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Abstract Absolutely Continuous non-singular complex
elliptically symmetric distributions (referred to as the non-
singular CES distributions) have been extensively studied in
various applications under the assumption of nonsingularity
of the scatter matrix for which the probability density func-
tions (p.d.f’s) exist. These p.d.f’s, however, can not be used to
characterize the CES distributions with a singular scatter ma-
trix (referred to as the singular CES distributions). This paper
presents a generalization of the singular real elliptically sym-
metric (RES) distributions studied by Diaz-Garcia et al to sin-
gular CES distributions. An explicit expression of the p.d.f of
a multivariate non-circular complex random vector with sin-
gular CES distribution is derived. The stochastic representa-
tion of the singular non-circular CES (NC-CES) distributions
and the quadratic forms in NC-CES random vector are proved.
As special cases, explicit expressions for the p.d.f’s of mul-
tivariate complex random vectors with singular non-circular
complex normal (NC-CN) and singular non-circular complex
Compound-Gaussian (NC-CCG) distributions are also derived.
Some useful properties of singular NC-CES distributions and
their conditional distributions are derived. Based on these re-
sults, the p.d.f’s of non-circular complex t-distribution, K-
distribution, and generalized Gaussian distribution under sin-
gularity are presented. These general results degenerate to
those of singular circular CES (C-CES) distributions when the
pseudo-scatter matrix is equal to the zero matrix. Finally, these
results are applied to the problem of estimating the parameters
of a complex-valued non-circular multivariate linear model in
the presence either of singular NC-CES or C-CES distributed
noise terms by proposing widely linear estimators.

Keywords Non-singular CES Distributions, Singular CES
Distributions, Circular Complex Random Vector, Non-circular
Complex Random Vector, Circular/Non-circular Quadratic

Forms, Circular/Non-circular Complex-valued Linear Model

1 Introduction

Non-singular CES distributions have recently been the fo-
cus of active research in engineering applications involving
non-Gaussian data models [1-8]. Very comprehensive reviews
of non-singular C-CES and NC-CES distributions are given
in [5,9,10] and [11], respectively. The CES distribution in-
cludes various distributions, such as the circular complex nor-
mal (C-CN) distribution [12, 13], NC-CN distribution [14,22],
complex t-distribution [1, 9], K-distribution [10, 23, 24], com-
plex generalized Gaussian (CGG) distribution [5,15,25]. These
distributions are characterized by the associated p.d.f.’s which
exist for non-singular scatter or covariance matrix. However,
a problem that has not been tackled completely is related to
the p.d.f. of singular C-CES, NC-CES, C-CN, and NC-CN
distributions, which are not unusual in theoretical and practi-
cal engineering problems. However, it was proved by [26] that
the singular RES distributions have p.d.f’s on a subspace of
smaller dimension and equal to the rank of the scatter matrix.
This same reference also gives an explicit expression for the
p.d.f of singular RES distributions.

Complex-valued signals are widely used for modeling many
systems in a wide range of fields (e.g., optics, communications,
radar, and biomedicine). Linear solutions for complex-valued
signals have been studied in detail in the literature for both cir-
cular and non-circular complex signals. Among these solu-
tions, the linear and widely linear minimum mean-squared er-
ror (LMMSE and WLMMSE) estimators introduced in [27,28]
work under the assumption that the covariance matrix of mea-
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surement is non-singular. The performance of these estimators
are compared in [29, 30] and widely used in many practical
applications [31-34]. However, these estimators can not be ap-
plied when the scatter or covariance matrix of the measurement
data is singular. This paper presents the derivation of explicit
expressions for the p.d.f.’s of multivariate singular C-CES, NC-
CES, C-CN and NC-CN distributed random variables (r.v.’s)
following the reasoning proposed in [26]. Stochastic repre-
sentations of singular C-CES distributions, singular NC-CES
distributions and quadratic forms in singular C-CES and NC-
CES r.v.’s are also given. Some useful properties of singular
NC-CES distributions and their conditional distributions are
derived. The complex t-distribution, K-distribution, and gen-
eralized Gaussian distribution associated with singular multi-
variate CES r.v.’s are also derived. These results are applied to
the problem of estimating the parameters of a complex-valued
linear model in the presence of either singular NC-CES or C-
CES distributed noise terms and followed by the derivation of
widely linear estimators.

The remainder of this paper is organized as follows. Sec-
tion 2 presents a brief overview of general characteristics of
the continuous non-singular NC-CES distributions, followed
by the derivation of the p.d.f. and the stochastic representa-
tion of singular NC-CES distributions. In the same section,
some useful properties of singular NC-CES distributions and
their conditional distributions are proved. Section 3 provides
the p.d.f of singular NC-CN distribution as a special case of
NC-CES distributions. Section 4 introduces practical singu-
lar circular complex compound Gaussian (C-CCG) and singu-
lar NC-CCG distributions, followed by the derivation of the
stochastic representation of the quadratic forms in singular C-
CCG and NC-CCG distributions. Section 5 presents the com-
plex ¢t—distribution, K —distribution and the CGG distribution
associated to multivariate singular C-CES and NC-CES r.v.’s.
Section 6 derives the singular widely linear mean square esti-
mation of a signal from singular distributed measurement data
vector. The problem of parametric estimation of complex-
valued linear models with singular C-CES and NC-CES dis-
tributed error terms are examined in section 7 where the asso-
ciated residuals of the widely linear estimators are shown to
have singular CES distributions. Finally, conclusion is given in
section 8.

The following notations are used throughout the paper. Ma-
trices and vectors are represented by bold upper case and bold
lower case characters, respectively. I is the identity matrix.
Vectors are by default in column orientation, while 7', H,
and # stand for transpose, conjugate transpose, conjugate and
MoorePenrose inverse,respectively. E(.), Tr(.), rank(.), (.)
and ||.|| are the expectation, trace, rank, real part, and norm op-
erators, respectively. Cov(z) of (z — E(z))(z — E(z))" and
pcov(z) ef (z—E(z))(z—E(z))7T are respectively the covari-
ance matrix and the pseudo-covariance matrix of a complex
r.v. z. Symbol =4 means equal in distribution and U(CS™)

denotes the uniform distribution on the unit complex-sphere
CS™ iz eC ¢ |2|2 = 1}. (Ker X)L is the complement

orthogonal of kernel space (or null space) of 3.
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2 Singular and non-singular non-
circular complex elliptical distribu-
tion

This section firstly briefly reviews of non-singular NC-CES
distributions (called also Generalized CES distributions) pre-
sented in [11], secondly the main characteristics of singular
NC-CES distributions are proven, i.e., singular with respect to
Lebesgue measure as the scatter matrix is rank-deficient, by
presenting an explicit expression of the p.d.f. of singular NC-
CES distributions that exist on a subspace. Finally we provide
some useful properties of singular NC-CES distributions and
their conditional distributions.

Arv. z € C™ is said to have NC-CES distribution if its
characteristic function (c.f.) is

®(2) = exp (iR} (5 (a2 + R ) )

for some function ¢ : RT — R, as the characteristic genera-
tor. Positive semi-definite Hermitian matrix 3 € C"*"™ is the
scatter matrix, complex symmetric matrix 2 € C"*™ denotes
the pseudo-scatter matrix, with symmetry center p € C™.
Note that the c.f. in (1) exists even though 3 is singular
(rank(X) < m). In addition, 3, € and ¢(.) do not uniquely
define a particular NC-CES distribution, an additional scale
constraint, either on 3 and €2 either on ¢(.), needs to be im-
posed for identifiability purposes.

Therefore, an r.v. z € C™ has singular or non-singular NC-
CES distribution, depending on whether rank(X) = r < m
or r = m, respectively. A singular NC-CES distributed r.v.
will be denoted as z ~ EC] (u, X, €2, ¢) and for non-singular
CES distributed r.v. the superscript will be omitted in EC],,.
For clarity, the singular and non-singular NC-CES distributions
are presented separately in the following subsections.

2.1 Non-singular NC-CES distributions

Suppose rank(3X) = m, which is a necessary condition for
z ~ EC,,(u, X, Q, ¢) to be absolutely continues with respect
to Lebesgue measure in R?™, therefore the p.d.f. of z exist and
can be expressed as [11],

p(@) =g () ga@). @

where ¢, 4 is a normalizing constant ensuring that p(z) in-
tegrates to one and it is given by ¢y, 4 def 2(8m0m.q) "L
where s, = Igzrm) is the surface area of CS™, and ¢(.)
is a non-negative function (density generator), which satisfies
Smyg = Jo um™ 'g(u)du < oc. q(z) has the quadratic form
g(z) ¥ Lz — @)1z — fu), where 7z & (27 27)H,
~ def sdef (X Q
continuous case, we use the notation z ~ EC,,(u, X, Q,g)

in place of z ~ EC,,(u, 3,9, ¢). Note that the p.d.f. (2)
depends on z only through the quadratic form ¢(z).

). In the absolutely
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Since 3 and € are hermitian positive definite and com-
plex symmetric matrices, respectively, it follows from [35,
Corollary 4.6.12(b)], that there exist a non-singular matrix
A € C™*™ such that ¥ = AA and @ = AAAT where
A = Diag(K1,...,km) is a real diagonal matrix with non-
negative diagonal entries xj for k = 1...m. Let v € C™ be
ar.v. obtained via an R-linear transformation of u ~ U(CS™)
as follows [5]:

vV = A1U+A2u*, 3)

def _ def (AL —A_
A = (#), A, = (%), where A, =

VI+Aand A_ = +/I—-A. A; and A, satisfy Aj A +
AsAy = Tand A1A; + AsA = A. It follows from (3)
that E(vv?) = E(uuf’) = I and E(vvT) = A. In the
sequel, this vector will be written as v ~ U, (CS™) where

def . . .
k= (K1, .-, Iﬁ:m)T. The stochastic representation provides
the tool to generate r.v. deviating from the EC,,(u, 3, €, g)

distributions.

Result1 z ~ EC,,(p, X, €, g) with rank(X) = m if and
only if it admits the stochastic representation

Z=qp+RAV=p+R(Au+ Au"), 4

where the non-negative real random variable R def VO,
called the modular variate, is independent of the complex r.v.
u X = A AT + ASAT and @ = A AT + Ay AT where

A Y AA and Ay < AA,.

The uniform spherical distribution can be obtained from a C-
CN distributed random vector, y ~ CA/,,,(0,I), when dividing
it by its length, u =4 ;. Since by g < oo, the covari-

. def . .
ance matrix R = Cov(z) and the pseudo covariance matrix

R pcov(z) exist and respectively equal to the scatter ma-
trix and pseudo-scatter matrix up to a positive real constant
co [11, Theorem 3], i.e., R = ¢gX and R’ = ¢oQ2. Neverthe-
less, the constant ¢y can be chosen to be equal to 1, that is, if
E(R?) = 2rank(X). Note that while 3 always exists, R does
not exist for some CES distributions (e.g. Cauchy distribution).

For the special case when £2 = O (or equivalently A = O),
the non-singular NC-CES distributions degenerate to the non-
singular C-CES distributions [5, 10], for which the c.f. (1) and
p.d.f. (2) take the forms similar to the real case:

exp (R )} @ZHEZ> ,
Cm.g det(Z71)g (q(2)), (5)

where ¢(z) def (z — w)TE~"Y(z — p). It follows also from

result 1 that the stochastic representation of non-singular C-
CES distributed r.v. z ~ EC,, (1, 3, g) has the form

z =4 p+ RAu, (6)

where A € C™*™ is a non-singular matrix such that ¥ =
AAT,
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2.2 Singular NC-CES distributions

The singular NC-CES distributions has still not been studied
in the literature, in despite of the various studies that have been
published. The results of this section are generalizations of
[26] for the singular RES distribution to the singular NC-CES
distributions, as the scatter matrix is singular with rank(X) =
r < m. This section first proves an explicit expression of the
p.d.f. for singular NC-CES distributions, and provides some
useful properties of singular NC-CES distributions and their
conditional distributions.

Note that the conditions of the scatter matrix 3 and the schur
complement matrix $* — Q7 371 begin hermitian positive
definite are necessary to ensure that the matrix T is hermitian
positive definite [14]. However, if the matrix X is singular
with rank(X) = 7 < m, T is singular as well and the p.d.f in
(2) has no meaning. Therefore the following question arises:
Does the p.d.f. exist for singular NC-CES distributed r.v. z ~
EC;, (1, 3,9, g)? The answer is given by the result 2 where
the p.d.f. exists on a subspace. To derive the p.d.f. of singular
NC-CSE distributions we need the following lemma (proved
in the Appendix A) that provides a factorization of the pseudo-
scatter matrix 2.

Lemma 1 Let rank(X) = r < m and rank(Q2) = p < m, the
pseudo-scatter matrix () can be factorized as:

Q= U,AIV,A,VIAZUT, %)

where A, is a diagonal matrix containing the r non-zero eigen-

values {\}}._, of 3, and the columns of the complex ma-

trix U,. € C™*7 are the corresponding non-zero eigenvectors.

V, € C™*? is an (r x p) matrix with orthonormal columns and
def (. .

A, = Diag(ky, ..., Kp) is a (pxp) complex-valued nonnega-

tive diagonal matrix with k; # 0, and |k;| < 1forl =1,... p.

The following result (proved in the Appendix B) provides
the p.d.f. of the singular NC-CES distributions.

Result 2 Letz ~ EC; (u, X, 2, g) with parameters p € C™,
3 € C™*™ is the scatter complex hermitian matrix assumed
singular with rank(X) = r < m and @ € C™ ™ is the
pseudo-scatter complex symmetric matrix withrank(Q) = p <
m . In such case, the p.d.f. of a singular NC-CES distributed
r.v. Z is given by

p(Z) = Cr,gcgfl;g (Q(Z)) 5 (8)
and

z — p € (Ker ) with probability 1 (w.p.1), 9)

rp def jrrr - ~1/2
where ¢\¥ = (ITeey &) ! ( ?:1(1 — |Iil|2)) / and q(z)
d

K

is a quadratic form q(z) =t 3(z— ) HAT#(z — ).

Remark 1 It follows from lemma 1 that if rank(X) =
rank(Q) = r, there is a unitary matrix V,, € C™*" such that

Q=U,AZV,A, VA UT, (10)
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where A, = Diag(k), k = (k1,...,k,)T € R with ky, # 0
fork =1...r. Let W, be a (r xm) complex matrix defined as

_1
W.. def Vf A2 Uf which satisfies the following equalities:

W, EWH =T and W, QW?T = A,.

The following result extends result 1 to give a stochastic rep-
resentation of a r.v. distributed as a singular NC-CES distribu-
tion.

Result 3 A rv. z follows a singular NC-CES distribution, i.e.,
z ~ EC (p, X, Q, g) with rank(X) = rank(Q) = r if and
only if it admits the stochastic representation

2 =4+ RU ATV, v, (n
where the rv. R is defined in (6) which is independent of v(") ~
U, (CS") defined in (3), U, and A are defined in (52) and V.
is defined in (10).

Note that the singular C-CES distribution is obtained if 2 =
O,ie,EC], (1, X,9) = EC],(u, X, O, g). Therefore, result
2 can be simplified to the following result.

Result4 Letz ~ EC] (u, X, g) with p € C™, ¥ € C™*™,
3 > O and rank(X) = r < m. In such case, the p.d.f. of z is
given by

p(z) = crgcig (a(z)) (12)
and
z—pc (Ker ) wp.l, (13)
where ¢, < Loy Mot and q(z) = (z — ) TE#(z — p).

The following corollary proved in Appendix C gives the distri-
bution of the quadratic forms.

Corollary1  * Letz ~ EC] (1, 3,Q,9). Then

(z — )AT# (2 — 1) =4 2Q. (14)
e Letz ~ EC] (u, X, g). Then
(z—w)"SF(z—p) =4 Q. (15)

The following result proved in Appendix D on the conditional
distributions of singular NC-CES distributed r.v.’s will be used
in the derivation of singular widely linear mean square esti-
mation of a signal from singular distributed measurement data
vector in section 6.

Result 5 Let z = (2! zI)H ~ EC],(u, %, Q,g) and parti-

tion p, 3, 2 into

241 311 Q1 Qo
a (Hz)7 (221 )’ <ﬂ21 Qa2
where z1 and p, are (d x 1) vectors (d < m), X171 and Q11
are (d x d) matrices, ¥a5 and Qa9 are (n X n) matrices (with

n = m — d). Also, assume that rank(X1;) = r < d and
rank(Xos) = 1o < nwithr = ry 4 ro. Then

PP
Yoo
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* 7 ~ ECY (py, 211,211, 9)
ECZZ (l‘l’27 2227 9227 g)

7.
* 21|zy ~ EC}} 2(H21|Z2, X112, Q11.2,91)2)

and 7o ~

with
Ky z, pi+E(z2 — po) + F(z; —p3)  (16)
e = % - EX -FQ a7
Q2 = Q; —-EQf, -F2],, (18)
where
E Y (zp,Qusitol)prt (19)
F Y (Q,-5,550,,)PF (20)
P., = N5 — QUSEQ, s = rank(Sh12), gip(t) =
gt + q2), 2 = 5(22 — o) ITE (22 — Jay), 20 = (23 28)7,
~ T H\T = def [ Moo a9
By = (g py )" andT,, = Q5 =5, )

Note that the singular C-CES distribution is obtained if 2 = O
and the result 5 degenerates to the following corollary.
H gHH

Corollary 2 Let z = (zy zj ~ EC. (u,X,9) =
EC!,(u, X, O, g) and partition p and X into

I Y1 X
H < M2 > a ( o1 Yoo )
where z1 and p, are (d x 1) vectors (d < m), 11 is a (d x d)
matrix, Yoo is a (n X n) matrix (with n = m — d). Also,

assume that rank(X11) = r1 < d and rank(X9s) =19 < n
withr = r{ + ro. Then

o 71 ~ EC} (g, %11, 9) and 75 ~ ECJ? (g, Eo, g)
* 71|22 ~ ECY " (1,25, X115 91)2)

with

By + 1255 (22 — py)

DIIFRD P9 258 D2t

l’l‘21|22
21.1 =

where 111 = rank(X1.1) and gy|2(t) = g(t + G2) and where
G2 = (22 — H2)HE§£2(Z2 — Ha).

3 Singular non-circular complex normal distribution

This section derives explicit expression of the p.d.f. for a
singular NC-CN distribution. Let us first remind the reader
that the non-singular NC-CN distribution was introduced in
[5, 14, 22], which can be viewed as a class of non-singular
NC-CES distributions [11]. The non-singular NC-CN distribu-
tion has been recently widely used in various statistical signal
processing applications such as: DOA methods [16-18], blind
source separation methods [19-21], signal detection methods
[15,36,37], etc. Also Cramér-Rao performance bounds based
on non-singular NC-CN distribution have been proposed for
DOA estimation in [38] and source separation in [39]. Since
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non-singular NC-CN distribution is a member of non-singular
NC-CES distributions, it follows that the p.d.f. of non-singular
NC-CN distribution given below can be obtained from (2) by
letting the density generator g(¢) equal to g(t) = exp(—t),
which gives ¢, g = 7~ and p = E(z), the hermitian co-

. . def
variance matrix R = Cov(z) = X and the complex pseudo-

. . def .
covariance matrix R’ = pcov(z) = €2 exist.

Definition 1 A r.v. z € C™ has a non-singular NC-CN dis-
tribution (denoted z ~ CN,,(u, R, R')) if its p.d.f. is of the
form

p(z) = (1)~ (det(®) " exp (-Q()). @D

~  de R R
where B & ( R+ R~ ) C2m>2m s assumed
positive definite and Q(z) is a quadratic form Q(z) def
3(z — IRz — 1) where z def (z" 2T)7 and def

(™ )™
In the special case where the pseudo-covariance matrix R/ =
O, (21) reduces to the following p.d.f. of non-singular C-CN
distribution,

p(z) =7 " det(R™) exp (—Q(2)), (22)

where Q(z) def (z— )R~ (z—p). Thus, non-singular C-
CN distribution can be seen as a special case of non-singular
NC-CN distribution.

Recall that the matrix R is positive definite if and only if R
and its schur complement R; = R — R'R—R’" are definite
positive [14]. However if these conditions are not met, R is
a singular matrix and therefore the p.d.f. (21) does not exist.
The following result gives the p.d.f. of singular NC-CN distri-
bution which is obtained from result 2 by replacing ¢(¢) in (8)
by g(t) = exp(—t), which gives ¢,y = 7~™ and ¥ = R,
Q=R

Result 6 Ler z ~ CN,,(u,R,R’) with R € C™*™ be-
ing a singular hermitian covariance matrix with rank(R) =
r < mand R’ € C™ ™ being a complex symmetric pseudo-
covariance matrix with rank(R') = p . In such case, the p.d.f.
of a singular NC-CN distributed r.v. z is given by

p(z) =7 " exp (—Q(2)) (23)
and
z—p € (KerR)® wp.1, 24)

where QQ(z) is a quadratic form Q)(z) Lef iz - ) R#(z —

~ r, def r -1 -1

) and c)\'f; = (ITheq Ax) ( P 1= |m|2)) 2. A
singular NC-CN distributed rv. will be denoted as z ~
CNI (u, R, R/).

Note that when R’ = O, the p-d.f. (23)-(24) of singular NC-
CN distribution reduces to the p.d.f. of singular C-CN distri-
bution, which is given by the following result.
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Result7 Let z ~ CN (u,R,0) = CN (u,R) where
def

p = E(z), withp € C™, R € C™*™ and rank(R) = r <
m. In such case, the p.d.f. of z is given by

p(z) =7 "cy exp (-Q(2)) (25)

and
z—p € (KerR): wp.1.

where ¢, def Loy At and Q(z) = (z — w)AR#(z — p).

Remark 2 Note that the c.f. of singular NC-CN distributed r.v.
z ~ CNT (pu, R, R’) always exists and identical to the c.f. of
non-singular NC-CN distribution given by [14]

®(z) = exp {j%(zHu) - % |:ZHRZ + %(ZHR/Z*)} } .

It follows from result 5 that the p.d.f. of conditional distribu-
tion of two singular NC-CN distritbuted r.v.’s are summarized
as the following result.

Result 8 Assume y1 ~ CNj*(py,Ri1,Riy) and ys ~

def def
CN;;Z (II/Q,RQQ,RIQQ). Let R12 ; E(yly%{) and R/12 é

E(y1y3 ). Then yilyz ~ CNy 2 (py, 1y, Ri1.2, Ry 5) with

Hoyy, = M1t E(ys — po) + F(y5 — p3),
R, = Ri-ER[-FRY,
/11.2 = /11 - ERg - FR1T2~
where
E © (Ri-RLRIRIPH,
F < (R, Ri2RLRY,)PE,

where P, def R}, — RAR%R),, and r1 5 = rank(Rq1 2).

For the circular case which is characterized by all the matrices
R/, being zero, result 8 reduces to the following corollary.

Corollary 3 Assume that y, ~ CNj* (pq,R11,0) and ys ~
CN,IQ([J,Q,RQQ,O). Then yl‘yg ~ CNgl'Q(Hyl Rl,g)
where 1 2 = rank(Ry o) with

ly2>

Hy + R12R§2(Y2 — W),
Ri; — RpRERY,.

Fy |y

R

4 Singular circular and non-circular Compound-
Gaussian Distributions

Non-singular C-CCG distributions presented in [10] under
the assumption of non-singular scatter matrix % € C"*™
(i.e., rank(X) = m), represent an important subclass of non-
singular C-CES distributions. The non-singular C-CCG dis-
tributions are widely employed in radar signal processing to
describe the heavy-tailed clutter process as a product of two
independent random processes ’texture’ and ’speckle’. More
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precisely, a r.v. z has a non-singular C-CCG distribution if it
admits a C-CCG-representation

zZ=q 1+ \/7il'l., (26)

where 7 is a positive real r.v. with p.d.f. f;, called as tex-
ture, independent of n ~ CA/,,,(0, X), called as speckle. The
p-d.f’s of non-singular C-CCG-distributions are given by

w (det() Y 7 e (-ala)/ ) dF (0

oo

- (det(z»% 7™ exp (—g(z)/7) - (7)@7)

p(z)

where ¢(z) = (z— p)? XY (z—p) and f,(7) = OF,.(1)/0T.
Note that the p.d.f (27) can always be written in the form (5)
with a density generator g(t) oc [ 7™ exp(—t/7) f-(7)dr.
A non-singular C-CCG distributed r.v. will be denoted as z ~
CN,,(p, X). Different choices of distribution for f.(.) lead
to some well-known examples of CCG-distributions such as
t-distribution and K -distribution presented in the next section.

Note that the p.d.f. of singular NC-CN distributions pre-
sented in section 3 exist on a subspace. Given the above defini-
tion of non-singular C-CCG distributions, the p.d.f. of singular
NC-CCG distributions also exist on a subspace and can be de-
fined as follows.

Definition 2 A rv. z € C™ is said to have a singular NC-CCG
distribution if it admits a NC-CCG representation

z =4 p+ /7, (28)
where T is a r.v. defined above and independent of n follows the
singular NC-CN distribution CN, (0,3, Q). Also, the p.d.f’s
of singular NC-CCG distributions are given by

p(z)zw"”c?’i/o 7 "exp (—q(z)/7) f-(T)dT  (29)

and

z—p € (Ker )t wp.1, (30)

where cg’f; and the quadratic form ¢(z) are defined in result
2. A singular NC-CCG distributed r.v. will be denoted as z ~
CN7, (i, 3, €2). In the special case when 2 = O, (29) reduces
to the following expression of the p.d.f. of singular C-CCG
distributions (denoted as z ~ CN7 (u, X))

p(z)=7"c} / T exp (—a(@)/r) fo(Tdr, (D)

where ¢(z) and ¢} are defined in result 4.

If 7 has a finite second-order moments (i.e., E(7) < c0), the
mean and the second-order moments of z exist. It also follows
that if EE(7) = 1, the scatter matrix X and pseudo-scatter ma-
trix €2 are, respectively, exactly equal to the covariance matrix
Cov(z) = E(7)Cov(n) = 3 and pseudo covariance matrix
pcov(z) = E(7)pcov(n) = Q. The following result proved in
Appendix E gives the stochastic representation of the quadratic
form in singular NC-CES distributions.
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Result9 Let z = 2z, + jz; ~ CNp(p,2,Q) and
def

Q € C2?m*2™ pe a hermitian matrix partitioned as Q =

(Q Q
Q" Q

and Q' € C™*™ is a symmetric complex matrix. Then the

stochastic representation of the quadratic form 26{ Qzy where

~ def ~ ~ . .
Zo = Z — [ is given by

> where Q € C™*™ js a hermitian matrix

q
7' Qo =a 7Y _ Nixi(0),

=1

(32)

where the x3(l) are independent central Chi-square random
variables with one degree of freedom. The A, are nonzero
eigenvalues of the matrix T'Q of rank q where T is defined in

2.

For the special case of non-singular C-CCG distributions
where © = O, assume that Q' = O, result (9) reduces to
the following corollary:

Corollary 4 Let z ~ CN,,(u,X) and Q € C™ ™ be a
hermitian matrix. Then the stochastic representation of the

quadratic form z Qzq where zg def W is given by
1 T &
H SHA s 2 : 2
Zg Qzy = §Z0 Qzp =4 5 2 )\IXQ(I)v

where the \; are nonzero eigenvalues of the matrix 3Q of rank
qe-

5 Examples of singular NC-CES distributions

Based on the results of section 2, and similar to the non-
singular case (3 > 0) [5, 10, 11], we provide explicit ex-
pressions for the p.d.f’s of three subclasses of CES distribu-
tions,i.e., complex K -distribution, complex t-distribution and
complex generalized Gaussian (CGG) distribution, under the
assumption of singular scatter matrix (rank(X) = r). These
subclasses of distributions can be distinguished from each
other only by their functional form of the density generator
g(.) as shown below.

Example 1: Singular non-circular complex K-distribution
It follows from result 2 that the singular non-circular complex
K -distribution can exist on subspace and its p.d.f. is given by
the following definition.

Definition 3 A rv. z € C™ is said to have a singular non-
circular complex K-distribution with parameters p € C™;
Q € C™™ and rank(2) = p; X € C™*™, ¥ > 0 and
rank(3X) = r if its p.d.f. is of the form

fK(Z) = CT,gKC;:,Z;gK (Q(z)) )

and

z—p € (Ker ) wp.1, (33)

where the quadratic form q(z) defined in result 2, ¢, 4, =
2 t)/2 /ID(v)7"] is a normalizing constant, gx(.) is the
density generator given by gi (t) = t&=")/2K, . (2y/vt), v
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is the shape parameter which controls the shape of complex
K-distribution, K,(.) denotes the modified Bessel function of
the second kind of order L. The singular non-circular com-
plex K-distribution is a class of singular NC-CCG distribution
and it has the singular NC-CCG representation (28) where the
unit mean texture variable T follows a gamma distribution with
shape parameter v > 0 and scale parameter 1/v, denoted
7 ~ Gamma(r,1/7). A singular non-circular complex K-
distribution will be denoted by CKy, (11, 3, €2).

Example 2: Singular non-circular complex t-distribution

It follows also from result 2 that the singular non-circular com-
plex t-distribution can exist on subspace and its p.d.f. is given
by the following definition.

Definition 4 A rv. z € C™ is said to have a singular non-
circular complex t-distribution with parameters p € C™;
Q € C™™ and rank(2) = p; X € C™*™, ¥ > 0 and
rank(3X) = r if its p.d.f. is of the form

fr(z) = cr g3l (a(2)) ,

and
z—p € (Ker2)* wp.1,

where the quadratic form q(z) defined in result 2,
Crgr = 2'T(ZF2) ) [(7v)"T(%)] is a normalizing con-
stant and gr(.) is the density generator given by gr(t) =
(1+ %)_(2r+u)/2 with v degrees of freedom (2 < v < o).
If v = 1, the case is called the complex Cauchy distribution,
and if v goes to oo, it yields the singular NC-CN distribution.
The singular non-circular complex t-distribution is also a class
of singular NC-CCG distributions and it has the singular NC-
CCG-representation (28) where the texture r.v. T distributes as
T =4 (v —2)/x2 (where x> = Gamma(7/2,2/7)). A sin-
gular non-circular complex t-distribution will be denoted by
ct, (1,5, Q).

Example 3: Singular NC-CGG distribution
Similarly, the following definition provides the p.d.f. of singu-
lar NC-CGG distribution:

Definition 5 A rv. z € C™ is said to have a singular non-
circular complex GG (NC-CGG) distribution with exponent
s > 0 and scale b > 0 and parameters p € C™; Q € C"™*™
and rank(Q) = p; ¥ € C™*™, 3 > 0 and rank(X) = r if
its p.d.f. is of the form

fa(z) = crgocyiga (45(2)

and
z—p € (Ker )t wp.1,

where the quadratic form q(z) is defined in result 2 and g¢(.)
is the density generator given by gg(t) = exp(—t®/b), which
gives ¢, g, = sU(r)b™"/%/ [x"T(r/s)] as the value of the nor-
malizing constant. Note that for this singular NC-CGG distri-
bution, the 2nd-order modular variate Q = R? is distributed
as Q =4 GY5 where G is a rv. distributed according to a
Gamma distribution with shape m/s and scale b. A singular
NC-CGG distribution will be denoted by CGG™ _, (11, X, Q).

m,s,b
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It follows from definitions 3-5 that the singular circu-
lar complex K -distribution, the singular circular complex ¢-
distribution and the singular circular CGG (C-CGG) distri-
bution are obtained if £ = O and thus CK7, (1, %) =
CK}, (1, %,0), Cty, (1,%) = Ct}, (1, X,0) and
CGG, O, X) =CGGY, (1, X, O).

m,s,b

6 Singular widely linear mean square estimation

This section extends the results on linear or widely linear
minimum mean-square error (LMMSE or WLMMSE) estima-
tion of a signal from non-singular distributed measurement
data vector [28] to the case of estimating a signal from singular
distributed measurement data vector.

Let z; ~ EC}' (0,11, 41, g) be a singular NC-CES dis-
tributed r.v. that need to be estimated from a singular NC-
CES distributed r.v. zy ~ EC;2(0, X9, Q2,9), as intro-
duced in result 5. As usual z; is considered as signal or source
and zo as the measurement or observation. We remind the
reader here that the scatter matrix 3o is singular and that
dn,g < 00 such that the covariance matrix Cov(zy) = X9
and the pseudo-covariance matrix pcov(z) = Qo exist. Let

312 and Q15 be two matrices defined as X5 dof E(z;2z4) and
912 déf E(Z1ZT).

It follows from result 5 that the conditional mean m(zs) def
E(z1]z2) can be expressed as a function of z, and z3 as fol-
lows:

m(zy) = Ezy + Fz}, (34)

where E and F are two matrices defined in result 5, both of
which depend on the pseudo-inverse operator. It is clear that
m(z) is singular widely linear (SWL) in z,. Note that the
estimator m(z2) is called here the singular widely linear min-
imum mean-squared error (SWLMMSE) estimator of z; from
Zo. The error covariance matrix of the SWLMMSE estimator
is the covariance matrix of the conditional distribution of z;
given zs, and it follows from result 5 that it is given by

3., =%, -EX —FQl (35)

€nc
The following subsections consider two cases when zs is a cir-
cular r.v. and z; is areal r.v.

6.1 Circular case

If z; and z5 are cross-circular r.v.’s, 219 = O, and z5 is a
circular r.v., 9o = O, it follows that F = O in (34), and
therefore the SWLMMSE estimator reduces to the following
singular linear minimum mean-squared error (SLMMSE) esti-
mator

m/(z2) = 21222#222.

Similarly, the error covariance matrix of the SLMMSE estima-
tor is the covariance matrix of the conditional distribution of z;
given 2z, and it follows from corollary 2 that it is given by

2., =% - Zp3Enl
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6.2 Real case

If z; is a real-valued parameter vector with singular CES
distribution, it is singular NC-CES ditsributed r.v., and the ap-
plication of SWLMMSE estimator is obvious. In this case,
Q5 = 37,5, and consequently from (34), the SWLMMSE es-
timator is of the form

m,(zo) = 2R(Ez.). (36)

Therefore, in this case the SWLMMSE estimator produces
real-valued estimates, while the SLMMSE estimate is gener-
ally complex.

Similarly, it follows from (35) that the error covariance ma-
trix takes the form

2., =3 - REZD). (37)

7 Application

This section studies the problem of estimating the determin-
istic but unknown parameter vector of complex-valued linear
model in the presence either of singular NC-CES or C-CES
distributed error terms. After deriving the compact expressions
of the maximum likelihood (ML) estimates of the parameters
and their associated covariance matrices, we show that the as-
sociated residuals have singular NC-CES distributions.
Consider the complex-valued non-circular multivariate linear
model

z=Xa+e, (38)

where e,z € C™, X € C"™*"™ is a known matrix of full column
rank » and o € C™ is an unknown deterministic vector pa-
rameter to be estimated. Assume € ~ EC] (0,3,€2, g) such
that z ~ EC] (Xa, 3,8, g), £ = 023’ is singular hermitian
matrix with rank(X) = 7 and Q = 02’ is complex symmet-
ric matrix where o2 is assumed unknown but ¥’ and €’ are
known. Since z is a non-circular complex r.v., the complex-
valued linear model (38) in augmented form is

z=Xa+é, (39)

)~def
7a:

- de o de X O
where 7 ( yH yT )H, X ( o X*
(o o )Handédéf( el T )H

7.1 Singular C-CES distributed error term

For singular C-CES distributions, the matrix 2 = O and
it follows that z ~ ECJ (X, X, g). For fixed o2, the ML
estimator of «, denoted ¢, is values of « that maximizes the
p.d.f. (12). Since the function g(.) is monotonically decreasing
in [0 00), it follows that maximizing the p.d.f. (12) with respect
to «v is equivalent to maximizing the quadratic cost function

¢ (z) = (z — Xa)'2#(z — Xa). (40)

Since X has full column rank and X 3#X is non-singular
matrix, the ML estimator ¢ is given by

& = (XAZ#X)"IXHx#,, 41)
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It is easy to verify that E(&) = « and & is unbiased with
covariance matrix

Cov(a) = (XHZIX)#XHE#
Cov(z)E#X(XTx#X)~!
= co(XAE#X)71, (42)
using Cov(z) = ¢oX and T#EX# = T# [40] where ¢y is
a positive real scalar. Given that ML estimator ¢& is a linear
transformation of multivariate non-singular C-CES distributed
vector z, the ML estimator is non-singular C-CES distributed

&~ EC,(a,( XIZ#X)™1 g). (43)
The residuals vector can be defined as
e, o Xa = H.z,
def def

where H. = I — H is idempotent matrix and H =
X(XH3#X)~1XH5'#  Note that, since H, is singular with
rank(H.) = m —n and H.X = O, it also follows that

e. ~ECI'"™(0,02H.Z'HY  g). (44)
Hence by (44) we have
E(e(H.XHY)*e.) = Tr(H.Z'HI)#E(e.el))

= oleTr((H.ZHDH#(H.ZHY))

U?CO(m - TL),

where ¢y is a constant defined in (42) which takes different
values according to the choices of CES distributions. It follows
that the following statistic 6? defined in (45) is an unbiased
estimator of 2

o _ el (H.Z'H] ¥ e,
oL = .

co(m —n) (43)

Since the C-CCG distributions presented in section 4 form a

subclass of the CES distributions, it follows from corollary 4
. . e(H.Z'H)#e

that, if € ~ CN! (0, X), the quadratic from —=——= =’ —c

has the following representation ’

ef[(HCE’Hf’)#ec
o2

T 2
=d §X2qc7

where q. = rank(H.X'H) = m —n. Therefore, the statistic
62 in (45) remains unbiased estimator of o where here ¢y =
E(7).

7.2  Singular NC-CES distributed error term

The r.v. z is assumed to have singular NC-CES distribution,
ie, z ~ EC, (Xa, X, Q,g). Following the same reasoning
as above, the ML estimator of ¢, denoted & for the model 39
is obtained as follows.

Qv

= arg min ¢"°(z) = (z — X&) I'*(z — X&),
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X Q

o . ~ def
where I' is defined in result 4 by I' = ( O

). The

(46)

solution is given by
& = (XHT#R) X1 T#3,
It is clear that this estimator is unbiased with covariance matrix

Cov(&) = co(XAT#X) 7! (47)
where c¢q is positive real valued scalar such that Cov(z) =
coX and pcov(z) = cof2. It is easy to remark that for
singular C-CES error where €2 = O, the non-circular ML
estimator (46) reduces to the circular ML estimator (41).
Since T is (2m x 2m) structured block matrix, its Moore-
Penrose pseudo-inverse has the same structure and can be

expressed using eigenvalue decomposition (57) as r#

G P def
( T ) where G

—X#QG* are hermitian and complex symmetric matrices,
respectively. It follows that X T'#X has the same struc-
ture and by using the matrix inversion lemma [40], its in-

verse is given by (XHT#X)~! ef ( K L ) where

L* K*
K (XIGX — (XHPX*)(XTG*X*)"1(XTP*X)) !
and L ¥ —(X¥GX)~"}(XHPX*)K* are hermitian and
complex symmetric matrices, respectively. Therefore, from
(46) and after simple algebraic manipulations, the non-circular

ML estimator of «c can be expressed as:

(= — Q#Q")# and P

def

&= H1Z + H2Z*7 (48)

where H{ def
LXTG*.

Since & is widely linear of multivariate singular NC-CES
distributed vector z, the non-singular ML estimator (48) is sin-
gular NC-CES distributed

def

KXZ2G + LXTP* and H, KXHP +

& ~EC'"(a, Ca, Cy, 9), (49)

where C,, = H;XH + H; QHY + H,Q*HY + Hy X HEY
C, =H,QH? + H,;XH? + H,X*HY + H,Q*HI .

The augmented residuals vector for the model (39) can be
defined as

1)

6= (e" ") 5 X& = Hz, (50)

")
idempotent matrix with rank rank(H) = 2rank( Hl) = 2(
n), where H; ' T — XH, and H, © XH,. Note that
HX = O implies that H; X = O and H,X* = O. By similar
steps in the derivation of (48) and (49), the (m x 1) vector e of
the augmented residuals vector in (50) can be expressed as

* *

where I %' T — X(XHT#X) 1XHI‘#—< 1 Ho

e=Hz +Hyz",
Consequently, the distribution of e is given by

e ~ECI"(0,C,,CL,9),
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with C, = H,SHY + H,QAY + IO AY + A,x HY
C, = H,QH? + H,XH} + H,=*H? + H,Q*HY.

. = =, def ¥ .

Since I' = 021" = og( Qr ), it follows from
(50) that
EE@?HI'HT)#e) = Tr((HI'H?)#E(ce))

ol Tr((HI'HY)# (HI'HY))

= 202co(m —n),

where c is a real positive constant defined in (47) which takes
different values according to the choices of CES distributions.
Therefore the following statistic Erg defined in (51) is an unbi-
ased estimator of o2

. e(HMT'H)#e

Since the NC-CCG distributions presented in section 4 form
a subclass of the CES distributions, it follows from result 9

that, if e ~ CN” (0, X, 2), the quadratic from E(HIZT#
has the following representation
el (HI'H!)#& )
a_g =d TXgq,>

where ¢. = rank(H) = 2(m — n). Therefore, the statistic 52
in (45) remains unbiased estimator of o2 where ¢y = E(1).

Fig.1. illustrates the estimated of binary phase-shift key-
ing (BPSK) and quadrature Phase shift keying (QPSK) signals,
o, using (48) for the underlying complex-valued linear model
(38) with error term € following one of the three distributions:
singular NC-CN distribution (CAZ(0,X,)), singular non-
circular complex t-distribution ((Cta 5(0,%,Q)) (singular cir-
cular complex t-distribution is obtained when 2 = O), param-
eter vector ax consists of 2 identically independently distributed
BPSK symbols, each out {+1,—1} or QPSK symbols, each
out of {£1 & j} and a 6 x 2 know matrix X of full column
rank. The matrices ¥ and €2 are defined as ¥ = o2AAH

and Q = 02AA3AT with A def (a1,as,a3) and Az def
Diag(0.7,0.6,0.9) where a;, ' (1,e0% ... ed(M=10u)T
The two last distributions are normalized so that Cov(e) = X
and pcov(e) = Q (e, ¢cg = 1). It can be seen from
Fig.1 that the estimates ¢ are centered around the true con-
stellation points in the presence of the three distributed error
terms.  Fig.2 compares the minimum square error (MSE)
E((& — a)f (& — a)) associated with the circular ML esti-
mate (41) and non-circular ML estimate (48) of « and the the-
oretical circular and non-circular bounds given respectively by
(42) and (47). As can be seen in this figures, the MSE reaches
the theoretical circular bound [resp. non-circular bound] for
the three singular C-CES [resp. singular NC-CES] distributed
error terms.

8 Conclusion

Absolutely continuous singular NC-CES distributions are
presented by deriving explicit expressions for its p.d.f’s. The
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Figure 1. The ML estimates of BPSK (first row) and QPSK (second row) signals that are obtained using (48), in the presence of the three error terms:

(C./\/—63(0, 32, ©2) (column (a)), and (leag,(o7 3, Q) (column (b)) with 02 = 0.01.

stochastic representation of the singular NC-CES distributions
and quadratic forms in NC-CES r.v. are proved. As special
cases, explicit expressions for the p.d.f’s of multivariate com-
plex r.v.’s with singular NC-CN distribution and singular NC-
CCQG distribution are also presented. Some useful properties
of singular NC-CES distributions and their conditional distri-
butions are also derived. The singular C-CES distributions are
presented as special cases of NC-CES distributions. Singular
widely linear mean square estimators of a signal from singu-
lar non-circular or circular distributed measurement data vec-
tor are derived. The problem of estimating the parameters of
a complex-valued non-circular multivariate linear model in the
presence either of singular NC-CES or C-CES distributed er-
ror terms is presented and followed by deriving widely linear
estimators.

A Proof of Lemma 1

Since X is singular with rank(X) = r, the matrix 3 can be
decomposed via eigenvalue decomposition as

(o s o) (i)

= U,AUZ

b))
(52)

where the columns of the complex matrix U, € C™*™~" are
the eigenvectors corresponding to the zero eigenvalues, there-
fore XU, = O. Let C be an (m x m) matrix defined as

Cc ¥ xtiQets,

1
where ©#2 = U, A, 2UH_ Since C is a complex symmetric
matrix of rank p, by Takagi factorization [35] there exists a
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Figure 2. The MSE of the ML estimate QPSK signal vector c, the theoretical circular bound (42) and non-circular bound (47) in the presence of the three error
terms: (C/\/g’(O, 3, Q) (%), (Ctg’y(O, 3,Q) (d)and (CKg”V (0,32, €2) (o) versus ag where the number of Monte-Carlo iterations is fixed at 100.

. . _ A, O
unitary matrix S = (S, S, )anda A = < 0 o )

nonnegative diagonal matrix such that

a A, O ST
T
Cc = sas’=(s, sp)< o o)<S§>
= SPAPSZ,
where A, def Diag(k1, ..., kp) with £, # 0, and |r;| < 1
fori =1,...,pand S, € C™*P and S, € Cm*x(m=p) are

matrices with orthonormal columns.
Thus,

U AT UAQUAATRUT =8,A,8T.  (53)

Since Span(S,) C Span(U,), there exists a matrix V,, €

C™*P with orthonormal columns such that S, = U,V,,.
Hence, (53) becomes

UZQU* = AJV,A,VTAZ.
Therefore, €2 can be expressed as

Q= U,AIV,A,VIAZUT

B Proof of result 2

Since X is singular with rank(X) = r, 3 can be decom-

posed into the product of matrices U ef ( U, U, ) and

def [ A, O
A=l o o

Recall that an affine linear transformation of NC-CES dis-
tribution is NC-CES distribution too [11, Theorem 1] (i.e.,
z ~ EC,(p,3,9Q,g9) then Bz + b ~ EC,(Bu +
b, BEBY BQB7,g) forall B € CV>*™ and b € C™ and

. _ def H
non-singular B € C™*™). Therefore, z = (z{{ zg) =

as shown in (52).

Uz = (27U, 270,)" ~ EC, (U7p,2,,Qu.9)

where X, def UZYU and Q, def UHQU* are hermitian and

complex symmetric matrices, respectively. Using the structure
of the matrix U and (52), 32, and €2, can be partitioned as

A, O
H —
Q, = (g;I)Q(U: U )
_( ufau: uUrauU;
—\ Ufau: UHQU:
[ UHau: O
- o o)

using U7 QU; = O and UFQU; = O, thanks to lemma 1
and U7 U, = O. Applying theorem [11, Theorem 2], yields
zo ~ EC! (U 1, 0,0, g). In other words,

2o —Ufp=U"(z—p)=0wpl (54)
or, equivalently, z — p € (ImU,.)* = ImX. Thus the p.d.f. of
Zo is given by (54). Furthermore, once again by theorem [11,

Theorem 2], z; ~ ECT, (U, ", A,, U QU? g). Since the

. . . . def
digonal matrice A, and its chur complement matrix P, =

A, —(UTQHU, )AL (UZQU}) are non-singular, the matrix

H *
r, df ( A, uZqu: ) 7

UTQU, A, (55)

is non-singular and consequently the p.d.f. of z; exists and by
using (2),

p(m) = crgdet (T ) g(a(z)) . (56)
where ¢(z;) is a quadratic form g(z;) 1z —
Ul p)ir; Yz, — UMp), 22 = UMz and U, =
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U, O
< o U ).Note that

1, ~ 1~ -

(@1~ U7 )T Yz - U )
1 . .

= ;@E-W"OTU(z - ).

Using the fact that

r#=u,r; v = U, (UHTU,)"'u, (57
q(z1) becomes
1. ~ 5 ~ ne
dm) = 5 - W) THG i) = (). (B)

It follows from lemma 1 that P,. can be expressed after replac-
ing €2 by its expression as
P, = A, —(U'QfU,)A Y(UZQUY)

= APVI(I-A,)VTAZ, (59)

where A, L Diag(|r1l?, .. ., |kp|?). Using (59), it follows
from the result for the determinant of a partitioned matrix [40]
that

det(T',) = det(T,)det(P,) = (det(T,))? det(I - A,)

T P
[T 1T -1,
k=1 I=1

By substituting (58) and (60) into (56) yields the p.d.f. (8) for
singular NC-CES distributions defined on a subspace (54).

(60)

C Proof of Corollary 1

Let us prove the first point. Using (3), v() in (11) can be
expressed as

v = AlPu® 4 AL (), ©61)

", A ") _ A
AP +Al r) A Al
2 2

where Agr) = , = —f——— and where

AV € UTEA, AV TTAL Tt follows from (11)
that the extended vector z admits the following stochastic rep-
resentation

z=p+RUW,.A,a", (62)
i 1 i
W, def AV, P A, def
O AXV:

(r) (r) (r)
A%T) A%T) and a(") & < u(r) . )
Ayl Ay (u®)
Substituting (10) into (55), I',. becomes

where

Fr = Wrcrwﬁv

def I A
where C,. = (Ar I

verse of I in (57) can be expressed as

" ) Hence, the Moore-Penrose in-

r'#* =0, U =0, (W~ lc WU, (63)
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Then, it follows form (63) and (62) that

(z — p)HiT%(z — o) = QU ATC A4,  (64)
using VV; 'W, = Iand fjfl U, =1 Simple algebraic ma-
nipulation yields o

C.=ATA,,
using the following identities

APVAD L APAN = 1
APVAD + APA = A,

Therefore, (64) can be simplified as
(2 — 1) T# (2 — 1) = Qi =4 20,

using 17/t = 2. Thus (14) is proved. The second point follows
immediately from the first one (14) by taking 2 = O.

D Proof of result 5

Proof of the first point: Let Z; = (I O) and Zy = (O I) be
two (m x d) matrices. Then Z; . = pq and Zop = p,. Since
rank(3q1) = 7 and rank(Xs3) = ro, it follows from result 1
and [11, Theorem 1] that z; = Zyz ~ EC}}' (uy, 11, Q11,9)
and Zy — ZQZ ~ EC;? (},LQ, 222, QQQ, g)

Proof of the second point: Let A,, and A,, be two diago-
nal matrices containing, respectively, the r; and 7 nonzero
eigenvalues of the matrices 3i1; and 345, the columns of the
two complex matrices U, € C4xm and U, € C"*" are
respectively the corresponding eigenvectors of the 1 and 7o
nonzero eigenvalues of the matrices 317 and ¥9o. There-
fore 317 and X9 can be written as X1 = UMAHUE1

_ def
and Yoy = UT72AT2Uf’IQ. Define z; = Uflzl and

_ f . _
Zo dof UfQZQ. It follows from the first point that z; ~

Ecd(u’la Ah ) Qllv g) and Zy ~ ECTL(ﬂ27 A7"23 ng, g) where

_ def H _def H = def H
B = Ur,1N1’ Ho = Ur,2H2» Q= Ur,lﬂllU:,l and

0, UH,Q5U;,. Since z; and z have non-singular
NC-CES distributions, it follows from [11] that Z;|zo ~
ECa(1z,)z,5 211.2, Q11.2, g1j2) Where pu -, 3112 and €412
will be determined appropriately below. It also follows from
[30, rels. (2.83)-(2.84)] that the augmented conditional vector
is given by

By =y + T2, 5,75 (22 — fig), (65)

and the conditional augmented scattered matrix is given by

f2121|22 = le - f‘51521:‘5_21f‘£52 (66)
where
= _ A Qo
]-‘51 ( QTl A’r >a
- A, Qo )
r:, = o ) (67)
2 ( Q5 A,
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and 212 = U51212UT,2 = 25{1, ng = UTI;IlngUr.,Q =

= ~ def ,_pg - ~ def ,_ _
Qf and 2, = (2§ 23)", @y, = (B )", k=1.2. Ex-

ploiting the block structure of the matrices given by (68), the
parameter vector pt |z, is a (r1 x 1) vector of the conditional
augmented (277 x 1) vector (65) and using the matrix inversion
lemma, and after some algebraic manipulations,

Bsjz = B+ E(z2 — o) + F(z5 — 13),  (68)

where
E = (20— Q0A Q)P (69)
F = (R —Z0A Q)P (70)

and P, €A, — QEL A Qo is the Schur complement of
r.,. i i

Similarly, the matrices 311 o and €217 5 are respectively the
top left (71 x 1) submatrix and top right (1 X r1) submatrix of
the conditional augmented scattered (2r; x 271) matrix (66).
Using the matrix inversion lemma, and after some algebraic
manipulations,

Y12 = A, —EXI _FQH (71)
Qo = Q1 —EQy —FXL,. (72)

Using the fact that 37, = U, oA 'UH,, Pz, can be ex-
pressed as

Pg -

) A, — QEA Q0
UL, (U oAU, — Q50U LA U 090) U

_ T *
- Ur,2P22 r,2
. def . .
with P, = 35, — QL E;;Qgg. In a similar way, we obtain

E = UM (20,557 Q) U, ,(ULP; U, ,)73)
= UM (Q1-51255,02)U; L (ULLP., UL ,) " 174)

5]l

Using (73)-(74) and sz =
can be written as

1o(ULLP, i,z)flUf,z’ (63)

sz, = UM (1) + E(zo — py) + F(25 — p3))

where

E Y (2, 0,.2f00)P# (75)
F Y (Q,-5,550,,)P (76)
We conclude, then, that
Bz = 1+ E(z2 — po) + F(z5 — p3) (77
In the same way, using (71), we obtain
Sie = UL (S -EZf - FQB)U,,
Q2 = Ul (Qu - EQf, - FEL)U; .
We conclude that
e = ¥ -EX -FQE (78)
Q2 = Q- EQf, - FX],. (79)
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E Proof of result 9

Since z possesses a stochastic representation (28), it follows
that the quadratic form in (32) can be simplified as
z1Qzo = rn? Qn. (80)

Because the Tg—fvariate NC-CNr.v. nis a 2m-variate real Gaus-
sianrv. i = (zf' zI' )7 € R® withni = Tn and

ng(l 51

T I >, the quadratic term nfl Qﬁ in (80) be-

comes

n?Qn = n’ Qn, (81)
where Q def TH(:QT. Using the fact that i ~ N5,,(0,T,)
where I',, = THI'T, (81) can also be written as

n’'Qn=n!Q,n,, (82)

with i, < 7?0 ~ Ny, (0,1) and Q, & TV?QL2
The singular eigenvalue decomposition of Q,y can be written
as Q, = U,YA,YUz where A, def Diag(A1,...,Aq) is a di-
agonal matrix containing only the ¢ nonzero real eigenvalues
A1 > A1 > ... > Aq and the columns of U, are the associ-
ated orthonormal eigenvectors. Hence, from (82) and (81), the
#t1 Qz, given by (80) becomes

q
ié{QZO = TZ)\[|’I’L1|2,

=1

(83)

where n = (#q,...,74)7 of Uln, ~ Ng(0,1). Since
71| ~ x3, the quadratic form in (83) is a weighted sum of
independent central Chi-squares r.v.’s with one degree of free-
dom multiplied by a scaled texture r.v. Therefore, result 9 is
proved.

REFERENCES

[1] E. Ollila and V. Koivunen, “Robust antenna array processing
using M-estimators of pseudo-covariance,” in Proc. 14th IEEE
Int. Symp. Personal, Indoor, Mobile Radio Commun. (PIMRC),
Beijing, China, Sep. 710, pp. 2659-663, 2003.

[2] M. Mabhot, F. Pascal, P. Forster, and J. P. Ovalez, “Asymptotic
Properties of Robust Complex Covariance Matrix Estimates,”
IEEE Trans. Signal Process., vol. 61, no. 13, pp. 3348-3356,
July 2013.

[3] Y. Abramovich and O. Besson, “Regularized Covariance Ma-
trix Estimation in Complex Elliptically Symmetric Distributions
Using the Expected Likelihood Approach-Part 1: The Over-
Sampled Case,” IEEE Trans. Signal Process., vol. 61, no. 23,
pp- 5807-5818, Dec. 2013.

[4] E. Ollila and D. E. Tyler, “Regularized M-estimators of scatter
matrix,” IEEE Trans. Signal Process., vol. 62, no. 22, pp. 6059-
6070, Nov. 2014.



1032

(3]

(6]

(7]

(8]

(9]

(10]

(1]

(12]

[13]

[14]

[15]

[16]

[17]

(18]

(19]

[20]

[21]

Singular Non-circular Complex Elliptically Symmetric Distributions: New Results and Applications

E. Ollila, J. Eriksson, and V. Koivunen, “Complex elliptically
symmetric random variables generation, characterization, and
circularity tests,” IEEE Trans. Signal Process., vol. 59, no. 1,
pp. 58-69, Jan. 2011.

M. S. Greco, S. Fortunati and F. Gini, “Maximum likelihood
covariance matrix estimation for complex elliptically symmetric
distributions under mismatched conditions,” ELSEVIER Signal
Process., vol. 104, no. 0, pp. 381-386, Nov. 2014.

F. Pascal and A. Renaux, “Statistical analysis of the covariance
matrix MLE in K-distributed clutter,” Elsevier Signal Process-
ing, vol. 90, pp. 1165-1175, Apr. 2010.

X. Zhang, M. N. El Korso and M. Pesavento, “MIMO radar
target localization and performance evaluation under SIRP clut-
ter”, Signal Process. Journal, Elsevier, vol. 130, Pp. 217-232,
Jan. 2017

P. R. Krishnaiah and J. Lin, “Complex elliptically symmetric
distributions,” Comm. Statist. - Th. and Meth., vol. 15, pp. 3693-
3718, 1986.

E. Ollila, D. Tyler, V. Koivunen, and H. Poor, “Complex el-
liptically symmetric distributions: Survey, new results and ap-
plications,” IEEE Trans. Signal Process., vol. 60, no. 11, pp.
5597-5625, Nov. 2012.

E. Ollila, V. Koivunen, “Generalized complex elliptical distri-
butions,” in Proc. SAM Workshop, pp. 460-464, July 2004.

N. R. Goodman, “Statistical analysis based on certain multi-
variate complex Gaussian distribution (an introduction),” An-
nals Math. Statist., vol. 34, pp. 152-177, 1963.

R. A.-Wooding, “The multivariate distribution of complex nor-
mal variables,” Biometrika, vol. 43, pp. 212-215, 1956.

B. Picinbono, “Second order complex random vectors and nor-
mal distributions,” IEEE Trans. Signal Process., vol. 44, no. 10,
pp. 2637-2640, 1996.

M. Novey, T. Adali, and A. Roy, “Circularity and Gaussianity
detection using the complex generalized Gaussian distribution,”
IEEE Signal Process. Lett., vol. 16, no. 11, pp. 993-996, 2009.

P. Charg, Y. Wang, and J. Saillard, “A non-circular sources di-
rection finding methods using polynomial rooting,” Signal Pro-
cess., vol. 81, pp. 1765-1770, 2001.

M. Haardt and F. Romer, “Enhancements of unitary ESPRIT for
noncircular sources,” in Proc. Int. Conf. Acoust., Speech Signal
Process. (ICASSP04), Montreal, Canada, May 2004.

H. Abeida and J.-P. Delmas “MUSIC-like estimation of direc-
tion of arrival for noncircular sources,” IEEE Trans. Signal Pro-
cess., vol. 54, no. 7, pp.2678-2690, 2006.

J. Eriksson and V. Koivunen, “Complex random vectors and
ICA models: Identifiability, uniqueness and seperability,” IEEE
Trans. Inf. Theory, vol. 52, no. 3, pp. 1017-1029, 2006.

M. Novey and T. Adal, “On extending the complex fastICA al-
gorithm to noncircular sources,” IEEE Trans. Signal Process.,
vol. 56, no. 5, pp. 2148-2154, Apr. 2008.

E. Ollila and V. Koivunen, “Complex ICA using generalized
uncorrelating transform,” Signal Process., vol. 89, no. 5, pp.
365-377, 2009.

[22]

[23]

[24]

[25]

[26]

[27]

(28]

[29]

[30]

[31]

[32]

(33]

[34]

[35]

[36]

(371

(38]

A. van den Bos, “The multivariate complex normal distribution-
A generalization,” IEEE Trans. Inf. Theory, vol. 41, no. 2, pp.
537-539, 1995.

E. Conte, M. Lops, and G. Ricci, “Asymptotically optimum
radar detection in compound-Gaussian clutter,” IEEE Trans.
Aerosp. Electron. Syst., vol. 31, no. 2, pp. 617-624, 1995.

F. Gini, “Sub-optimum coherent radar detection in a mixture of
-distributed and Gaussian clutter,” Proc. Inst. Electr. Eng.Radar,
Sonar Navig., vol. 144, no. 1, pp. 39-48, 1997.

M. Novey, T. Adali, and A. Roy, “A complex generalized Gaus-
sian distribution-Characterization, generation, and estimation,”
IEEE Trans. Signal Process., vol. 58, no. 3, pp. 1427-1433,
2010.

J. A. Diaz-Garcfa, V. Leiva-Sanchez and M. Galea, “Singular el-
liptic distribution: density and applications,” Commun. Statist.,
vol. 31, no. 5, pp. 665-681, 2002.

B. Picinbono and P. Bondon, “Second-order statistics of com-
plex signals,” IEEE Trans. on Sig. Process., vol. 45, no. 2, pp.
411-420, 1997.

B. Picinbono and P. Chevalier, “Widely linear estimation with
complex Data,” IEEE Trans. on Sig. Proces., vol. 43, no. 8, pp.
2030-2033, 1995.

P. J. Schreier, L. L. Scharf, and C. T. Mullis, “Detection and
estimation of improper complex random signals,” IEEE Trans.
on Inform. on Theory, vol. 51, no .1, pp. 306-312, 2005.

P. J. Schreier and L. L. Scharf, Statistical signal processing of
complex-valued data: The theory of improper and noncircular
signals, 2010, Cambridge Univ. Press.

T. Adali, P. Schreier, and L. Scharf, “Complex-valued signal
processing: The proper way to deal with impropriety,” IEEE
Trans. on Signal Proc., Vol. 59, No. 11, pp. 5101-5125, Nov
2011.

0.Lang and M. Huemer, “Classical widely linear estimation of
real valued parameter vectors in complex valued environments,”
arXiv:1704.08825 [math.ST]

S. Kanna, S. Talebi, and D. Mandic, “Diffusion widely linear
adaptive estimation of system frequency in distributed power
grids,” In Proceedings of the IEEE International Energy Con-
ference, Leuven, Belgium, 8 April 2014, pp. 772-778.

D. Mandic and V. S. L. Goh, Complex valued nonlinear adap-
tive filters: Non circularity, widely linear and neural models.
Wiley, 2009

R. A. Horn and C. A. Johnson, Matrix Analysis, Cambridge
University Press, New York, 1985.

P.J. Schreier, L. L. Scharf, and A. Hanssen, “A generalized like-
lihood ratio test for impropriety of complex signals,” IEEE Sig-
nal Processing Letters, vol. 13, no. 7, pp. 433-436, 2006.

J. Eriksson, E. Ollila, and V. Koivunen, “Essential statistics and
tools for complex random variables,” IEEE Trans. Signal Pro-
cessing, vol. 58, no. 10, pp. 5400-5408, 2010.

J. P. Delmas and H. Abeida, “Stochastic Cramér-Rao bound for
noncircular signals with application to DOA estimation,” IEEE
Trans. Signal Process., vol. 52, no. 11, pp. 3192-3199, 2004.



Mathematics and Statistics 9(6): 1019-1033, 2021 1033

[39] B. Loesch and B. Yang, “Cramér-rao bound for circular and [40] J.R. Schott, Matrix Analysis for Statistics, Wiley, New York,
noncircular complex independent component analysis,” IEEE 1980.
Trans. Signal Process., vol. 61, no. 2, pp. 365-379, Jan. 2013.



