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Abstract The aim of the paper is to obtain the First Hankel Determinant and the Second Hankel determinant. We shall
make use of few lemmas which are based on Caratheodory’s class of analytic functions. We establish a new Sakaguchi class

(=) [pE* (N, F(§)+E(ND. ( [(€))'] <)
PEIND, T &)Y (N FE) THA=p) N  F (€)= N (t€)]

of univalent function, further we estimate the sharp bound for initial coefficients a5 and a3 using the Bessel function expan-
sion. We have discussed about the coefficient a4 as well for the Second Hankel Determinant. The results are obtained for
Sakaguchi kind. Our results travel along exploring the stages of Hankel Determinants. Various types of technologies like
wire, optical or other electromagnetic systems are used for the transmission of data in one device to another. Filters play an
important role in the process that can remove disorted signals. By using different parameter values for the function belongs
to Sakaguchi kind of functions the Low pass filter and High pass filter can be designed and that can be done by the coefficient
estimates.
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1 Introduction

Let A denote the class of analytic functions of the form:

FO =€+ axt", £€U={¢eC: ¢ <1} )
K=2
and S be the subclass of .4 which are univalent in U. If k € A is represented as:

KE) =&+ but®, €€U 2)

K=2
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then, the Hadamard product of f and « is constructed as follows:
(fXR)E) =6+ abul", £€U 3)
K=2
If the function F' is univalent in U, then the following holds (see [1] and [2]):
f(&) = F(§) & f(0) = F(0) and f(U) C F(U).

The infinite series is given by:

2k+v
(€)= Tpno @ e C,(veER),

where I" denotes the Gamma function.[3] the normalized Bessel function of the first kind g, : U — C defined by (see also
(4] - [6])

v

9u(€) = 2T (v + 1)1 75 J, (€2)

~1)* P +1)
75+Z4K T DI )g, el (veR)

For the strict inquality 0 < ¢ < 1, g, is defined by;

FID(w+1)
0490(§) = {54’24&1%_1'1-‘( n )f}
— gu(qg)_ V(f)

5((1*1)
1)H 1F(V+1) r—1
_1+Z4n TR )[,q]E , §€lU
where
P k—1
[i,q) = 1__qq =1+> ¢, [0,g=0 @)
j=1

using (4), the next two products are obtained:
(1) The g-shifted fractional for a positive integer k is given by;

[mq]!:{l, if k=0
[1.4][2,4][3,q]...[k, q], ifx €N

(i1) The g-generalised Pochhammer symbol for a positive number r is defined by;

ir.q] 1, ifk=0
T4k = .
D\ mdir + 1,qllr+ 5 —1,q], ifx €N

For the conditions » > 0, A > —1, and 0 < ¢ < 1, we can define the function IVA’q : U — Chby;

)"'IT(v+1) kgt .
54_2345" 1 Ii—l N (K +v) [)\—i—l,q],«ﬁl£ el

The Hankel determinants H¢(1) = a3 — a3 and H¢(2) = asaq — a are discussed.

Remark 1. A simple reckoning shows that:
I (€) X Mgry1(€) = €049, & € U, where My 1 Is given by:

Moaa(§) = €+ 02, Bibilrien c e U.
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By making using of idealogy of q-derivative, we instigate the linear operator Nj‘, q - A — Adefined by:

NG F(©) = Dg() x £(©) = €4 D Vuank™, €. 5)

K=2

with the conditions (v > 0,A > —1,0 < ¢ < 1),

where
_ (=)Tw+1) [, q]!
U= 451k =DMk +v) [N+ 1,¢)k-1 ©
Remark 2. From (5),
@ A+ 1,gINJ f(€) = [N aN2T F(€) + 60 (NJET f(€)), €U
(i) Timg - N (6) = Iy % f(€) = &+ 202y pif— ety n ™

£ecU

Proof. (i)To prove we consider RHS and arrive at the LHS

GV F(©) + 60, (N2 F(€) = ”{“ZT“Q]]MH]

|:€+ZT)\+2 QR 1 Hfﬁ

= ghd  + Y+ Z{T[K’q]!anf“}{[%q} + kgl

k=2 [)"’_27(]]&71
_ o —1)2-11(y .
- f{ 11 = qk} ’ 42(1(12) - lr)!(F(;i)u) B +[227q52_1“252{“’q] (2.0}
G O YO VN 0

TG DIG T Pt gy 0 N Bab+e

NMA+1,4q]

A+1 Ti
=D q“z N1,

ag&"

=\ +1,q {5+ZTH1]]“K§”

=+ 1,gN) f(6)

(i)WK.T,
WS P N T
Ahgf(i)—'5'FEE;IEA-+1,QH—1GH§

Applying limit, we get

o e DB )
Jm Ny (©) “;f”f[ A+ 20+ (= D, 1]

- Kl .
=4 ;Tip\ - ané

(=) 'T(w+1)

where T = m=ri—nwra )
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Now, we bring in the class of functions M.}, (p,t, ¥) as follows

Definition 3. Let U(£) = 1+ B1& + Bof? + ..., € € U, with the condition By > 0, then the function f € A is said to
be in the class M), (p,t, V) if the function

(L= 8)[pE* (N2, ()" + €N, F(E))]
PEI(NDG (€)= tNDG S (#€))'T+ (1 = p) NG F(E) — N, f (£))]

is analytic in U and satisfies:

(L= 8)[pE* (N2, f(§)" + &N, F(E))]
PEINDG (€)= tND G (#€))'T+ (1 = p) N F(E) — N, f (£))]

>0, A>-1,0<q<1,0<p<1Jt|<1butt #1)
In this paper, we obtain the Fekete-Szego inequalities and Second Hankel Determinant for the function of the class M, ;\ (P 1, 0).

< ¥(¢)

2 First Hankel Dterminant Problem
Lemma 4. ([8], Lemma 3) If p(§) = 1 + C1& + C2&? + ... € P and « is said to be a complex number, then
max|Cy — aC?| = 2max{1; |2a — 1|}.
Lemma 5. ([9], Lemmal) If p(&) = 1 + C1€ + C26% + ... € P, then

—4da+2, ifa<0
|Cy —aCF| << 2, ifo<a<1
da — 2, ifa > 1.

When o < 0 or o > 1, the equality holds iff

or one of its rotations.
If the strict inequality 0 < o < 1 is considered, then the equality holds if and only if

(&) = £S5

or one of its rotations.
If o = 0, the equality holds if and only if:

pO=G + D+ (3 - 3 iTe

with 0 < A < 1, or one of its rotations.
If a = 1, the equality holds iff:

1 _/1 Ay14€ 1 A\ 1-¢
o=+ )1 t (3~ 2)1Te

with 0 < X\ < 1. From the reference ([9], pages162 — 163), it can be improved in the following way when 0 < a < 1 :

(N

N =

|Cy —aC?| +alC? <2, if 0<a<
and
1
1Cy —aC?| + (1+)|C? <2, if 5 Sa<l (8)

Theorem 6. When f(&) given by (1) belongs to the class Mliq(p, t, V), with V(&) which satisfies Definition (1), and
is said to be a complex number, then:

2
a3 — pay| < ———— m
las —ha3l S G TG s

where ., k € {2, 3}, are given by (6).

B1 ax{l' E Biusg . ;J,B1\I/3(3—ug)(l+2p)’}
) NBL (2-u2) V(14 p)2(2 - u2)?
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Proof. When f (&) € Mu)"q (p, t, ¥),then we observe that there exists a Schwarz function W, which is analytic in U, with W (0) = O and |W (§)| < 1,
z € D, such that:

(1 = )[pE> (N2 g F(€))" + E(ND 4 F(€))']

=y (W , U 9
Pl T O) — UNZ FUE)Y] + (L= DN 1(6) — N3 pay] — V@) €< @

Since W is a Schwarz function, it follows that the function p; defined by;
Pl(f):% =14+ C16+Co8 + .., €€V (10)

belongs to PP. By defining the function p by:
(1= 1)[p€* (N 4 F(€))" + END L F(9))]

p(§) = an
PE[(ND G F(€)) — t(ND G F ()] + (1 — p)IND G F(€) — N £ (2€))]
=1+ di€+daf?+ ... 12)
In view of (9) and (10), we have:
p1(§) — 1)
p(§) =¥ ( ,6€U 13)
© p1(§) +1
By making use of (10), we easily obtain:
2 3
iiﬁgli = 1[C1e+ (C1 - %)52 +(C3 + % —C102)% +..], €U
therefore
— C2
v (Zﬁiﬁ) =1+1B1Ci6+ (%Bl (02 - 71) + iBgc%) E24+.,£6€U
and from (12), we obtain
di = $B1Cy
dy =18y (o= G + 1Byc?
2 = 3b1 2~ 3 + 1P247
3 2
d3=1B; (C3 + % - C1C2> +1B2Cy (C2 - %)
On the other hand, from (11), according to (5), it follows that
di =(1+p)(2—u2)T¥2az
d2 = (1+2p)U3a3(3 —uz) — (1 + p)2¥2a3 (2 — uz)us
dz = (1+ 3p)Paaa(4 — us) — Y2a2¥sas[(1 + p)(2 — uz)uz + (1 + p)(1 +2p)(3 — uz)uz] + (1 + p)> ¥3adu3(2 — u2)
and combning d;, d2 and d3 values, we have
B
as = _ BG 14)
2(1 + p)(2 — ug)\IJQ
B C? 1B B1C?
as = 1 02_71+,720%+171W 15)
2(1+2p)(3—ug)\113 2 2 By 2(2—u2)
1 c3 C?
= By (C3+ =L —0C B2Cy | Co — —1)
a4 2(1+3p)(4u4)\114{ 1(3+4 1 2)+ 2 1(2 2
B2Cy
2— 3+ (1+2p)(3 — u L
(@ v+ (2060w (e )
(C _C} | B2C} | BiCiuz ) _ BYCHu3 (16)
2 2B;  2(2—u2) 4(2 — ug)?
Therefore,
B1
2 2
as — pas = Cy — aC 17
5T MY S (4 20) (B —ug) 2 2 an
where
_ 1 Bs Bius uBl\I’3(37U3)(1+2p)
a==-|1-22_— (18)
2 B1  (2—u2) V2(1+p)2(2 — ug)?

and by making use of the Lemma 1, the upcomming results are discussed. O
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Theorem 7. If (&) given by (1), with W(&) satisfyies Definition (1) and 1, By € Rand 0 < p < 1 and |t| < 1 but

t # 1, belongs to the class le‘,q(p7 t, ) then

B B Biu B1W5(3—u3)(142p) .
WM Bf? + (Qiuz) - M\pg(lirp)zqg,u?)zp , ifp <oy
las — nad] <\ Tz T _ iforsp<o;
—B B Biu 1B1 V3 (3—usz)(1+2p) .
TE G |5 T o~ e et |0 TH 2 0a
with
o U2(1+ p)2(2 — up)? {BQ N Biup 1}
LT BB —us)(1+2p) | B (2—ug)
U3(1+p)%(2 —u2)® [B B
oy — 2(14p)°(2 — u2) {24_ 1U2 +1}
B1Y3(3—u3)(1+2p) | B1 (2 —u2)

where U, k € {2, 3}, are given by (6)

Proof. The proof of the theorem follows from Lemma (4).

19)

(20)

O

Theorem 8. If the function f given by (1) belongs to the class M,f‘_q(p, t, V), with ¥ (&) satisfies Definition (1) and p,

By eR,0<p<landl|t| <1butt#1 then
(i)When o1 < p < o3, we have

B Biusg uBl\II3(3 — ug)(l + 2p)
2 2
az — pas| + Pl — —/— — as| <
las — pag| [ B, (2 —u2) \Ilg(l_i_p)Q(z_uz)Q lazl < @Q
(ii)When o3 < pp < o2, we have
Bo Bius uBl\II3(3 — ug)(l + 2p)
2 2
a3 —pas| + P14+ —/— + — as| <
las — pa3| Bt ey Wt ey |B<@
where
__(1+p)%(2—us)?¥3
TW3B1(1+2p)(3—u3)’
— By
Q=T 720)B—wa)
where the values of o1 and o2 are defined by (19) and (20) accordingly.
_ ¥3(1+p)%(2—u2)?® | By | Bius
O3= B U5 (B—us)(142) | By T (2-u2)
and ¥, k € {2,3} are given by (6).
Proof. Using Theorem 1, we can obtain (15) and (16) from (14) it is obvious that:
O = 2(12(]. -+ p)(2 - uz)‘I/Q
1=
B1
The proof follows from Lemma(5).
3 Second Hankel Determinant
Theorem 9. If f(£) € M) (p,t, V) then
B c3 Cc?
lagas — a3| < 41{A By (03 + Tl - 0102) + B2Ch (Cz - 71) :|
)@ = w2)us + (1= 20)(3 — uayua) BiC )
— u2)u. — — uz)u
2 PRSI a0 B~ us) (2 — w2)

By

2D

(22)

(23)

(1+20)%(3 — ua

where

92 (E)} }' Q4
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A= €1
AT @ uz)(1+3p)(Euq) P2,

and

_ Cf . 1By 2, BiCius
E=0 -5 +3580 + 5520

Proof. From (14), (15) and (16), we have

3 2
B;I{A|:Bl (Cg + % — 0102) + B2C1 (C - C;l)}

A(@2 = wa)us + (1= 2)(3 — ua)ua)

asag — ag\ <

B%C1 )

+(E) 2(1 + p)(3 — u3)(2 — u2)

B E 25
T 0206wy D)y

Where,

A= <L
(I+p) (2—u2)(1+3p) (4—ug) Vo Wy
and

_ Cf L 1Bap2 , BiCiug
E=C— 5 +5500 + 35000

Which gives the desired inequality (24)

(_1 n+1

Corollary 10. If p=0;t =0;u, = 1;C, = W then
i 1 (77B1 _ &)
4 | 600y \ 1440 12
1, B B[ B B (B
+( 6 s T ) <

1600y 402\ 6
5
192050y

|lagas — a3| <

6 8B1

4 Conclusion

By setting the values of p,t and u,, we bring out the interesting coefficient inequality and subordination techniques, for
the subclasses of M, VA q (p,t,¥). The investigation of initial coefficient bounds Fekete-Szego inequality and Second Hankel
determinant for various subclasses can be a scope of future research for disorted signals.
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