
Mathematics and Statistics 9(6): 1019-1033, 2021
DOI: 10.13189/ms.2021.090618

http://www.hrpub.org

Singular Non-circular Complex Elliptically Symmetric
Distributions: New Results and Applications

Habti Abeida

Department of Electrical Engineering, College of Engineering, Taif University, Al-Haweiah, 21974, Saudi Arabia 

Received September 6, 2021; Revised October 25, 2021; Accepted November 11, 2021

Cite This Paper in the following Citation Styles
(a): [1] HHabti Abeida, ”Singular Non-circular Complex Elliptically Symmetric Distributions: New Results and Applications,” Mathematics and Statistics,

Vol.9, No.6, pp. 1019-1033, 2021. DOI: 10.13189/ms.2021.090618

(b): Habti Abeida, (2021). Singular Non-circular Complex Elliptically Symmetric Distributions: New Results and Applications. Mathematics and Statistics,

9(6), 1019-1033. DOI: 10.13189/ms.2021.090618

Copyright ©2021 by authors, all rights reserved. Authors agree that this article remains permanently open access under the terms of
the Creative Commons Attribution License 4.0 International License

Abstract Absolutely Continuous non-singular complex
elliptically symmetric distributions (referred to as the non-
singular CES distributions) have been extensively studied in
various applications under the assumption of nonsingularity
of the scatter matrix for which the probability density func-
tions (p.d.f’s) exist. These p.d.f’s, however, can not be used to
characterize the CES distributions with a singular scatter ma-
trix (referred to as the singular CES distributions). This paper
presents a generalization of the singular real elliptically sym-
metric (RES) distributions studied by Dı́az-Garcı́a et al to sin-
gular CES distributions. An explicit expression of the p.d.f of
a multivariate non-circular complex random vector with sin-
gular CES distribution is derived. The stochastic representa-
tion of the singular non-circular CES (NC-CES) distributions
and the quadratic forms in NC-CES random vector are proved.
As special cases, explicit expressions for the p.d.f’s of mul-
tivariate complex random vectors with singular non-circular
complex normal (NC-CN) and singular non-circular complex
Compound-Gaussian (NC-CCG) distributions are also derived.
Some useful properties of singular NC-CES distributions and
their conditional distributions are derived. Based on these re-
sults, the p.d.f’s of non-circular complex t-distribution, K-
distribution, and generalized Gaussian distribution under sin-
gularity are presented. These general results degenerate to
those of singular circular CES (C-CES) distributions when the
pseudo-scatter matrix is equal to the zero matrix. Finally, these
results are applied to the problem of estimating the parameters
of a complex-valued non-circular multivariate linear model in
the presence either of singular NC-CES or C-CES distributed
noise terms by proposing widely linear estimators.

Keywords Non-singular CES Distributions, Singular CES
Distributions, Circular Complex Random Vector, Non-circular
Complex Random Vector, Circular/Non-circular Quadratic

Forms, Circular/Non-circular Complex-valued Linear Model

1 Introduction
Non-singular CES distributions have recently been the fo-

cus of active research in engineering applications involving
non-Gaussian data models [1–8]. Very comprehensive reviews
of non-singular C-CES and NC-CES distributions are given
in [5, 9, 10] and [11], respectively. The CES distribution in-
cludes various distributions, such as the circular complex nor-
mal (C-CN) distribution [12, 13], NC-CN distribution [14, 22],
complex t-distribution [1, 9], K-distribution [10, 23, 24], com-
plex generalized Gaussian (CGG) distribution [5,15,25]. These
distributions are characterized by the associated p.d.f.’s which
exist for non-singular scatter or covariance matrix. However,
a problem that has not been tackled completely is related to
the p.d.f. of singular C-CES, NC-CES, C-CN, and NC-CN
distributions, which are not unusual in theoretical and practi-
cal engineering problems. However, it was proved by [26] that
the singular RES distributions have p.d.f’s on a subspace of
smaller dimension and equal to the rank of the scatter matrix.
This same reference also gives an explicit expression for the
p.d.f of singular RES distributions.

Complex-valued signals are widely used for modeling many
systems in a wide range of fields (e.g., optics, communications,
radar, and biomedicine). Linear solutions for complex-valued
signals have been studied in detail in the literature for both cir-
cular and non-circular complex signals. Among these solu-
tions, the linear and widely linear minimum mean-squared er-
ror (LMMSE and WLMMSE) estimators introduced in [27,28]
work under the assumption that the covariance matrix of mea-
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surement is non-singular. The performance of these estimators
are compared in [29, 30] and widely used in many practical
applications [31–34]. However, these estimators can not be ap-
plied when the scatter or covariance matrix of the measurement
data is singular. This paper presents the derivation of explicit
expressions for the p.d.f.’s of multivariate singular C-CES, NC-
CES, C-CN and NC-CN distributed random variables (r.v.’s)
following the reasoning proposed in [26]. Stochastic repre-
sentations of singular C-CES distributions, singular NC-CES
distributions and quadratic forms in singular C-CES and NC-
CES r.v.’s are also given. Some useful properties of singular
NC-CES distributions and their conditional distributions are
derived. The complex t-distribution, K-distribution, and gen-
eralized Gaussian distribution associated with singular multi-
variate CES r.v.’s are also derived. These results are applied to
the problem of estimating the parameters of a complex-valued
linear model in the presence of either singular NC-CES or C-
CES distributed noise terms and followed by the derivation of
widely linear estimators.

The remainder of this paper is organized as follows. Sec-
tion 2 presents a brief overview of general characteristics of
the continuous non-singular NC-CES distributions, followed
by the derivation of the p.d.f. and the stochastic representa-
tion of singular NC-CES distributions. In the same section,
some useful properties of singular NC-CES distributions and
their conditional distributions are proved. Section 3 provides
the p.d.f of singular NC-CN distribution as a special case of
NC-CES distributions. Section 4 introduces practical singu-
lar circular complex compound Gaussian (C-CCG) and singu-
lar NC-CCG distributions, followed by the derivation of the
stochastic representation of the quadratic forms in singular C-
CCG and NC-CCG distributions. Section 5 presents the com-
plex t−distribution, K−distribution and the CGG distribution
associated to multivariate singular C-CES and NC-CES r.v.’s.
Section 6 derives the singular widely linear mean square esti-
mation of a signal from singular distributed measurement data
vector. The problem of parametric estimation of complex-
valued linear models with singular C-CES and NC-CES dis-
tributed error terms are examined in section 7 where the asso-
ciated residuals of the widely linear estimators are shown to
have singular CES distributions. Finally, conclusion is given in
section 8.

The following notations are used throughout the paper. Ma-
trices and vectors are represented by bold upper case and bold
lower case characters, respectively. I is the identity matrix.
Vectors are by default in column orientation, while T , H , ∗
and # stand for transpose, conjugate transpose, conjugate and
MoorePenrose inverse,respectively. E(.), Tr(.), rank(.), <(.)
and ‖.‖ are the expectation, trace, rank, real part, and norm op-
erators, respectively. Cov(z)

def
= (z − E(z))(z − E(z))H and

pcov(z)
def
= (z−E(z))(z−E(z))T are respectively the covari-

ance matrix and the pseudo-covariance matrix of a complex
r.v. z. Symbol =d means equal in distribution and U(CSm)
denotes the uniform distribution on the unit complex-sphere
CSm def

= {z ∈ C : ‖z‖2 = 1}. (Ker Σ)⊥ is the complement
orthogonal of kernel space (or null space) of Σ.

2 Singular and non-singular non-
circular complex elliptical distribu-
tion

This section firstly briefly reviews of non-singular NC-CES
distributions (called also Generalized CES distributions) pre-
sented in [11], secondly the main characteristics of singular
NC-CES distributions are proven, i.e., singular with respect to
Lebesgue measure as the scatter matrix is rank-deficient, by
presenting an explicit expression of the p.d.f. of singular NC-
CES distributions that exist on a subspace. Finally we provide
some useful properties of singular NC-CES distributions and
their conditional distributions.

A r.v. z ∈ Cm is said to have NC-CES distribution if its
characteristic function (c.f.) is

Φ(z) = exp{j<(zHµ)}φ
(

1

2
{zHΣz + <[zHΩz∗]}

)
, (1)

for some function φ : R+ → R, as the characteristic genera-
tor. Positive semi-definite Hermitian matrix Σ ∈ Cm×m is the
scatter matrix, complex symmetric matrix Ω ∈ Cm×m denotes
the pseudo-scatter matrix, with symmetry center µ ∈ Cm.
Note that the c.f. in (1) exists even though Σ is singular
(rank(Σ) < m). In addition, Σ, Ω and φ(.) do not uniquely
define a particular NC-CES distribution, an additional scale
constraint, either on Σ and Ω either on φ(.), needs to be im-
posed for identifiability purposes.

Therefore, an r.v. z ∈ Cm has singular or non-singular NC-
CES distribution, depending on whether rank(Σ) = r < m
or r = m, respectively. A singular NC-CES distributed r.v.
will be denoted as z ∼ ECrm(µ,Σ,Ω, φ) and for non-singular
CES distributed r.v. the superscript will be omitted in ECrm.
For clarity, the singular and non-singular NC-CES distributions
are presented separately in the following subsections.

2.1 Non-singular NC-CES distributions

Suppose rank(Σ) = m, which is a necessary condition for
z ∼ ECm(µ,Σ,Ω, φ) to be absolutely continues with respect
to Lebesgue measure in R2m, therefore the p.d.f. of z exist and
can be expressed as [11],

p(z) = cm,g

(
det(Γ̃)

)−1/2

g (q(z)) , (2)

where cm,g is a normalizing constant ensuring that p(z) in-

tegrates to one and it is given by cm,g
def
= 2(smδm,g)

−1,

where sm
def
= 2πm

Γ(m) is the surface area of CSm, and g(.)

is a non-negative function (density generator), which satisfies
δm,g =

∫∞
0
um−1g(u)du < ∞. q(z) has the quadratic form

q(z)
def
= 1

2 (z̃ − µ̃)HΓ̃−1(z̃ − µ̃), where z̃
def
= (zH zT )H ,

µ̃
def
= (µH µT )H and Γ̃

def
=

(
Σ Ω
Ω∗ Σ∗

)
. In the absolutely

continuous case, we use the notation z ∼ ECm(µ,Σ,Ω, g)
in place of z ∼ ECm(µ,Σ,Ω, φ). Note that the p.d.f. (2)
depends on z only through the quadratic form q(z).
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Since Σ and Ω are hermitian positive definite and com-
plex symmetric matrices, respectively, it follows from [35,
Corollary 4.6.12(b)], that there exist a non-singular matrix
A ∈ Cm×m such that Σ = AAH and Ω = A∆AT where
∆ = Diag(κ1, . . . , κm) is a real diagonal matrix with non-
negative diagonal entries κk for k = 1 . . .m. Let v ∈ Cm be
a r.v. obtained via an R-linear transformation of u ∼ U(CSm)
as follows [5]:

v = ∆1u + ∆2u
∗, (3)

∆1
def
=

(
∆++∆−

2

)
, ∆2

def
=

(
∆+−∆−

2

)
, where ∆+ =

√
I + ∆ and ∆− =

√
I−∆. ∆1 and ∆2 satisfy ∆1∆1 +

∆2∆2 = I and ∆1∆2 + ∆2∆ = ∆. It follows from (3)
that E(vvH) = E(uuH) = I and E(vvT ) = ∆. In the
sequel, this vector will be written as v ∼ Uκ(CSm) where
κ

def
= (κ1, . . . , κm)T . The stochastic representation provides

the tool to generate r.v. deviating from the ECm(µ,Σ,Ω, g)
distributions.

Result 1 z ∼ ECm(µ,Σ,Ω, g) with rank(Σ) = m if and
only if it admits the stochastic representation

z =d µ+RAv = µ+R(A1u + A2u
∗), (4)

where the non-negative real random variable R def
=
√
Q,

called the modular variate, is independent of the complex r.v.
u, Σ = A1A

H
1 + A2A

H
2 and Ω = A1A

T
2 + A2A

T
1 where

A1
def
= A∆1 and A2

def
= A∆2.

The uniform spherical distribution can be obtained from a C-
CN distributed random vector, y ∼ CNm(0, I), when dividing
it by its length, u =d

y
||y||2 . Since δm,g < ∞, the covari-

ance matrix R
def
= Cov(z) and the pseudo covariance matrix

R′
def
= pcov(z) exist and respectively equal to the scatter ma-

trix and pseudo-scatter matrix up to a positive real constant
c0 [11, Theorem 3], i.e., R = c0Σ and R′ = c0Ω. Neverthe-
less, the constant c0 can be chosen to be equal to 1, that is, if
E(R2) = 2rank(Σ). Note that while Σ always exists, R does
not exist for some CES distributions (e.g. Cauchy distribution).

For the special case when Ω = O (or equivalently ∆ = O),
the non-singular NC-CES distributions degenerate to the non-
singular C-CES distributions [5, 10], for which the c.f. (1) and
p.d.f. (2) take the forms similar to the real case:

Φ(z) = exp{j<(zHµ)}φ
(

1

2
zHΣz

)
,

p(z) = cm,g det(Σ−1)g (q(z)) , (5)

where q(z)
def
= (z − µ)HΣ−1(z − µ). It follows also from

result 1 that the stochastic representation of non-singular C-
CES distributed r.v. z ∼ ECm(µ,Σ, g) has the form

z =d µ+RAu, (6)

where A ∈ Cm×m is a non-singular matrix such that Σ =
AAH .

2.2 Singular NC-CES distributions

The singular NC-CES distributions has still not been studied
in the literature, in despite of the various studies that have been
published. The results of this section are generalizations of
[26] for the singular RES distribution to the singular NC-CES
distributions, as the scatter matrix is singular with rank(Σ) =
r < m. This section first proves an explicit expression of the
p.d.f. for singular NC-CES distributions, and provides some
useful properties of singular NC-CES distributions and their
conditional distributions.

Note that the conditions of the scatter matrix Σ and the schur
complement matrix Σ∗ −ΩHΣ−1Ω begin hermitian positive
definite are necessary to ensure that the matrix Γ̃ is hermitian
positive definite [14]. However, if the matrix Σ is singular
with rank(Σ) = r < m, Γ̃ is singular as well and the p.d.f in
(2) has no meaning. Therefore the following question arises:
Does the p.d.f. exist for singular NC-CES distributed r.v. z ∼
ECrm(µ,Σ,Ω, g)? The answer is given by the result 2 where
the p.d.f. exists on a subspace. To derive the p.d.f. of singular
NC-CSE distributions we need the following lemma (proved
in the Appendix A) that provides a factorization of the pseudo-
scatter matrix Ω.

Lemma 1 Let rank(Σ) = r < m and rank(Ω) = p ≤ m, the
pseudo-scatter matrix Ω can be factorized as:

Ω = UrΛ
1
2
r Vp∆pV

T
p Λ

1
2
r UT

r , (7)

where Λr is a diagonal matrix containing the r non-zero eigen-
values {λk}rk=1 of Σ, and the columns of the complex ma-
trix Ur ∈ Cm×r are the corresponding non-zero eigenvectors.
Vp ∈ Cr×p is an (r×p) matrix with orthonormal columns and

∆p
def
= Diag(κ1, . . . , κp) is a (p×p) complex-valued nonnega-

tive diagonal matrix with κl 6= 0, and |κl| < 1 for l = 1, . . . , p.

The following result (proved in the Appendix B) provides
the p.d.f. of the singular NC-CES distributions.

Result 2 Let z ∼ ECrm(µ,Σ,Ω, g) with parametersµ ∈ Cm,
Σ ∈ Cm×m is the scatter complex hermitian matrix assumed
singular with rank(Σ) = r < m and Ω ∈ Cm×m is the
pseudo-scatter complex symmetric matrix with rank(Ω) = p ≤
m . In such case, the p.d.f. of a singular NC-CES distributed
r.v. z is given by

p(z) = cr,gc
r,p
λ,κg (q(z)) , (8)

and

z− µ ∈ (Ker Σ)⊥ with probability 1 (w.p.1), (9)

where cr,pλ,κ
def
= (

∏r
k=1 λk)

−1 (∏p
l=1(1− |κl|2)

)−1/2
and q(z)

is a quadratic form q(z)
def
= 1

2 (z̃− µ̃)HΓ̃#(z̃− µ̃).

Remark 1 It follows from lemma 1 that if rank(Σ) =
rank(Ω) = r, there is a unitary matrix Vr ∈ Cr×r such that

Ω = UrΛ
1
2
r Vr∆rV

T
r Λ

1
2
r UT

r , (10)
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where ∆r = Diag(κ), κ = (κ1, . . . , κr)
T ∈ Rr with κk 6= 0

for k = 1 . . . r. Let Wr be a (r×m) complex matrix defined as

Wr
def
= VH

r Λ
− 1

2
r UH

r which satisfies the following equalities:

WrΣWH
r = I and WrΩWT

r = ∆r.

The following result extends result 1 to give a stochastic rep-
resentation of a r.v. distributed as a singular NC-CES distribu-
tion.

Result 3 A r.v. z follows a singular NC-CES distribution, i.e.,
z ∼ ECrm(µ,Σ,Ω, g) with rank(Σ) = rank(Ω) = r if and
only if it admits the stochastic representation

z =d µ+RUrΛ
1
2
r Vrv

(r), (11)

where the r.v. R is defined in (6) which is independent of v(r) ∼
Uκ(CSr) defined in (3), Ur and Λr are defined in (52) and Vr

is defined in (10).

Note that the singular C-CES distribution is obtained if Ω =
O, i.e., ECrm(µ,Σ, g) ≡ ECrm(µ,Σ,O, g). Therefore, result
2 can be simplified to the following result.

Result 4 Let z ∼ ECrm(µ,Σ, g) with µ ∈ Cm, Σ ∈ Cm×m,
Σ ≥ O and rank(Σ) = r < m. In such case, the p.d.f. of z is
given by

p(z) = cr,gc
r
λg (q(z)) , (12)

and
z− µ ∈ (Ker Σ)⊥ w.p.1, (13)

where crλ
def
=
∏r
k=1 λ

−1
k and q(z) = (z− µ)HΣ#(z− µ).

The following corollary proved in Appendix C gives the distri-
bution of the quadratic forms.

Corollary 1 • Let z ∼ ECrm(µ,Σ,Ω, g). Then

(z̃− µ̃)HΓ̃#(z̃− µ̃) =d 2Q. (14)

• Let z ∼ ECrm(µ,Σ, g). Then

(z− µ)HΣ#(z− µ) =d Q. (15)

The following result proved in Appendix D on the conditional
distributions of singular NC-CES distributed r.v.’s will be used
in the derivation of singular widely linear mean square esti-
mation of a signal from singular distributed measurement data
vector in section 6.

Result 5 Let z = (zH1 zH2 )H ∼ ECrm(µ,Σ,Ω, g) and parti-
tion µ, Σ, Ω into

µ =

(
µ1

µ2

)
, Σ =

(
Σ11 Σ12

Σ21 Σ22

)
,Ω =

(
Ω11 Ω12

Ω21 Ω22

)
where z1 and µ1 are (d × 1) vectors (d < m), Σ11 and Ω11

are (d× d) matrices, Σ22 and Ω22 are (n× n) matrices (with
n = m − d). Also, assume that rank(Σ11) = r1 ≤ d and
rank(Σ22) = r2 ≤ n with r = r1 + r2. Then

• z1 ∼ ECr1d (µ1,Σ11,Ω11, g) and z2 ∼
ECr2n (µ2,Σ22,Ω22, g)

• z1|z2 ∼ ECr1.2d (µz1|z2 ,Σ11.2,Ω11.2, g1|2)

with

µz1|z2 = µ1 + E(z2 − µ2) + F(z∗2 − µ∗2) (16)

Σ11.2 = Σ11 −EΣH
12 − FΩH

12 (17)
Ω11.2 = Ω11 −EΩT

12 − FΣT
12, (18)

where

E
def
= (Σ12−Ω12Σ

∗#
22 ΩH

22)P∗#z2 (19)

F
def
= (Ω12−Σ12Σ

#
22Ω22)P#

z2 (20)

Pz2
def
= Σ∗22 − ΩH

22Σ
#
22Ω22, r1.2 = rank(Σ11.2), g1|2(t) =

g(t+ q2), q2 = 1
2 (z̃2 − µ̃2)HΓ̃#

z2(z̃2 − µ̃2), z̃2 = (zT2 zH2 )T ,

µ̃2 = (µT2 µ
H
2 )T and Γ̃z2

def
=

(
Σ22 Ω22

Ω∗22 Σ∗22

)
.

Note that the singular C-CES distribution is obtained if Ω = O
and the result 5 degenerates to the following corollary.

Corollary 2 Let z = (zH1 zH2 )H ∼ ECrm(µ,Σ, g) ≡
ECrm(µ,Σ,O, g) and partition µ and Σ into

µ =

(
µ1

µ2

)
and Σ =

(
Σ11 Σ12

Σ21 Σ22

)
,

where z1 and µ1 are (d×1) vectors (d < m), Σ11 is a (d×d)
matrix, Σ22 is a (n × n) matrix (with n = m − d). Also,
assume that rank(Σ11) = r1 ≤ d and rank(Σ22) = r2 ≤ n
with r = r1 + r2. Then

• z1 ∼ ECr1d (µ1,Σ11, g) and z2 ∼ ECr2n (µ2,Σ22, g)

• z1|z2 ∼ ECr1.1d (µz1|z2 ,Σ1.1, g1|2)

with

µz1|z2 = µ1 + Σ12Σ
#
22(z2 − µ2)

Σ1.1 = Σ11 −Σ12Σ
#
22Σ

H
12,

where r1.1 = rank(Σ1.1) and g1|2(t) = g(t + q̄2) and where
q̄2 = (z2 − µ2)HΣ#

22(z2 − µ2).

3 Singular non-circular complex normal distribution

This section derives explicit expression of the p.d.f. for a
singular NC-CN distribution. Let us first remind the reader
that the non-singular NC-CN distribution was introduced in
[5, 14, 22], which can be viewed as a class of non-singular
NC-CES distributions [11]. The non-singular NC-CN distribu-
tion has been recently widely used in various statistical signal
processing applications such as: DOA methods [16–18], blind
source separation methods [19–21], signal detection methods
[15, 36, 37], etc. Also Cramér-Rao performance bounds based
on non-singular NC-CN distribution have been proposed for
DOA estimation in [38] and source separation in [39]. Since
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non-singular NC-CN distribution is a member of non-singular
NC-CES distributions, it follows that the p.d.f. of non-singular
NC-CN distribution given below can be obtained from (2) by
letting the density generator g(t) equal to g(t) = exp(−t),
which gives cm,g = π−m and µ = E(z), the hermitian co-

variance matrix R
def
= Cov(z) = Σ and the complex pseudo-

covariance matrix R′
def
= pcov(z) = Ω exist.

Definition 1 A r.v. z ∈ Cm has a non-singular NC-CN dis-
tribution (denoted z ∼ CNm(µ,R,R′)) if its p.d.f. is of the
form

p(z) = (π)−m
(

det(R̃)
)−1/2

exp (−Q(z)) , (21)

where R̃
def
=

(
R R′

R
′∗ R∗

)
∈ C2m×2m is assumed

positive definite and Q(z) is a quadratic form Q(z)
def
=

1
2 (z̃ − µ̃)HR̃−1(z̃ − µ̃) where z̃

def
= (zH zT )H and µ̃ def

=
(µH µT )H .

In the special case where the pseudo-covariance matrix R′ =
O, (21) reduces to the following p.d.f. of non-singular C-CN
distribution,

p(z) = π−m det(R−1) exp (−Q(z)) , (22)

where Q(z)
def
= (z−µ)HR−1(z−µ). Thus, non-singular C-

CN distribution can be seen as a special case of non-singular
NC-CN distribution.

Recall that the matrix R̃ is positive definite if and only if R

and its schur complement Rs = R −R
′
R−∗R

′∗
are definite

positive [14]. However if these conditions are not met, R̃ is
a singular matrix and therefore the p.d.f. (21) does not exist.
The following result gives the p.d.f. of singular NC-CN distri-
bution which is obtained from result 2 by replacing g(t) in (8)
by g(t) = exp(−t), which gives cm,g = π−m and Σ = R,
Ω = R′.

Result 6 Let z ∼ CNm(µ,R,R′) with R ∈ Cm×m be-
ing a singular hermitian covariance matrix with rank(R) =
r < m and R′ ∈ Cm×m being a complex symmetric pseudo-
covariance matrix with rank(R′) = p . In such case, the p.d.f.
of a singular NC-CN distributed r.v. z is given by

p(z) = π−rcr,pλ,κ exp (−Q(z)) (23)

and
z− µ ∈ (Ker R)⊥ w.p.1, (24)

where Q(z) is a quadratic form Q(z)
def
= 1

2 (z̃ − µ̃)HR̃#(z̃ −
µ̃) and cr,pλ,κ

def
= (

∏r
k=1 λk)

−1 (∏p
l=1(1− |κl|2)

)− 1
2 . A

singular NC-CN distributed r.v. will be denoted as z ∼
CN r

m(µ,R,R′).

Note that when R
′

= O, the p.d.f. (23)-(24) of singular NC-
CN distribution reduces to the p.d.f. of singular C-CN distri-
bution, which is given by the following result.

Result 7 Let z ∼ CN r
m(µ,R,O) ≡ CN r

m(µ,R) where

µ
def
= E(z), with µ ∈ Cm, R ∈ Cm×m and rank(R) = r <

m. In such case, the p.d.f. of z is given by

p(z) = π−rcrλ exp (−Q(z)) (25)

and
z− µ ∈ (Ker R)⊥ w.p.1.

where crλ
def
=
∏r
k=1 λ

−1
k and Q(z) = (z− µ)HR#(z− µ).

Remark 2 Note that the c.f. of singular NC-CN distributed r.v.
z ∼ CN r

m(µ,R,R′) always exists and identical to the c.f. of
non-singular NC-CN distribution given by [14]

Φ(z) = exp

{
j<(zHµ)− 1

4

[
zHRz + <(zHR

′
z∗)
]}

.

It follows from result 5 that the p.d.f. of conditional distribu-
tion of two singular NC-CN distritbuted r.v.’s are summarized
as the following result.

Result 8 Assume y1 ∼ CN r1
d (µ1,R11,R

′
11) and y2 ∼

CN r2
n (µ2,R22,R

′
22). Let R12

def
= E(y1y

H
2 ) and R′12

def
=

E(y1y
T
2 ). Then y1|y2 ∼ CN r1.2

d (µy1|y2 ,R11.2,R
′
11.2) with

µy1|y2 = µ1 + Ẽ(y2 − µ2) + F̃(y∗2 − µ∗2),

R11.2 = R11 − ẼRH
12 − F̃R

′H
12 ,

R′11.2 = R′11 − ẼR
′T
12 − F̃RT

12.

where

Ẽ
def
= (R12−R′12R

∗#
22 R

′H
22 )P∗#y2 ,

F̃
def
= (R′12−R12R

#
22R

′
22)P#

y2 ,

where Py2
def
= R∗22 −R

′H
22 R#

22R
′
22, and r1.2 = rank(R11.2).

For the circular case which is characterized by all the matrices
R′x being zero, result 8 reduces to the following corollary.

Corollary 3 Assume that y1 ∼ CN r1
d (µ1,R11,O) and y2 ∼

CN r2
n (µ2,R22,O). Then y1|y2 ∼ CN r1.2

d (µy1|y2 ,R1.2)
where r1.2 = rank(R1.2) with

µy1|y2 = µ1 + R12R
#
22(y2 − µ2),

R1.2 = R11 −R12R
#
22R

H
12.

4 Singular circular and non-circular Compound-
Gaussian Distributions

Non-singular C-CCG distributions presented in [10] under
the assumption of non-singular scatter matrix Σ ∈ Cm×m
(i.e., rank(Σ) = m), represent an important subclass of non-
singular C-CES distributions. The non-singular C-CCG dis-
tributions are widely employed in radar signal processing to
describe the heavy-tailed clutter process as a product of two
independent random processes ’texture’ and ’speckle’. More
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precisely, a r.v. z has a non-singular C-CCG distribution if it
admits a C-CCG-representation

z =d µ+
√
τn, (26)

where τ is a positive real r.v. with p.d.f. fτ , called as tex-
ture, independent of n ∼ CNm(0,Σ), called as speckle. The
p.d.f.’s of non-singular C-CCG-distributions are given by

p(z) = π−m (det(Σ))
−1
∫ ∞

0

τ−mexp (−q(z)/τ) dFτ (τ)

= π−m (det(Σ))
−1
∫ ∞

0

τ−m exp (−q(z)/τ) fτ (τ)dτ,(27)

where q(z) = (z−µ)HΣ−1(z−µ) and fτ (τ) = ∂Fτ (τ)/∂τ .
Note that the p.d.f (27) can always be written in the form (5)
with a density generator g(t) ∝

∫∞
0
τ−m exp(−t/τ)fτ (τ)dτ .

A non-singular C-CCG distributed r.v. will be denoted as z ∼
CNm(µ,Σ). Different choices of distribution for fτ (.) lead
to some well-known examples of CCG-distributions such as
t-distribution and K-distribution presented in the next section.

Note that the p.d.f. of singular NC-CN distributions pre-
sented in section 3 exist on a subspace. Given the above defini-
tion of non-singular C-CCG distributions, the p.d.f. of singular
NC-CCG distributions also exist on a subspace and can be de-
fined as follows.

Definition 2 A r.v. z ∈ Cm is said to have a singular NC-CCG
distribution if it admits a NC-CCG representation

z =d µ+
√
τn, (28)

where τ is a r.v. defined above and independent of n follows the
singular NC-CN distribution CN r

m(0,Σ,Ω). Also, the p.d.f.’s
of singular NC-CCG distributions are given by

p(z)=π−rcr,pλ,κ

∫ ∞
0

τ−r exp (−q(z)/τ) fτ (τ)dτ (29)

and
z− µ ∈ (Ker Σ)⊥ w.p.1, (30)

where cr,pλ,κ and the quadratic form q(z) are defined in result
2. A singular NC-CCG distributed r.v. will be denoted as z ∼
CNr

m(µ,Σ,Ω). In the special case when Ω = O, (29) reduces
to the following expression of the p.d.f. of singular C-CCG
distributions (denoted as z ∼ CNr

m(µ,Σ))

p(z)=π−rcrλ

∫ ∞
0

τ−r exp (−q(z)/τ) fτ (τ)dτ, (31)

where q(z) and crλ are defined in result 4.
If τ has a finite second-order moments (i.e., E(τ) <∞), the

mean and the second-order moments of z exist. It also follows
that if E(τ) = 1, the scatter matrix Σ and pseudo-scatter ma-
trix Ω are, respectively, exactly equal to the covariance matrix
Cov(z) = E(τ)Cov(n) = Σ and pseudo covariance matrix
pcov(z) = E(τ)pcov(n) = Ω. The following result proved in
Appendix E gives the stochastic representation of the quadratic
form in singular NC-CES distributions.

Result 9 Let z = zr + jzi ∼ CNm(µ,Σ,Ω) and

Q̃ ∈ C2m×2m be a hermitian matrix partitioned as Q̃
def
=(

Q Q′

Q′
∗

Q∗

)
where Q ∈ Cm×m is a hermitian matrix

and Q′ ∈ Cm×m is a symmetric complex matrix. Then the
stochastic representation of the quadratic form z̃H0 Q̃z̃0 where

z̃0
def
= z̃− µ̃ is given by

z̃H0 Q̃z̃0 =d τ

q∑
l=1

λlχ
2
1(l), (32)

where the χ2
1(l) are independent central Chi-square random

variables with one degree of freedom. The λl are nonzero
eigenvalues of the matrix Γ̃Q̃ of rank q where Γ̃ is defined in
(2).

For the special case of non-singular C-CCG distributions
where Ω = O, assume that Q′ = O, result (9) reduces to
the following corollary:

Corollary 4 Let z ∼ CNm(µ,Σ) and Q ∈ Cm×m be a
hermitian matrix. Then the stochastic representation of the
quadratic form zH0 Qz0 where z0

def
= z− µ is given by

zH0 Qz0 =
1

2
z̃H0 Q̃z̃0 =d

τ

2

qc∑
l=1

λlχ
2
2(l),

where the λl are nonzero eigenvalues of the matrix ΣQ of rank
qc.

5 Examples of singular NC-CES distributions

Based on the results of section 2, and similar to the non-
singular case (Σ > 0) [5, 10, 11], we provide explicit ex-
pressions for the p.d.f.’s of three subclasses of CES distribu-
tions,i.e., complex K-distribution, complex t-distribution and
complex generalized Gaussian (CGG) distribution, under the
assumption of singular scatter matrix (rank(Σ) = r). These
subclasses of distributions can be distinguished from each
other only by their functional form of the density generator
g(.) as shown below.
Example 1: Singular non-circular complex K-distribution
It follows from result 2 that the singular non-circular complex
K-distribution can exist on subspace and its p.d.f. is given by
the following definition.

Definition 3 A r.v. z ∈ Cm is said to have a singular non-
circular complex K-distribution with parameters µ ∈ Cm;
Ω ∈ Cm×m and rank(Ω) = p; Σ ∈ Cm×m, Σ ≥ 0 and
rank(Σ) = r if its p.d.f. is of the form

fK(z) = cr,gK c
r,p
λ,κgK (q(z)) ,

and
z− µ ∈ (Ker Σ)⊥ w.p.1, (33)

where the quadratic form q(z) defined in result 2, cr,gK =
2ν(r+ν)/2/[Γ(ν)πr] is a normalizing constant, gK(.) is the
density generator given by gK(t) = t(ν−r)/2Kν−r(2

√
νt), ν
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is the shape parameter which controls the shape of complex
K-distribution, K`(.) denotes the modified Bessel function of
the second kind of order `. The singular non-circular com-
plexK-distribution is a class of singular NC-CCG distribution
and it has the singular NC-CCG representation (28) where the
unit mean texture variable τ follows a gamma distribution with
shape parameter ν > 0 and scale parameter 1/ν, denoted
τ ∼ Gamma(τ, 1/τ). A singular non-circular complex K-
distribution will be denoted by CKr

m,ν(µ,Σ,Ω).

Example 2: Singular non-circular complex t-distribution
It follows also from result 2 that the singular non-circular com-
plex t-distribution can exist on subspace and its p.d.f. is given
by the following definition.

Definition 4 A r.v. z ∈ Cm is said to have a singular non-
circular complex t-distribution with parameters µ ∈ Cm;
Ω ∈ Cm×m and rank(Ω) = p; Σ ∈ Cm×m, Σ ≥ 0 and
rank(Σ) = r if its p.d.f. is of the form

fT (z) = cr,gT c
r,p
λ,κgT (q(z)) ,

and
z− µ ∈ (Ker Σ)⊥ w.p.1,

where the quadratic form q(z) defined in result 2,
cr,gT = 2rΓ

(
2r+ν

2

)
/
[
(πν)rΓ(ν2 )

]
is a normalizing con-

stant and gT (.) is the density generator given by gT (t) =(
1 + 2t

ν

)−(2r+ν)/2
with ν degrees of freedom (2 < ν < ∞).

If ν = 1, the case is called the complex Cauchy distribution,
and if ν goes to∞, it yields the singular NC-CN distribution.
The singular non-circular complex t-distribution is also a class
of singular NC-CCG distributions and it has the singular NC-
CCG-representation (28) where the texture r.v. τ distributes as
τ =d (ν − 2)/χ2

ν (where χ2
ν = Gamma(τ/2, 2/τ)). A sin-

gular non-circular complex t-distribution will be denoted by
Ctrm,ν(µ,Σ,Ω).

Example 3: Singular NC-CGG distribution
Similarly, the following definition provides the p.d.f. of singu-
lar NC-CGG distribution:

Definition 5 A r.v. z ∈ Cm is said to have a singular non-
circular complex GG (NC-CGG) distribution with exponent
s > 0 and scale b > 0 and parameters µ ∈ Cm; Ω ∈ Cm×m
and rank(Ω) = p; Σ ∈ Cm×m, Σ ≥ 0 and rank(Σ) = r if
its p.d.f. is of the form

fG(z) = cr,gGc
r,p
λ,κgG (qcs(z)) ,

and
z− µ ∈ (Ker Σ)⊥ w.p.1,

where the quadratic form q(z) is defined in result 2 and gG(.)
is the density generator given by gG(t) = exp(−ts/b), which
gives cr,gG = sΓ(r)b−r/s/ [πrΓ(r/s)] as the value of the nor-
malizing constant. Note that for this singular NC-CGG distri-
bution, the 2nd-order modular variate Q = R2 is distributed
as Q =d G1/s where G is a r.v. distributed according to a
Gamma distribution with shape m/s and scale b. A singular
NC-CGG distribution will be denoted by CGGrm,s,b(µ,Σ,Ω).

It follows from definitions 3-5 that the singular circu-
lar complex K-distribution, the singular circular complex t-
distribution and the singular circular CGG (C-CGG) distri-
bution are obtained if Ω = O and thus CKr

m,ν(µ,Σ) ≡
CKr

m,ν(µ,Σ,O), Ctrm,ν(µ,Σ) ≡ Ctrm,ν(µ,Σ,O) and
CGGrm,s,bC(µ,Σ) ≡ CGGrm,s,b(µ,Σ,O).

6 Singular widely linear mean square estimation

This section extends the results on linear or widely linear
minimum mean-square error (LMMSE or WLMMSE) estima-
tion of a signal from non-singular distributed measurement
data vector [28] to the case of estimating a signal from singular
distributed measurement data vector.

Let z1 ∼ ECr1d (0,Σ11,Ω11, g) be a singular NC-CES dis-
tributed r.v. that need to be estimated from a singular NC-
CES distributed r.v. z2 ∼ ECr2n (0,Σ22,Ω22, g), as intro-
duced in result 5. As usual z1 is considered as signal or source
and z2 as the measurement or observation. We remind the
reader here that the scatter matrix Σ22 is singular and that
δn,g < ∞ such that the covariance matrix Cov(z2) = Σ22

and the pseudo-covariance matrix pcov(z) = Ω22 exist. Let
Σ12 and Ω12 be two matrices defined as Σ12

def
= E(z1z

H
2 ) and

Ω12
def
= E(z1z

T
2 ).

It follows from result 5 that the conditional mean m(z2)
def
=

E(z1|z2) can be expressed as a function of z2 and z∗2 as fol-
lows:

m(z2) = Ez2 + Fz∗2, (34)

where E and F are two matrices defined in result 5, both of
which depend on the pseudo-inverse operator. It is clear that
m(z2) is singular widely linear (SWL) in z2. Note that the
estimator m(z2) is called here the singular widely linear min-
imum mean-squared error (SWLMMSE) estimator of z1 from
z2. The error covariance matrix of the SWLMMSE estimator
is the covariance matrix of the conditional distribution of z1

given z2, and it follows from result 5 that it is given by

Σenc
= Σ11 −EΣH

12 − FΩH
12. (35)

The following subsections consider two cases when z2 is a cir-
cular r.v. and z1 is a real r.v.

6.1 Circular case

If z1 and z2 are cross-circular r.v.’s, Ω12 = O, and z2 is a
circular r.v., Ω22 = O, it follows that F = O in (34), and
therefore the SWLMMSE estimator reduces to the following
singular linear minimum mean-squared error (SLMMSE) esti-
mator

m′(z2) = Σ12Σ
#
22z2.

Similarly, the error covariance matrix of the SLMMSE estima-
tor is the covariance matrix of the conditional distribution of z1

given z2, and it follows from corollary 2 that it is given by

Σec = Σ11 −Σ12Σ
#
22Σ

H
12.
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6.2 Real case

If z1 is a real-valued parameter vector with singular CES
distribution, it is singular NC-CES ditsributed r.v., and the ap-
plication of SWLMMSE estimator is obvious. In this case,
Ω12 = Σ∗12, and consequently from (34), the SWLMMSE es-
timator is of the form

mr(z2) = 2<(Ez2). (36)

Therefore, in this case the SWLMMSE estimator produces
real-valued estimates, while the SLMMSE estimate is gener-
ally complex.

Similarly, it follows from (35) that the error covariance ma-
trix takes the form

Σer = Σ11 −<(EΣH
12). (37)

7 Application

This section studies the problem of estimating the determin-
istic but unknown parameter vector of complex-valued linear
model in the presence either of singular NC-CES or C-CES
distributed error terms. After deriving the compact expressions
of the maximum likelihood (ML) estimates of the parameters
and their associated covariance matrices, we show that the as-
sociated residuals have singular NC-CES distributions.
Consider the complex-valued non-circular multivariate linear
model

z = Xα+ ε, (38)

where ε, z ∈ Cm, X ∈ Cm×n is a known matrix of full column
rank n and α ∈ Cm is an unknown deterministic vector pa-
rameter to be estimated. Assume ε ∼ ECrm(0,Σ,Ω, g) such
that z ∼ ECrm(Xα,Σ,Ω, g), Σ = σ2

εΣ
′ is singular hermitian

matrix with rank(Σ) = r and Ω = σ2
εΩ
′ is complex symmet-

ric matrix where σ2
ε is assumed unknown but Σ′ and Ω′ are

known. Since z is a non-circular complex r.v., the complex-
valued linear model (38) in augmented form is

z̃ = X̃α̃+ ε̃, (39)

where z̃
def
=
(

yH yT
)H

, X̃
def
=

(
X O
O X∗

)
, α̃

def
=(

αH αT
)H

and ε̃ def
=
(
εH εT

)H
.

7.1 Singular C-CES distributed error term

For singular C-CES distributions, the matrix Ω = O and
it follows that z ∼ ECrm(Xα,Σ, g). For fixed σ2

ε , the ML
estimator of α, denoted α̂, is values of α that maximizes the
p.d.f. (12). Since the function g(.) is monotonically decreasing
in [0∞), it follows that maximizing the p.d.f. (12) with respect
to α is equivalent to maximizing the quadratic cost function

qcs(z) = (z−Xα)HΣ#(z−Xα). (40)

Since X has full column rank and XHΣ#X is non-singular
matrix, the ML estimator α̂ is given by

α̂ = (XHΣ#X)−1XHΣ#z. (41)

It is easy to verify that E(α̂) = α and α̂ is unbiased with
covariance matrix

Cov(α̂) = (XHΣ−1X)#XHΣ#

Cov(z)Σ#X(XHΣ#X)−1

= c0(XHΣ#X)−1, (42)

using Cov(z) = c0Σ and Σ#ΣΣ# = Σ# [40] where c0 is
a positive real scalar. Given that ML estimator α̂ is a linear
transformation of multivariate non-singular C-CES distributed
vector z, the ML estimator is non-singular C-CES distributed

α̂ ∼ ECn(α, (XHΣ#X)−1, g). (43)

The residuals vector can be defined as

ec
def
= z−Xα̂ = Hcz,

where Hc
def
= I − H is idempotent matrix and H

def
=

X(XHΣ′
#

X)−1XHΣ′
#. Note that, since Hc is singular with

rank(Hc) = m− n and HcX = O, it also follows that

ec ∼ ECm−nm (0, σ2
εHcΣ

′HH
c , g). (44)

Hence by (44) we have

E(eHc (HcΣ
′HH

c )#ec) = Tr((HcΣ
′HH

c )#E(ece
H
c ))

= σ2
εc0Tr((HcΣ

′HH
c )#(HcΣ

′HH
c ))

= σ2
εc0(m− n),

where c0 is a constant defined in (42) which takes different
values according to the choices of CES distributions. It follows
that the following statistic σ̂2

ε defined in (45) is an unbiased
estimator of σ2

ε

σ̂2
ε =

eHc (HcΣ
′HH

c )#ec
c0(m− n)

. (45)

Since the C-CCG distributions presented in section 4 form a
subclass of the CES distributions, it follows from corollary 4
that, if ε ∼ CNr

m(0,Σ), the quadratic from eH
c (HcΣ

′HH
c )#ec

σ2
ε

has the following representation

eHc (HcΣ
′HH

c )#ec
σ2
ε

=d
τ

2
χ2

2qc ,

where qc = rank(HcΣ
′HH

c ) = m−n. Therefore, the statistic
σ̂2
ε in (45) remains unbiased estimator of σ2

ε where here c0 =
E(τ).

7.2 Singular NC-CES distributed error term

The r.v. z is assumed to have singular NC-CES distribution,
i.e., z ∼ ECrm(Xα,Σ,Ω, g). Following the same reasoning
as above, the ML estimator of α̃, denoted ˆ̃α for the model (39)
is obtained as follows.

̂̃α = arg min
α̃
qncs (z) = (z̃− X̃α̃)HΓ̃#(z̃− X̃α̃),
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where Γ̃ is defined in result 4 by Γ̃
def
=

(
Σ Ω
Ω∗ Σ∗

)
. The

solution is given by

ˆ̃α = (X̃HΓ̃#X̃)−1X̃HΓ̃#z̃. (46)

It is clear that this estimator is unbiased with covariance matrix

Cov(ˆ̃α) = c0(X̃HΓ̃#X̃)−1, (47)

where c0 is positive real valued scalar such that Cov(z) =
c0Σ and pcov(z) = c0Ω. It is easy to remark that for
singular C-CES error where Ω = O, the non-circular ML
estimator (46) reduces to the circular ML estimator (41).
Since Γ̃ is (2m × 2m) structured block matrix, its Moore-
Penrose pseudo-inverse has the same structure and can be
expressed using eigenvalue decomposition (57) as Γ̃# def

=(
G P
P∗ G∗

)
where G

def
= (Σ − ΩΣ#∗Ω∗)# and P

def
=

−Σ#ΩG∗ are hermitian and complex symmetric matrices,
respectively. It follows that X̃HΓ̃#X̃ has the same struc-
ture and by using the matrix inversion lemma [40], its in-

verse is given by (X̃HΓ̃#X̃)−1 def
=

(
K L
L∗ K∗

)
where

K
def
= (XHGX − (XHPX∗)(XTG∗X∗)−1(XTP∗X))−1

and L
def
= −(XHGX)−1(XHPX∗)K∗ are hermitian and

complex symmetric matrices, respectively. Therefore, from
(46) and after simple algebraic manipulations, the non-circular
ML estimator of α can be expressed as:

α̂ = H1z + H2z
∗, (48)

where H1
def
= KXHG + LXTP∗ and H2

def
= KXHP +

LXTG∗.
Since α̂ is widely linear of multivariate singular NC-CES

distributed vector z, the non-singular ML estimator (48) is sin-
gular NC-CES distributed

α̂ ∼ ECm−nn (α,Cα,C
′
α, g), (49)

where Cα = H1ΣHH
1 +H1ΩHH

2 +H2Ω
∗HH

1 +H2Σ
∗HH

2

C′α = H1ΩHT
1 + H1ΣHT

2 + H2Σ
∗HT

1 + H2Ω
∗HT

2 .
The augmented residuals vector for the model (39) can be

defined as

ẽ =
(
eT eH

)T def
= z̃− X̃ ̂̃α = H̃z̃, (50)

where H̃
def
= I− X̃(X̃HΓ̃#X̃)−1X̃HΓ̃# =

(
H̄1 H̄2

H̄∗2 H̄∗1

)
is

idempotent matrix with rank rank(H̃) = 2rank(H̄1) = 2(m−
n), where H̄1

def
= I − XH1 and H̄2

def
= XH2. Note that

H̃X̃ = O implies that H̄1X = O and H̄2X
∗ = O. By similar

steps in the derivation of (48) and (49), the (m× 1) vector e of
the augmented residuals vector in (50) can be expressed as

e = H̄1z + H̄2z
∗,

Consequently, the distribution of e is given by

e ∼ ECm−nm (0,Ce,C
′
e, g),

with Ce = H̄1ΣH̄H
1 + H̄1ΩH̄H

2 + H̄2Ω
∗H̄H

1 + H̄2Σ
∗H̄H

2

C′e = H̄1ΩH̄T
1 + H̄1ΣH̄T

2 + H̄2Σ
∗H̄T

1 + H̄2Ω
∗H̄T

2 .

Since Γ̃ = σ2
ε Γ̃
′ def

= σ2
ε

(
Σ′ Ω′

Ω′
∗

Σ′
∗

)
, it follows from

(50) that

E(ẽH(H̃Γ̃′H̃H)#ẽ) = Tr((H̃Γ̃′H̃H)#E(ẽẽH))

= σ2
εc0Tr((H̃Γ̃′H̃H)#(H̃Γ̃′H̃H))

= 2σ2
εc0(m− n),

where c0 is a real positive constant defined in (47) which takes
different values according to the choices of CES distributions.
Therefore the following statistic σ̂2

ε defined in (51) is an unbi-
ased estimator of σ2

ε

σ̂2
ε =

ẽH(H̃HΓ̃′H̃)#ẽ

2c0(m− n)
. (51)

Since the NC-CCG distributions presented in section 4 form
a subclass of the CES distributions, it follows from result 9
that, if ε ∼ CNr

m(0,Σ,Ω), the quadratic from ẽH(H̃Γ̃′H̃H)#ẽ
σ2
ε

has the following representation

ẽH(H̃Γ̃′H̃H)#ẽ

σ2
ε

=d τχ
2
qc ,

where qc = rank(H̃) = 2(m − n). Therefore, the statistic σ̂2
ε

in (45) remains unbiased estimator of σ2
ε where c0 = E(τ).

Fig.1. illustrates the estimated of binary phase-shift key-
ing (BPSK) and quadrature Phase shift keying (QPSK) signals,
α, using (48) for the underlying complex-valued linear model
(38) with error term ε following one of the three distributions:
singular NC-CN distribution (CN 3

6 (0,Σ,Ω)), singular non-
circular complex t-distribution (Ct36,5(0,Σ,Ω)) (singular cir-
cular complex t-distribution is obtained when Ω = O), param-
eter vectorα consists of 2 identically independently distributed
BPSK symbols, each out {+1,−1} or QPSK symbols, each
out of {±1 ± j} and a 6 × 2 know matrix X of full column
rank. The matrices Σ and Ω are defined as Σ = σ2

εAAH

and Ω = σ2
εA∆3A

T with A
def
= (a1,a2,a3) and ∆3

def
=

Diag(0.7, 0.6, 0.9) where ak
def
= (1, ejθk , . . . , ej(M−1)θk)T .

The two last distributions are normalized so that Cov(ε) = Σ
and pcov(ε) = Ω (i.e., c0 = 1). It can be seen from
Fig.1 that the estimates α̂ are centered around the true con-
stellation points in the presence of the three distributed error
terms. Fig.2 compares the minimum square error (MSE)
E((α̂ − α)H(α̂ − α)) associated with the circular ML esti-
mate (41) and non-circular ML estimate (48) of α and the the-
oretical circular and non-circular bounds given respectively by
(42) and (47). As can be seen in this figures, the MSE reaches
the theoretical circular bound [resp. non-circular bound] for
the three singular C-CES [resp. singular NC-CES] distributed
error terms.

8 Conclusion

Absolutely continuous singular NC-CES distributions are
presented by deriving explicit expressions for its p.d.f’s. The
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Figure 1. The ML estimates of BPSK (first row) and QPSK (second row) signals that are obtained using (48), in the presence of the three error terms:
CN 3

6 (0,Σ,Ω) (column (a)), and Ct36,5(0,Σ,Ω) (column (b)) with σ2
ε = 0.01.

stochastic representation of the singular NC-CES distributions
and quadratic forms in NC-CES r.v. are proved. As special
cases, explicit expressions for the p.d.f’s of multivariate com-
plex r.v.’s with singular NC-CN distribution and singular NC-
CCG distribution are also presented. Some useful properties
of singular NC-CES distributions and their conditional distri-
butions are also derived. The singular C-CES distributions are
presented as special cases of NC-CES distributions. Singular
widely linear mean square estimators of a signal from singu-
lar non-circular or circular distributed measurement data vec-
tor are derived. The problem of estimating the parameters of
a complex-valued non-circular multivariate linear model in the
presence either of singular NC-CES or C-CES distributed er-
ror terms is presented and followed by deriving widely linear
estimators.

A Proof of Lemma 1
Since Σ is singular with rank(Σ) = r, the matrix Σ can be

decomposed via eigenvalue decomposition as

Σ =
(

Ur Ūr

)( Λr O
O O

)(
UH
r

ŪH
r

)
= UrΛrU

H
r , (52)

where the columns of the complex matrix Ūr ∈ Cm×m−r are
the eigenvectors corresponding to the zero eigenvalues, there-
fore ΣŪr = O. Let C be an (m×m) matrix defined as

C
def
= Σ# 1

2 ΩΣ# T
2 ,

where Σ# 1
2 = UrΛ

− 1
2

r UH
r . Since C is a complex symmetric

matrix of rank p, by Takagi factorization [35] there exists a
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Figure 2. The MSE of the ML estimate QPSK signal vector α, the theoretical circular bound (42) and non-circular bound (47) in the presence of the three error
terms: CN 3

6 (0,Σ,Ω) (∗), Ct36,ν(0,Σ,Ω) (�) and CK3
6,ν(0,Σ,Ω) (◦) versus σ2

ε where the number of Monte-Carlo iterations is fixed at 100.

unitary matrix S =
(

Sp S̄p
)

and a ∆ =

(
∆p O
O O

)
nonnegative diagonal matrix such that

C = S∆ST =
(

Sp S̄p
)( ∆p O

O O

)(
STp
S̄Tp

)
= Sp∆pS̄

T
p ,

where ∆p
def
= Diag(κ1, . . . , κp) with κl 6= 0, and |κl| < 1

for l = 1, . . . , p and Sp ∈ Cm×p and S̄p ∈ Cm×(m−p) are
matrices with orthonormal columns.
Thus,

UrΛ
− 1

2
r UH

r ΩU∗rΛ
− 1

2
r UT

r = Sp∆pS
T
p . (53)

Since Span(Sp) ⊆ Span(Ur), there exists a matrix Vp ∈
Cr×p with orthonormal columns such that Sp = UrVp.
Hence, (53) becomes

UH
r ΩU∗r = Λ

1
2
r Vp∆pV

T
p Λ

1
2
r .

Therefore, Ω can be expressed as

Ω = UrΛ
1
2
r Vp∆pV

T
p Λ

1
2
r UT

r .

B Proof of result 2
Since Σ is singular with rank(Σ) = r, Σ can be decom-

posed into the product of matrices U
def
=
(

Ur Ūr

)
and

Λ
def
=

(
Λr O
O O

)
as shown in (52).

Recall that an affine linear transformation of NC-CES dis-
tribution is NC-CES distribution too [11, Theorem 1] (i.e.,
z ∼ ECm(µ,Σ,Ω, g) then Bz + b ∼ ECm(Bµ +
b,BΣBH ,BΩBT , g) for all B ∈ CN×m and b ∈ Cm and
non-singular B ∈ Cm×m). Therefore, z̄

def
=
(
zH1 zH2

)H
=

UHz =
(
zHUr zHŪr

)H ∼ ECm
(
UHµ,Σu,Ωu, g

)
where Σu

def
= UHΣU and Ωu

def
= UHΩU∗ are hermitian and

complex symmetric matrices, respectively. Using the structure
of the matrix U and (52), Σu and Ωu can be partitioned as

Σu =

(
Λr O
O O

)
,

Ωu =

(
UH
r

ŪH
r

)
Ω
(

U∗r Ū∗r
)

=

(
UH
r ΩU∗r UH

r ΩŪ∗r
ŪH
r ΩU∗r ŪH

r ΩŪ∗r

)
=

(
UH
r ΩU∗r O
O O

)
,

using UH
r ΩŪ∗r = O and ŪH

r ΩŪ∗r = O, thanks to lemma 1
and ŪH

r Ur = O. Applying theorem [11, Theorem 2], yields
z2 ∼ ECrm(ŪHµ,O,O, g). In other words,

z2 − ŪHµ = ŪH(z− µ) = 0 w.p.1 (54)

or, equivalently, z−µ ∈ (ImŪr)
⊥ = ImΣ. Thus the p.d.f. of

z2 is given by (54). Furthermore, once again by theorem [11,
Theorem 2], z1 ∼ ECrm(Ur

Hµ,Λr,U
H
r ΩU∗r , g). Since the

digonal matrice Λr and its chur complement matrix Pr
def
=

Λr−(UT
r ΩHUr)Λ

−1
r (UH

r ΩU∗r) are non-singular, the matrix

Γr
def
=

(
Λr UH

r ΩU∗r
UT
r Ω∗Ur Λr

)
, (55)

is non-singular and consequently the p.d.f. of z1 exists and by
using (2),

p(z1) = cr,g det
(
Γ
− 1

2
r

)
g (q(z1))) , (56)

where q(z1) is a quadratic form q(z1)
def
= 1

2 (z̃1 −
ŨH
r µ̃)HΓ−1

r (z̃1 − ŨH
r µ̃), z̃1 = ŨH

r z̃ and Ũr =
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(
Ur O
O U∗r

)
. Note that

q(z1) =
1

2
(z̃1 − ŨH

r µ̃)HΓ−1
r (z̃1 − ŨH

r µ̃)

=
1

2
(z̃− µ̃)HŨrΓ

−1
r ŨH

r (z̃− µ̃).

Using the fact that

Γ# = ŨrΓ
−1
r ŨH

r = Ũr(Ũ
H
r Γ̃Ũr)

−1ŨH
r , (57)

q(z1) becomes

q(z1) =
1

2
(z̃− µ̃)HΓ#(z̃− µ̃) = qncs (z). (58)

It follows from lemma 1 that Pr can be expressed after replac-
ing Ω by its expression as

Pr = Λr − (UT
r ΩHUr)Λ

−1
r (UH

r ΩU∗r)

= Λ
1
2
r V∗p(I− ∆̄p)V

T
p Λ

1
2
r , (59)

where ∆̄p
def
= Diag(|κ1|2, . . . , |κp|2). Using (59), it follows

from the result for the determinant of a partitioned matrix [40]
that

det(Γr) = det(Γr) det(Pr) = (det(Γr))
2 det(I− ∆̄p)

=

r∏
k=1

λ2
k

p∏
l=1

(1− |κl|2). (60)

By substituting (58) and (60) into (56) yields the p.d.f. (8) for
singular NC-CES distributions defined on a subspace (54).

C Proof of Corollary 1
Let us prove the first point. Using (3), v(r) in (11) can be

expressed as

v(r) = ∆
(r)
1 u(r) + ∆

(r)
2 (u(r))∗, (61)

where ∆
(r)
1 =

∆
(r)
+ +∆

(r)
−

2 , ∆
(r)
2 =

∆
(r)
+ −∆

(r)
−

2 and where

∆
(r)
+

def
=
√

I + ∆r, ∆
(r)
+

def
=
√

I−∆r. It follows from (11)
that the extended vector z̃ admits the following stochastic rep-
resentation

z̃ = µ̃+RŨrW̃r∆̃rũ
(r), (62)

where W̃r
def
=

(
Λ

1
2
r Vr O

O Λ
1
2
r V∗r

)
, ∆̃r

def
=(

∆
(r)
1 ∆

(r)
2

∆
(r)
2 ∆

(r)
1

)
and ũ(r) def

=

(
u(r)(
u(r)

)∗ ).

Substituting (10) into (55), Γr becomes

Γr = W̃rCrW̃
H
r ,

where Cr
def
=

(
I ∆r

∆r I

)
. Hence, the Moore-Penrose in-

verse of Γ in (57) can be expressed as

Γ̃# = ŨrΓ
−1
r ŨH

r = Ũr(W̃
H
r )−1C−1

r W̃−1
r ŨH

r . (63)

Then, it follows form (63) and (62) that

(z̃− µ̃)HΓ̃#(z̃− µ̃) = QũH∆̃T
r C−1

r ∆̃rũ, (64)

using W̃−1
r W̃r = I and ŨH

r Ũr = I. Simple algebraic ma-
nipulation yields

Cr = ∆̃T
r ∆̃r,

using the following identities

∆
(r)
1 ∆

(r)
1 + ∆

(r)
2 ∆

(r)
2 = I

∆
(r)
1 ∆

(r)
2 + ∆

(r)
2 ∆

(r)
1 = ∆r.

Therefore, (64) can be simplified as

(z̃− µ̃)HΓ̃#(z̃− µ̃) = QũH ũ =d 2Q,

using ũH ũ = 2. Thus (14) is proved. The second point follows
immediately from the first one (14) by taking Ω = O.

D Proof of result 5
Proof of the first point: Let Z1 = (I O) and Z2 = (O I) be

two (m× d) matrices. Then Z1µ = µ1 and Z2µ = µ2. Since
rank(Σ11) = r1 and rank(Σ22) = r2, it follows from result 1
and [11, Theorem 1] that z1 = Z1z ∼ ECr1d (µ1,Σ11,Ω11, g)
and z2 = Z2z ∼ ECr2n (µ2,Σ22,Ω22, g).
Proof of the second point: Let Λr1 and Λr2 be two diago-
nal matrices containing, respectively, the r1 and r2 nonzero
eigenvalues of the matrices Σ11 and Σ22, the columns of the
two complex matrices Ur,1 ∈ Cd×r1 and Ur,2 ∈ Cn×r2 are
respectively the corresponding eigenvectors of the r1 and r2

nonzero eigenvalues of the matrices Σ11 and Σ22. There-
fore Σ11 and Σ22 can be written as Σ11 = Ur,1Λr1U

H
r,1

and Σ22 = Ur,2Λr2U
H
r,2. Define z̄1

def
= UH

r,1z1 and

z̄2
def
= UH

r,2z2. It follows from the first point that z̄1 ∼
ECd(µ1,Λr1 , Ω̄11, g) and z̄2 ∼ ECn(µ̄2,Λr2 , Ω̄22, g) where
µ̄1

def
= UH

r,1µ1, µ̄2
def
= UH

r,2µ2, Ω̄11
def
= UH

r,1Ω11U
∗
r,1 and

Ω̄22
def
= UH

r,2Ω22U
∗
r,2. Since z̄1 and z̄2 have non-singular

NC-CES distributions, it follows from [11] that z̄1|z̄2 ∼
ECd(µz̄1|z̄2 , Σ̄11.2, Ω̄11.2, g1|2) whereµz̄1|z̄2 , Σ̄11.2 and Ω̄11.2

will be determined appropriately below. It also follows from
[30, rels. (2.83)-(2.84)] that the augmented conditional vector
is given by

˜̄µ1|2 = ˜̄µ1 + Γ̃z̄1z̄2Γ̃
−1
z̄2 (˜̄z2 − ˜̄µ2), (65)

and the conditional augmented scattered matrix is given by

Γ̃z̄1z̄1|z̄2 = Γ̃z̄1 − Γ̃z̄1z̄2Γ̃
−1
z̄2 Γ̃Hz̄1z̄2 (66)

where

Γ̃z̄1 =

(
Λr Ω̄11

Ω̄∗11 Λr

)
,

Γ̃z̄2 =

(
Λr Ω̄22

Ω̄∗22 Λr

)
, (67)

Γ̃z̄1z̄2 =

(
Σ̄12 Ω̄12

Ω̄H
21 Σ̄T

21

)
,
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and Σ̄12 = UH
r,1Σ12Ur,2 = Σ̄H

21, Ω̄12 = UH
r,1Ω12U

∗
r,2 =

Ω̄T
21 and ˜̄z2

def
= (z̄H2 z̄T2 )H , ˜̄µk

def
= (µ̄Hk µ̄Tk )H , k=1,2. Ex-

ploiting the block structure of the matrices given by (68), the
parameter vector µz̄1|z̄2 is a (r1 × 1) vector of the conditional
augmented (2r1×1) vector (65) and using the matrix inversion
lemma, and after some algebraic manipulations,

µz̄1|z̄2 = µ̄1 + Ē(z̄2 − µ̄2) + F̄(z̄∗2 − µ̄∗2), (68)

where

Ē = (Σ̄12 − Ω̄12Λ
−1
r Ω̄H

22)P−∗z̄2 (69)

F̄ = (Ω̄12 − Σ̄12Λ
−1
r Ω̄22)P−1

z̄2 (70)

and Pz̄2
def
= Λr2 − Ω̄H

22Λ
−1
r2 Ω̄22 is the Schur complement of

Γ̃z̄2 .
Similarly, the matrices Σ̄11.2 and Ω̄11.2 are respectively the

top left (r1×r1) submatrix and top right (r1×r1) submatrix of
the conditional augmented scattered (2r1 × 2r1) matrix (66).
Using the matrix inversion lemma, and after some algebraic
manipulations,

Σ̄11.2 = Λr1 − ĒΣ̄H
12 − F̄Ω̄H

12 (71)
Ω̄11.2 = Ω̄11 − ĒΩ̄21 − F̄Σ̄T

12. (72)

Using the fact that Σ#
22 = Ur,2Λ

−1
r2 UH

r,2, Pz̄2 can be ex-
pressed as

Pz̄2 = Λr2 − Ω̄H
22Λ

−1
r2 Ω̄22

= UT
r,2(U∗r,2Λr,2U

T
r,2 −ΩH

22Ur,2Λ
−1
r2 UH

r,2Ω22)U∗r,2

= UT
r,2Pz2U

∗
r,2

with Pz2
def
= Σ∗22 −ΩH

22Σ
#
22Ω22. In a similar way, we obtain

Ē = UH
r,1(Σ12−Ω12Σ

∗#
22 Ω̄H

22)Ur,2(UH
r,2P

∗
z2Ur,2)−1(73)

F̄ = UH
r,1(Ω12−Σ12Σ

#
22Ω̄22)U∗r,2(UT

r,2Pz2U
∗
r,2)−1(74)

Using (73)-(74) and P#
z2 = U∗r,2(UT

r,2Pz2U
∗
r,2)−1UT

r,2, (68)
can be written as

µz̄1|z̄2 = UH
r,1(µ1 + E(z2 − µ2) + F(z∗2 − µ∗2))

where

E
def
= (Σ12−Ω12Σ

∗#
22 Ω̄H

22)P∗#z2 (75)

F
def
= (Ω12−Σ12Σ

#
22Ω̄22)P#

z2 (76)

We conclude, then, that

µz1|z2 = µ1 + E(z2 − µ2) + F(z∗2 − µ∗2) (77)

In the same way, using (71), we obtain

Σ̄11.2 = UH
r,1(Σ11 −EΣH

12 − FΩH
12)Ur,1

Ω̄11.2 = UH
r,1(Ω11 −EΩT

12 − FΣT
12)U∗r,1.

We conclude that

Σ11.2 = Σ11 −EΣH
12 − FΩH

12 (78)
Ω11.2 = Ω11 −EΩT

12 − FΣT
12. (79)

E Proof of result 9

Since z possesses a stochastic representation (28), it follows
that the quadratic form in (32) can be simplified as

z̃H0 Q̃z̃0 = τ ñHQ̃ñ. (80)

Because them-variate NC-CN r.v. n is a 2m-variate real Gaus-
sian r.v. n̄

def
=
(

zTr zTi
)T ∈ R2m with ñ = Tn̄ and

T
def
=

(
I jI
I −jI

)
, the quadratic term ñHQ̃ñ in (80) be-

comes
ñHQ̃ñ = n̄T Q̄n̄, (81)

where Q̄
def
= THQ̃T. Using the fact that n̄ ∼ N2m(0, Γ̄r)

where Γ̄r = 1
4THΓ̃T, (81) can also be written as

n̄T Q̄n̄ = n̄Tγ Q̄γn̄γ , (82)

with n̄γ
def
= Γ̄

−1/2
r n̄ ∼ N2m(0, I) and Q̄γ

def
= Γ̄

1/2
r Q̄Γ̄

1/2
r .

The singular eigenvalue decomposition of Q̄γ can be written

as Q̄γ = UγΛγU
T
γ where Λγ

def
= Diag(λ1, . . . , λq) is a di-

agonal matrix containing only the q nonzero real eigenvalues
λ1 ≥ λ1 ≥ . . . ≥ λq and the columns of Uγ are the associ-
ated orthonormal eigenvectors. Hence, from (82) and (81), the
z̃H0 Q̃z̃0 given by (80) becomes

z̃H0 Q̃z̃0 = τ

q∑
l=1

λl|ňl|2, (83)

where ň = (ň1, . . . , ňq)
T def

= UT
γ n̄γ ∼ Nq(0, I). Since

|ňl|2 ∼ χ2
1, the quadratic form in (83) is a weighted sum of

independent central Chi-squares r.v.’s with one degree of free-
dom multiplied by a scaled texture r.v. Therefore, result 9 is
proved.
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