Net expected
return is ner =

∑n
i=m+1 µiwi −

∑m
i=1 µiwi. Define

a =

n∑
i=m+1

n∑
j=m+1

cov(ri, rj)wiwj . (4)

b =

m∑
i=1

m∑
j=1

cov(ri, rj)wiwj . (5)

c =

n∑
i=m+1

m∑
j=1

cov(ri, rj)wiwj . (6)

Similarly, net variance is defined by:

nev = a+ b− 2c. (7)

Thus, no arbitrage model (NAM) is given by:

NAM : min
w

ne2r

Subject to :

m∑
i=1

wi =

n∑
i=m+1

wi = 1,

nev = 0,

0 ≤ wi ≤ 1, ∀i = 1, 2, . . . , n. (8)

The above problem, NAM , is solved to obtain w =
(w1, w2, . . . , wn)

T . The resulting portfolio is called market
arbitrage portfolio (MAP ).

In finance literature, portfolio accumulation factor constraint
is not known. However, portfolio accumulation factor con-
straint is a logical constraint that investors should consider to
construct portfolio. Let us introduce portfolio accumulation
factor constraint. Let vτ be the portfolio value at time τ . Then
there exists a unique portfolio accumulation factor aτ such that
vτ = v1aτ , where v1 ̸= 0 is principal value of portfolio.

Definition 3.4 (Accumulation factor constraint lemma). The
accumulation factor of portfolio of n securities over period
[2, τ ] is defined by:

aτ =

n∑
j=1

(
τ∏

t=2

(1 + rtj)

)
wj =

τ∏
t=2

n∑
j=1

(1 + rtj)wj . (9)

Define

e1τ =

n∑
j=1

(
τ∏

t=2

(1 + rtj)

)
wj . (10)

e2τ =

τ∏
t=2

n∑
j=1

(1 + rtj)wj . (11)

Note that eaτ = (e1τ − e2τ )
2 is called accumulation factor

error.

Definition 3.5 (Diversification ratio process). Define

r∗∗ti = (r1i, r2i, . . . , rti)
T . (12)
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dst =

∑n
i=1

√
variance(r∗∗ti )wi√∑n

i=1

∑n
j=1 cov(r

∗∗
ti , r

∗∗
tj )wiwj

. (13)

Diversification ratio process is defined by:

dpτp = (ds2, ds3, . . . , dsτ )
T
. (14)

Definition 3.6 (Accumulation factor error process). Accu-
mulation factor error process is defined by: afepτp =
(ea2

, ea3
, . . . , eaτ

)T .

Definition 3.7 (Total error). Total error of portfolio is defined
by: tep =

∑τ
t=2 eat

.

Definition 3.8 (Total reward error ratio). Total reward error
ratio is defined by : trerp =

∑τ
t=2

µtp−rf√
eat

.

Definition 3.9 (Reward error ratio process). Re-
ward error ratio process is defined by : rerpp =(

µ2p−rf√
ea2

,
µ3p−rf√

ea3
, . . . ,

µτp−rf√
eaτ

)T
.

Portfolio accumulation factor constraint contains sums and
products of returns and weighs. It looks difficult for solv-
ing portfolio construction models. Thus, we assume port-
folio return is constant approximately to simplify portfolio
accumulation factor constraint. Consider constant portfolio
model (CPM). We know that

∑n
j=1 (

∏τ
t=2(1 + rtj))wj =∏τ

t=2

∑n
j=1(1 + rtj)wj . This implies

that
d(

∑n
j=1(

∏τ
t=2(1+rtj))wj)
dwj

=
d(

∏τ
t=2(

∑n
j=1(1+rtj)wj))
dwj

. The
equation eaτ (P ) = 0 is called accumulation factor constraint
of portfolio P . Constant portfolio model is given by:

CPM :

n∑
j=1

wj = 1 (15)

de1τ
dwj

=
de2τ
dwj

(16)

n∑
j=1

rtjwj = rtc = rτc ∀t = 2, 3, . . . , τ and t ≥ 3

(17)

Even though the assumption of portfolio return is constant
approximately simplifies portfolio accumulation factor con-
straint it has disadvantage which is portfolio return may not
be constant over time.

Definition 3.10. Let ft(x) be a non-zero differentiable func-
tion of x ∀t = 1, 2, . . . , τ . Then

d
∏τ

t=1 ft(x)

dx
=

(
τ∏

t=1

ft(x)

)(
τ∑

t=1

dft(x)
dx

ft(x)

)
. (18)

Consider the optimal solution of constant portfolio model
(CPM). Clearly,

d
(∑n

j=1 (
∏τ

t=2(1 + rtj))wj

)
dwj

=

τ∏
t=2

(1 + rtj). (19)

Use Definition 3.10 to find equation (20).

de2τ
dwj

=

(
τ∑

t=2

(1 + rtj)∑n
j=1(1 + rtj)wj

)
e2τ . (20)

Since rτc =
∑n

j=1(1 + rtj)wj , it follows from equation (20)
that

de2τ
dwj

=

( ∑τ
t=2(1 + rtj)∑n

j=1(1 + rtj)wj

)
e2τ . (21)

This implies that

de2τ
dwj

=

(
τ∑

t=2

(1 + rtj)

)τ−1∏
t=2

(

n∑
j=1

(1 + rtj)wj)

 . (22)

Clearly,

de2τ
dwj

=

(
τ∑

t=2

(1 + rtj)

)(
τ−1∏
t=2

(1 + rτc)

)
. (23)

This implies that

de2τ
dwj

= (1 + rτc)
τ−2

τ∑
t=2

(1 + rtj). (24)

It follows from equations 19 and 24 that

1 + rτc =

(∏τ
t=2(1 + rtj)∑τ
t=2(1 + rtj)

) 1
τ−2

. (25)

Set uτj =
∏τ

t=2(1+rtj)∑τ
t=2(1+rtj)

. Then 1+rτc =
(∑n

j=1 uτj

n

) 1
τ−2

. This

implies that rτc =
(∑n

j=1 uτj

n

) 1
τ−2 − 1.

Thus, rtc =
(∑n

j=1 utj

n

) 1
t−2 − 1 ∀t = 3, 4, . . . , τ .

Since
∑n

j=1 rtjwj = rtc, we obtain
∑n

j=1 rtjwj =(∑n
j=1 utj

n

) 1
t−2 − 1 ∀t = 3, 4, . . . , τ . Now, one can solve

for wj from the following error sum of square minimization
model.

ESMM : min
w

τ∑
t=3

(∑n
j=1 utj

n

) 1
t−2

− 1−
n∑

j=1

rtjwj

2

Subject to :

n∑
j=1

wj = 1,

0 ≤ wj ≤ 1, ∀j = 1, 2, . . . , n. (26)

We do not consider only a single time instant point for accu-
mulation factor error. We evaluate the performance of portfo-
lios using total error. Let us consider total error minimization
model. Total error minimization model (TEMM) is given by:

TEMM : min
w

tep

Subject to :

n∑
j=1

wj = 1,

0 ≤ wj ≤ 1, ∀j = 1, 2, . . . , n. (27)
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The optimal portfolio obtained from TEMM is called mini-
mum error portfolio.

Portfolio Sharpe ratio requires a lot of parameters’ estima-
tion for large number of securities of the portfolio. We note
that estimations contain errors. In this research, we argue that
accumulation factor error risk measure is more realistic risk
measure than variance risk measure. Portfolios should satisfy
accumulation factor constraint. But in practice, minimizing ac-
cumulation factor error is good attempt to satisfy accumulation
factor constraint approximately. Minimizing accumulation fac-
tor error penalizes return.

Some investors would like to construct diversified portfolio
relative to accumulation factor error. Thus, we construct accu-
mulation diversification model (ADM). Accumulation diver-
sification model (ADM) is given as follows.

ADM : max
w

∑n
j=1 σjwj√
eaτ

(p)

Subject to :

n∑
j=1

wj = 1,

0 ≤ wj ≤ 1, ∀j = 1, 2, . . . , n. (28)

Note that accumulation diversification model requires 3n pa-
rameters’ estimation for n number securities. The optimal
portfolio constructed from accumulation diversification model
is called accumulation diversification portfolio. There are
some investors who want to minimize accumulation factor er-
ror. These investors can use accumulation factor error model
(AFEM) to construct portfolio.

Accumulation factor error model (AFEM) is given by:

AFEM : min
w

eaτ (p)

Subject to :

n∑
j=1

wj = 1,

0 ≤ wj ≤ 1, ∀j = 1, 2, . . . , n. (29)

Accumulation factor error model requires 2n parameters’ es-
timation for n number securities. The optimal portfolio con-
structed from accumulation factor error model is called accu-
mulation factor error portfolio.

Let us use second order Taylor series approximation for ac-
cumulation factor constraint. Apply natural logarithm on accu-
mulation factor aτ and express the result as second order Tay-
lor series approximation. Note that second order Taylor series
approximation of ln(x) is given by: ln(x) ≈ x−1− 1

2 (x−1)2

provided |x− 1| is a small number. Clearly, |aτ − 1| is a small
number. Thus, second order Taylor series approximation is ap-
propriate for ln(aτ ). Define accumulation factor vector ⃗afn
by:

a = (

τ∏
t=1

(1 + rt1),

τ∏
t=1

(1 + rt2), . . . ,

τ∏
t=1

(1 + rtn))
T . (30)

Clearly, ap = aTw.

Definition 3.11 (Second order accumulation factor constraint).
Second order accumulation factor constraint is defined by:

(ap − 2)2 ≈ τ(µp − 1)2 + (τ − 1)(σ2
p − 1). (31)

Second order accumulation factor constraint is derived by
the help of second order Taylor series approximation of ln(ap).
We note that portfolio variance can be determined approxi-
mately by three factors, namely, investment horizon, portfolio
expected return and portfolio accumulation factor.

Mean variance portfolio theory states that portfolio variance
as a function of portfolio expected return. However, Second
order accumulation factor constraint tells us portfolio variance
is not only a function of portfolio expected return but it is also
a function of investment horizon and accumulation factor of
portfolio approximately. Define

sov =
(
τ(µp − 1)2 + (τ − 1)(σ2

p − 1)− (ap − 2)2
)2

. (32)

The proposed second order accumulation factor index model is
given below.

SOAFIM : max
w

µp − rf√
sov

Subject to :

n∑
i=1

wi = 1,

0 ≤ wi ≤ 1, ∀i = 1, 2, . . . , n. (33)

second order accumulation factor index model requires 2n +
n(n+1)

2 parameters’ estimation for n number securities. The
optimal portfolio constructed from second order accumulation
factor index model is called second order accumulation factor
index portfolio. Let us consider future portfolio model (FPM).
We use future expected return forecast model and CAPM to
construct future portfolio model. Let t be time. Then note that

µ(t+1)p =

∑t+1
i=1 rip
t+ 1

=
tµtp + r(t+1)m

t+ 1
. (34)

σ2
(t+1)p =

t− 1

t
σ2
tp + (t+ 1)(µ(t+1)p − µtp)

2. (35)

Define

c0t = (a2tp − 1)t2µ2
tp + 2tµtp(2atp − 1), (36)

x2t = (t+ 1)2
(
a2tp − 1

)
, (37)

x1t = 2(t+ 1)
(
1 + tµtp − (2atp + ta2tpµtp)

)
, (38)

µδ
1p = µ1p, (39)

µδ
(t+1)p =

−x1t −
√
x2
1t − 4x2tc0t

2x2t
. (40)

Future expected return forecast model is given by:

µti = aδi + bδiµ
δ
ti + eti. (41)

Future expected return forecast of security i is given by:

ˆµ(τ+1)i = aδi + bδiµ
δ
(τ+1)i. (42)

Define future expected return forecast of portfolio p by:

ˆµ(τ+1)p =

n∑
i=1

(aδi + bδiµ
δ
(τ+1)i)wi. (43)
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Clearly,

σ2
τp = (

n∑
i=1

b̂iwi)
2σ2

m +

n∑
i=1

σ2
eiw

2
i . (44)

Define future variance of return forecast of portfolio p by:

ˆσ2
(τ+1)p =

τ − 1

τ
σ2
τp + (τ + 1)( ˆµ(τ+1)p − µτp)

2. (45)

Consider future Sharpe ratio forecast ˆSR(τ+1)p. Clearly,

SR(τ+1)p =
ˆµ(τ+1)p−rf

ˆσ(τ+1)p
.

Future portfolio model FPM is given by:

FPM max
w

ˆSR(τ+1)p

subject to
n∑

i=1

wi = 1,

0 ≤ wi ≤ 1, ∀i = 1, 2, . . . , n. (46)

The optimal portfolio constructed from future portfolio model
is called future portfolio. We use the following symbols to find
optimal solution of future portfolio model (FPM).

1. g = 1 + σ2
m

∑n
i=1

(
b̂i

2

σ2
ei

)
,

2. yi = aδi + bδiµ
δ
(τ+1)i − µτi,

3. θi = aδi + bδiµ
δ
(τ+1)i − rf ,

4. hi = θi −
b̂iσ

2
m

∑n
i=1

(
b̂iθi
σ2
ei

)
g ,

5. fi = (τ + 1)

yi −
b̂iσ

2
m

∑n
i=1

(
b̂iyi
σ2
ei

)
g

,

6. s =

∑n
i=1

(
yihi
σ2
ei

)
τ−1
τ +

∑n
i=1

(
yifi
σ2
ei

) ,

7. zi =
(hi−sfi)τ
(τ−1)σ2

ei
,

8. k = τ−1
τ

(
(
∑n

i=1 b̂izi)
2σ2

m +
∑n

i=1 σ
2
eiz

2
i

)
+ (τ +

1)
(∑n

i=1(a
δ
i + bδiµ

δ
(τ+1)i − µτi)zi

)2
,

9. xi =


0 if rfzi(∑n

i=1(a
δ
i+bδiµ

δ
(τ+1)i

)zi
)
−k

< 0

rfzi(∑n
i=1(a

δ
i+bδiµ

δ
(τ+1)i

)zi
)
−k

else
.

The optimal solution of future portfolio model is given by:

w∗
i =

xi∑n
i=1 xi

. (47)

4 Results

In this research, we use 01 Jan 2020- 22 Dec 2021 daily re-
turn historical data of USA 106 stock companies from yahoo
finance. We also use one year bond rate rf = 0.11%(daily
bond rate rf = 0.000003) for empirical study. We apply
capital asset pricing model to estimate current portfolio vari-
ance. Let us evaluate the performance of capital asset pricing
model (CAPM) and future expected return forecast model for
expected returns. Consider company AMZN and market in-
dex S&P500. Apply CAPM to estimate return of AMZN .
Then find corresponding expected return.

CAPM gives sum of square errors
∑τ

t=1(µt − µ̂t)
2 =

0.00076724 whereas our model future expected return forecast
model gives

∑τ
t=1(µt − µ̂t)

2 = 0.000105711. This implies
that CAPM sum of square errors is 625.7928556 percent more
than future expected return forecast model sum of square er-
rors. Therefore, we conclude that future expected return fore-
cast model outperforms CAPM for expected return of AMZN
company.

Figure 1. Company AMZN actual and forecast expected return

The above Figure 1 shows that the forecast of expected
return of AMZN company follows actual expected return of
AMZN company. Note that future expected return forecast
model does not use market index return to forecast future
expected return of securities. Security return estimation by
CAPM requires return of market index. Note that from CAPM,
future expected return of security depends on future expected
return of market index. Since future expected return of mar-
ket index is not known, future expected return of security is
not known from CAPM. Future expected return forecast model
has a potential to forecast future expected return from past his-
torical return. Therefore, future expected return forecast model
is better than CAPM relative to forecasting potential and esti-
mation error.

There are a lot of portfolio performance measures in finance
literature. In this research, we introduce new portfolio perfor-
mance measures, namely, total error metric and total reward
error ratio metric. The less total error portfolio is the more
favorable portfolio. Note that the more total reward error ra-
tio portfolio is the more favorable portfolio. In this research,
we have constructed five new portfolios using historical data.
These portfolios are accumulation factor error portfolio, sec-
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ond order accumulation factor index portfolio, future portfo-
lio, accumulation diversification portfolio and minimum error
portfolio. We evaluate the performance of these portfolios us-
ing Sharpe ratio process, diversification ratio process, accumu-
lation factor error process, total error, total reward error ratio
process and total reward error ratio measures. Furthermore, we
evaluate the performance of single index portfolio and future
portfolio using portfolio performance measures.

Figure 2. Sharpe ratio process of portfolios

Figure 3. Diversification ratio process of portfolios

Observe from Figure 2 that future portfolio outperforms sin-
gle index portfolio relative Sharpe ratio process metric. It is
clear from the Figure 2 that single index portfolio under per-
forms accumulation factor error portfolio, second order accu-
mulation factor index portfolio, future portfolio and accumu-
lation diversification portfolio relative to Sharpe ratio process.
Moreover, accumulation factor error portfolio out performs all
portfolio with respect to Sharpe ratio process in the long run.
Observe from Figure 3 that future portfolio outperforms single
index portfolio relative to diversification ratio process metric
except at few instant time points. Furthermore, we note that
single index portfolio under performs all other portfolios rela-

tive diversification ratio process metric in the long run. More-
over, future portfolio outperforms all other portfolios relative
diversification ratio process metric in the long run.

Figure 4. Accumulation factor error process of portfolios

Observe from Figure 4 that future portfolio outperforms sin-
gle index portfolio relative to accumulation factor error process
metric. Clearly, future portfolio outperforms all other portfo-
lios relative to accumulation factor error process metric in the
short run.

Figure 5. Accumulation factor error process of portfolios

Observe from Figure 5 that future portfolio outperforms sin-
gle index portfolio relative to reward error ratio process metric
except at few instant time points. Clearly, minimum error port-
folio outperforms both single index portfolio and future port-
folio relative to reward error ratio process metric in the long
run.
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Table 1. Summary of total error and total reward error ratio for portfolios

Portfolio Total error Total reward error ratio
Accumulation factor error portfolio 10.6583985806473 4.39103556060023

Second order accumulation factor index portfolio 13.2901755489286 2.85737884349873
Future portfolio 13.2281833279834 1.19262131494494

Accumulation diversification portfolio 16.7328157892161 16.1342501088985
Single index portfolio 18.1600826478564 -6.42598330502002

Minimum error portfolio 0.993181616376407 -5.20897041942782

We observe from Table 1 that the best portfolio relative to to-
tal error is minimum error portfolio. Again note that the worst
portfolio relative to total error metric is single index portfolio.
Consider total reward error ratio for each portfolio. The result
in Table 1 shows that accumulation diversification portfolio is
the best portfolio relative to total reward error ratio metric. Fi-
nally, it is clear that future portfolio outperforms single index
portfolio relative both total reward error ratio metric and total
error metric.

5 Discussion
Investors construct equally weighted portfolio when they

want to diversify their portfolio. Equally weighted portfolio
does not require sophisticated mathematical analysis. Investors
can just allocated equal weight for all securities. Researchers
have mentioned that mean variance model is realistic for nor-
mally distributed returns of securities. However, returns are not
normally distributed in practice. Parameters estimation com-
plexity is another problem of mean variance model. Single in-
dex model simplifies parameters estimation complexity. Our
model, future portfolio model, is better than mean-variance
portfolio model with respect to parameters estimation com-
plexity. But it is not better than single index model with respect
to parameters estimation complexity. Single index portfolio
under performs future portfolio relative accumulation factor er-
ror process metric, diversification ratio process metric, Sharpe
ratio process metric, total error metric and total reward error
ratio metric except at few instant time points. Furthermore, sin-
gle index portfolio under performs all other portfolios relative
Sharpe ratio process metric. Moreover, single index portfolio
under performs all other portfolios except second order accu-
mulation factor index portfolio and minimum error portfolio
relative accumulation factor error process metric, diversifica-
tion ratio process metric and Sharpe ratio process metric.

Table 2. Summary of the number of estimated parameters for portfolios

Portfolio Number of securities Number of estimated parameters
Accumulation factor error portfolio n 2n

Second order accumulation factor index portfolio n 2n+ n(n+1)
2

Future portfolio n 4n+ 1
Accumulation diversification portfolio n 3n

Single index portfolio n 3n+ 1

Mean variance portfolio n n+ n(n+1)
2

The above Table 2 shows that accumulation factor error port-
folio is the most simplest portfolio among all portfolios given
in Table 2. Observe from Table 2 that second order accumula-
tion factor index portfolio is the most complex portfolio among
all portfolios given in Table 2.

Note that we use market index portfolio return to construct
single index portfolio and future portfolio. But we do not use

market index portfolio return to construct other portfolio of this
study. The two portfolios that consider the effect of market fac-
tor on portfolio selection are single index portfolio and future
portfolio. Therefore, we realized that future portfolio is bet-
ter than single index portfolio with respect to portfolio perfor-
mance measures based on the effect market factor on portfolio
selection.

6 Conclusion and recommendation

In this research, we reviewed both mean-variance and single
index model. Furthermore, we proposed two novel models to
construct future portfolio. The first model is future expected
return forecasting model. The second model is future portfo-
lio model. We applied capital asset pricing model to estimate
portfolio current variance. Moreover, we solved future portfo-
lio model analytically. Finally, we used Sharpe ratio process
metric, diversification ratio process metric and accumulation
factor error process metric to evaluate the performance of fu-
ture portfolio relative to single index portfolio. Our empiri-
cal result shows that future portfolio outperforms single index
portfolio based on Sharpe ratio process metric, diversification
ratio process metric and accumulation factor error process met-
ric except at few instant time points. We introduced new port-
folio performance measures called accumulation factor error
process metric, total error metric and total reward error ratio
metric to evaluate the performance of portfolios. Moreover,
we constructed future expected return forecast model to fore-
cast securities future expected return. Furthermore, we con-
structed different portfolio selection models to construct port-
folios. In this research, we have constructed future portfolio
which considers market factor and other four portfolios which
do not consider market factor. Since single portfolio depends
on market factor return, it is reasonable compare future port-
folio with single index portfolio using portfolio performance
measures. The result of this study shows that future portfo-
lio outperforms single index portfolio. However, single index
portfolio is better than future portfolio with respect to parame-
ters’ estimation complexity.

Now we would like to recommend on this research. In this
research, we have not considered the transaction cost for port-
folio selection. We assumed that transaction cost is zero. But
in practice there is transaction cost. Therefore, we recommend
researchers to study the portfolio selection methods by consid-
ering transaction cost. We note that there are three portfolios
once we construct future portfolio. These are risk free security
portfolio, market portfolio and risky portfolio. We recommend
researchers to construct complete portfolio by combining risky
portfolio, risk free security portfolio and market portfolio.
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[16] Kresta, Aleš and others, Application of Performance
Ratios in Portfolio Optimization, Acta Universitatis
Agriculturae et Silviculturae Mendelianae Brunensis,
Mendel University Press, vol. 63, pp. 1969–1977, 2015,
doi.org/10.11118/201563061969.

[17] Petronio, Filomena and Lando, Tommaso and Biglova,
Almira and Ortobelli, Sergio, Optimal portfolio per-
formance with exchange traded funds, VŠB (Techni-
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7 Appendix
Lemma 7.1 (Accumulation factor constraint lemma). The ac-
cumulation factor of portfolio of n securities over period [2, τ ]
is defined by:

aτ =

n∑
j=1

(
τ∏

t=2

(1 + rtj)

)
wj =

τ∏
t=2

n∑
j=1

(1 + rtj)wj . (48)

Proof. Let Pc be a portfolio of n securities. Suppose that re-
turn of this portfolio rtc. Define wj

∑n
j=1 p1jqj = p1jqj .

Then portfolio value at time T is defined by vτ =
∑n

j=1 pτjqj .
Clearly, vτ = v1

∏τ
t=2(1+rtc), where rtc =

∑n
j=1 rtjwj is re-

turn of portfolio at time t. Similarly, pτj = p1j
∏τ

t=1(1+ rtj).
This implies that vτ = v1

∑n
j=1 (

∏τ
t=2(1 + rtj))wj . Clearly,∑n

j=1 wj = 1. Note that 1 + rtc =
∑n

j=1(1 + rtj)wj . It
follows from vτ expression that

∑n
j=1 (

∏τ
t=2(1 + rtj))wj =∏τ

t=2

∑n
j=1(1 + rtj)wj . Hence the result is obtained.

Lemma 7.2. Let ft(x) be a non-zero differentiable function of
x ∀t = 1, 2, . . . , τ . Then

d
∏τ

t=1 ft(x)

dx
=

(
τ∏

t=1

ft(x)

)(
τ∑

t=1

dft(x)
dx

ft(x)

)
. (49)

Proof. Let u(x) =
∏τ

t=1 ft(x). Then

ln(u(x)) =

τ∑
t=1

ln(ft(x)). (50)

Differentiate both sides of equation (50) with respect to x.

du(x)
dx

u(x)
=

τ∑
t=1

dft(x)
dx

ft(x)
. (51)

This implies that

du(x)

dx
= u(x)

τ∑
t=1

dft(x)
dx

ft(x)
. (52)

Substitute u(x) =
∏τ

t=1 ft(x) in to the equation (52) to find
the desired result. Hence the proof followed.

Theorem 7.3 (Portfolio variance approximation theorem).
Portfolio variance can be determined approximately by three
factors, namely, investment horizon, portfolio expected return
and portfolio accumulation factor. Mathematically, this state-
ment is equivalent to the following approximation.

(ap − 2)2 ≈ τ(µp − 1)2 + (τ − 1)(σ2
p − 1). (53)

Proof. Apply natural logarithm on both sides of equation (48).
Then use second order Taylor series approximation. Define

uτ =

n∑
j=1

(
τ∏

t=1

(1 + rtj)

)
wj . (54)

vτ =

τ∏
t=1

n∑
j=1

(1 + rtj)wj . (55)

Thus, we have the following approximation equations.

ln(uτ ) ≈ uτ − 1− 1

2
(uτ − 1)

2
, (56)

ln(vτ ) ≈
τ∑

t=1

 n∑
j=1

rtjwj −
1

2

 n∑
j=1

rtjwj

2
 . (57)

Note that

τ∑
t=1

 n∑
j=1

rtjwj

2

= (τ − 1)σ2
p + τµp. (58)

Clearly,
τ∑

t=1

n∑
j=1

rtjwj = τµp. (59)

Substitite equations (58) and (59) in to the equation (57) to get
equation (60).

ln(

τ∏
t=1

n∑
j=1

(1+rtj)wj) = τµp−
1

2

(
(τ − 1)σ2

p + τµp)
)
. (60)

It follows from equations (56) and (60) that

(ap−1)− 1

2
(ap−1)2 ≈ τµp−

1

2

(
(τ − 1)σ2

p + τµp)
)
. (61)

Equation (61) is equivalent to

(ap − 2)2 ≈ τ(µp − 1)2 + (τ − 1)(σ2
p − 1). (62)

Hence the proof followed.

Theorem 7.4.
µ(t+1)p ≈ µδ

(t+1)p. (63)

Proof. It follows from Theorem 7.3 that

(a(t+1)p−2)2 ≈ (t+1)(µ(t+1)p−1)2+ t(σ2
(t+1)p−1). (64)

Define

qz1 = (t− 1)σ2
tp + t(t+ 1)(µ(t+1)p − µtp)

2 − t. (65)
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Substitute equation (35) in to the equation (64) to get equation
(66)

(a(t+1)p − 2)2 ≈ (t+ 1)(µ(t+1)p − 1)2 + qz1. (66)

This implies that

(a(t+1)p − 2)2 ≈ (t+ 1)
(
µ2
(t+1)p − 2µ(t+1)p + 1

)
+ qz1.

(67)
Define

qz2 = −2(t+1)(1+tµtp)µ(t+1)p+1+(t−1)σ2
tp+t(t+1)µ2

tp.
(68)

It follows from equation (67) that

(a(t+1)p − 2)2 ≈ (t+ 1)2µ2
(t+1)p + qz2. (69)

Clearly,

a(t+1)p = (1+r(t+1)p)atp =
(
1 + (t+ 1)µ(t+1)p − tµtp

)
atp.
(70)

This implies that

(a(t+1)p − 2)2 =
((
(t+ 1)µ(t+1)p − tµtp

)
atp + atp − 2

)2
.

(71)
Define

qz3 = (atp − 2)2 +2(atp − 2)
((
(t+ 1)µ(t+1)p − tµtp

)
atp
)
.

(72)
It follows from equation (71) that

(a(t+1)p−2)2 =
((
(t+ 1)µ(t+1)p − tµtp

)
atp
)2

+ qz3. (73)

Clearly, 2atp
((
(t+ 1)µ(t+1)p − tµtp

)
atp
)

≈ 0 is a small
number. Define

qz4 = (atp − 2)2 − 4
((
(t+ 1)µ(t+1)p − tµtp

)
atp
)
. (74)

This implies that

(a(t+1)p−2)2 ≈
((
(t+ 1)µ(t+1)p − tµtp

)
atp
)2

+ qz4. (75)

Define

qz5 = (atp − 2)2 + 4tatpµtp − 4(t+ 1)atpµ(t+1)p. (76)

Clearly,

(a(t+1)p−2)2 ≈
((
(t+ 1)µ(t+1)p − tµtp

)
atp
)2

+ qz5. (77)

Define

qz6 = a2tpt
2µ2

tp + (atp − 2)2 + 4tatpµtp. (78)

Define

qz7 = −2(t+ 1)(2atp + ta2tpµtp)µ(t+1)p. (79)

It follows from equation (77) that

(a(t+1)p − 2)2 ≈ a2tp(t+ 1)2µ2
(t+1)p + qz6 + qz7. (80)

Define
x2t = (t+ 1)2

(
a2tp − 1

)
. (81)

x1t = 2(t+ 1)
(
1 + tµtp − (2atp + ta2tpµtp)

)
. (82)

x0t = a2tpt
2µ2

tp+(atp−2)2+4tatpµtp−1−(t−1)σ2
tp−t(t+1)µ2

tp.
(83)

It follow from equations (69) and (77) that

x2tµ
2
(t+1)p + x1tµ(t+1)p + x0t ≈ 0. (84)

Clearly,

(atp − 2)2 − (t− 1)σ2
tp − 1− tµ2

tp ≈ −2tµtp. (85)

Substitute equation (85) in to the equation (83) to get equation
(86).

x0t ≈ (a2tp − 1)t2µ2
tp + 2tµtp(2atp − 1). (86)

Define

c0t = (a2tp − 1)t2µ2
tp + 2tµtp(2atp − 1). (87)

It follows from equations (88) and (86) that

x2tµ
2
(t+1)p + x1tµ(t+1)p + c0t ≈ 0. (88)

Hence the proof followed.


