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Abstract Normality tests are used in the statistical analysis
to determine whether a normal distribution is acceptable as
a model for the data analysed. A wide range of available
tests employs different properties of normal distribution to
compare empirical and theoretical distributions. In the present
paper, we perform the Monte Carlo simulation to analyse
test power. We compare commonly known and applied tests
(standard and robust versions of the Jarque-Bera test, Lilliefors
test, chi-square goodness-of-fitt est, S hapiro-Francia test,
Cramer-von Mises goodness-of-fit test, Shapiro-Wilk test,
D'Agostino test, and Anderson-Darling test) to the test based
on robust L-moments. In the text, in Jarque-Bera type test the
moment characteristics of skewness and kurtosis are replaced
with their robust versions - L-skewness and L-kurtosis. The
distributions with heavy tails (lognormal, Weibull, loglogistic
and Student) are used to draw random samples to show the
performance of tests when applied on data with outliers. Small
sample properties (from 10 observations) are analysed up to
large samples of 200 observations. Our results concerning the
properties of the classical tests are in line with the conclusion
of other recent articles. We concentrate on properties of the
test based on L-moments. This normality test is comparable to
well-performing and reliable tests; however, it is outperformed
by the most powerful Shapiro-Wilks and Shapiro-Francia tests.
It works well for Student (symmetric) distribution, comparably
with the most frequently used Jarque-Berra tests. As expected,
the test is robust to the presence of outliers in comparison with
sensitive tests based on product moments or correlations. The
test turns out to be very universally reliable.

Keywords L-moments, Tests for Normality, Simulation,
Power of Test, Robustnessout

1 Introduction

In parametric statistics, the assumption about the probability
distribution of data is crucial. The optimal or at least accept-
able choice of a probability distribution allows a wide range
of powerful parametric procedures to be applied, inappropri-
ate choice potentially resulting in misleading or completely er-
roneous and even dangerous outcomes. There are numerous
statistical methods based on the normal distribution. The is-
sue can be approached theoretically, using the theoretical basis
of the data, or experimentally, exploring available data. In ad-
dition to exploratory graphs describing the empirical distribu-
tion, statistical tests have been designed to determine whether
the random sample is drawn from the selected distribution (the
normal one in this paper), or if this assumption is at least rea-
sonable. These tests make it possible to assess the suitability
of the selected distributions in the form of probabilistic models
for the analysed data, not choosing the best of multiple op-
tions. Some of them are intended for the normal distribution
only (based on its specific properties), others are more gener-
ally applicable goodness-of-fit tests.

If the goal is to select a proper test, we can employ a
commonly used application-specific one along with practice-
proven knowledge and software. It is necessary to consider in-
dividually the power of each test, depending on the real shape
of the distribution or the random sample size. However, it is
very difficult to assess the power of tests analytically, the rec-
ommendations thus being often supported by simulation stud-
ies. In the present paper, we use the Monte Carlo simulation
to compare the power of the most commonly used goodness-
of-fit test for a normal distribution. A normality test based on
robust L-moments as a robust version of the Jarque-Bera test is
compared to more frequently applied tests. To investigate the
power of a test, in our simulation, we draw data from differ-
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ent — symmetric short- and long-tailed as well as asymmetric —
distributions and evaluate the relative frequency of rejection of
the hypothesis of normality.

Many statistical tests have been developed to verify whether
a sample is drawn from a normal distribution. In our simula-
tion, we compare the performance of ten commonly used tests:
in addition to the test relying on L-moments (part 3.1) and stan-
dard [JB] and robust versions [RJB] of the Jarque-Bera test,
we use the Lilliefors test [LF], chi-square goodness-of-fit test,
Shapiro-Francia test [SF], Cramer-von Mises goodness-of-fit
test [CM], Shapiro-Wilk test [SF], D‘Agostino test [DA] and
Anderson-Darling [AD] test. We give original references to
these tests in part 3.2 together with some remarks of properties
(type one errors and power of tests).

The L-moment-based test, both Jarque-Berra tests, the Lil-
liefors, Anderson-Darling, D’ Agostino, Shapiro-Francia and
Shapiro-Wilk tests are intended only for testing normality,
while the chi-square goodness-of-fit, Anderson-Darling and
Cramer-von Mises tests are generally applicable as goodness-
of-fit tests for testing a fully specified distribution (with given
parameters) or a family of distributions. We compare the test
based on L-moments (part 3.1), tests comparing sample skew-
ness and kurtosis characteristics (Jarque-Bera, robust Jarque-
Berra and D’Agostino), empirical and theoretical cumula-
tive distribution functions (Lilliefors, Anderson-Darling) and
Cramer based on the correlation coefficient (Shapiro-Francia
and Shapiro Wilks).

The choice of the most powerful test in various situations is
of interest not only to statisticians, but also to users of statisti-
cal methods who only use the statistical tests in their research
work. There is a huge spectrum of recommendations avail-
able in the statistical literature. The most common method
how to approach the problem is a Monte Carlo simulation
([16], [26], [24], [4], [27], and [23]). The authors obtain re-
sults for a special choice of distributions and subsequently gen-
eralize the results to more general properties of distributions
(symmetric, asymmetric, heavy-tailed distributions). Special
attention should be paid to the sample size, as the qualities
of tests depends strongly on it. Usually the idea behind a
test causes the highest power for small or for large samples.
Moreover, for small samples the asymptotic approximations
are not applicable. According to Yap and Sin [26], descrip-
tive and graphical information supplemented with formal nor-
mality tests can aid in making conclusion about the distribu-
tion of a variable. In their study, for symmetric short-tailed
distributions, D’ Agostino and Shapiro—Wilk tests showed the
best results; the power of Jarque—Bera and D’ Agostino tests
beeing comparable to the Shapiro—Wilk for symmetric long-
tailed distributions. For asymmetric distributions, the authors
based on their research recommend also the Shapiro—Wilk test.
Shaphiro-Wilk test was also found well performing for small
samples (10-150 observations) for various deviations from nor-
mality (Student,chi-squared or beta distribution). For sym-
metric distribution with high sample kurtosis (symmetric long-
tailed), the researcher can use the JB, SW or AD test. Razali
and Wah in [20] show that Shapiro-Wilk test is the most pow-
erful normality test, followed by Anderson-Darling test, Lil-
liefors test and Kolmogorov-Smirnov test. However, the power
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of all four tests is still low for small sample size.

In the paper, we investigate the above-mentioned normal-
ity test properties focusing on the L-moment-based test. An
overview of L-moments and the underlying rationale are pro-
vided in section 2. In part 3, all tests and reasons for their con-
struction are introduced. The results of the simulation are given
in tables and figures in section 4. In the last part of the article,
we make some suggestions emerging from the simulation. All
computations are performed using the R [19] software.

2 Methods

Let X1, X, ..., X,, be arandom sample of the size n from
a continuous probability distribution of a random variable X
with distribution function F' and quantile function Q(P) =
F~1(P). The hypothesis of normality (X ~ N(u;0?)) as-
sumes that F(z) = ® (“=£), where ® is the cumulative dis-
tribution function of the standard normal distribution. Suppose
X;.; denotes the i-th order statistic in a sample of the size j. Let
us denote by s? a sample variance (based on a random sample

Z1,%a,. .., T, with the sample size n)
-~ Z [, — @) (1)
n—1 P

and sample coefficients of skewness and kurtosis a3 and a4,
respectively, as

D
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where Z is the mean of the sample. The (theoretical) coefficient
of skewness a3 of all normal distributions is equal to 0, the
coefficient of kurtosis a4 equalling 3. The above properties are
implemented in the paper, especially in the Jarque-Berra test.

2.1 L-moments

In [12], the formula for the evaluation of L-moments (for
k =1, 2,...) based on the quantile function Q(.) is given in
the form

1
e = / Q) Py (u)du, 3)
0

where P} is the 7-th shifted Legendre polynomial written as
Pr(u)=>_ prul, €5
1=0

polynomial coefficients p , being

pro= (=) (;) (T ) Z),l <r. 5)

If the expected value of the probability distribution is finite,
then all L-moments are finite, [12]. It follows that for all dis-
tributions with a finite expected value, the second, third and
fourth L-moments are also finite, allowing for application of
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the L-skewness and L-kurtosis. Therefore, we can use L-
moments and methods based on them even for the distributions
without a finite variance or higher moments. In this paper, we
employ the Student distribution with the degrees of freedom
v = 1 — 20. The expected value is finite for v > 1, since for
the Cauchy distribution for v = 1, the expected value is unde-
fined. The L-moments of the Student distribution are finite for
all degrees of freedom greater than 1, however, the variance is
defined for » > 2, and skewness and kurtosis coefficients for
v > 3 and v > 4, respectively.

For K = 1, 2, 3, 4 we obtain ([12], [15]) first four L-
moments A1, Az, Az, and 4. As robust counterparts of the nor-
malized product moment characteristics of variability, shape
and concentration (variation coefficient, coefficients of skew-
ness (variation coefficient, coefficients of skewness «ag and
kurtosis «4) we define the following statistics based on L-
moments — L-coefficient of variation 7, L-skewness 73 and L-
kurtosis 74 given by the formula

T=X/\, T3=2~A3/X2, Ta= /Ao (6)

As previously described, these normalized values are correctly
defined for all distributions with a finite expected value and
according to [12] are bounded and we have

1< <1, 025318 —1) <7y < 1. @)

The bounded area of all possible points (73,74) is shown in
Figure 2.

The boundedness of L-moment ratios is an advantage. It is
easier to interpret a statistic that is limited within the [—1,1]
interval than the conventional skewness coefficient which may
take arbitrarily large values. We obtain \3 = 73 = 0 for
all symmetric distributions with the finite expected value, this
property corresponding to the standard coefficient of skewness
for symmetric distributions. For all normal distributions, L-
skewness equals 0 and L-kurtosis 0.1226; we can compare this
property with the classical skewness and kurtosis coefficients
of 0 and 3, respectively.

The sample counterpart (based on a random sample of the
size n) to the L-moments are sample L-moments Iy, k =
1,2,... givenin [12] as

1
I = | Qu)P;_(u)du, (8)
/

where Q is a sample quantile function. Then the sample L-
skewness t3 and sample L-kurtosis ¢4 are defined as

ty = l3/la, ty = ly/l5. )

Figure 2 allows to graphically represent the closeness of the-
oretical (in the case of constant normal values) and sample L-
moments. The figure is the L-moment version of a skewness-
kurtosis graph based on classical product moments and pairs
(0437 044) and (a3, a4).

3 Tests of normality

Let us test the null hypothesis that the data are sampled from
a normal distribution.

Power Comparisons of Normality Tests Based on L-moments and Classical Tests

3.1 Test of normality based on L-moments

The test proposed in [11] is based on the transformations
of L-skewness and L-kurtosis and a comparison with the val-
ues of normal distributions (73 4 in (13)). The transformed L-
skewness
i3

0.1866 0.8000
n + n2

Z(rs) = (10)

has approximately the standard normal distribution which also
applies to the transformed L-kurtosis

ty —0.1226
7' (1) = ——== (11)
/0.0883
or more precisely
ty —0.1226
Z(74) = . : (12)
\/0.0383 + 0.?1%00 + 4.231%00

Moreover, the transformations are independent. It follows, that
the test statistics

T34 = Z(73)% + Z(74)? (13)

has an approximate chi-square distribution with two degrees of
freedom.

In terms of the test power comparison, the authors in [11]
show that the test relying on 73 4 has the greatest power in dis-
tributions with high kurtosis in small samples and relatively
high power in medium-sized or large samples. The test shows
consistently high power, outperforming other normality tests
for different distributions.

3.2 Tests of normality used in the simulation

The Jarque-Bera test for normality [14] is one of the most
common goodness-of-fit tests utilized in economics not only
in the distribution fitting but also in regression diagnostics and
time series models. The test compares the sample coefficients
of skewness and kurtosis with corresponding values for a nor-
mal distribution. This generally preferred test resembles an
L-moment-based test, the latter using only robust L-moments
instead of the classical product ones. The classical sample mo-
ments (sample variance, sample coefficients of skewness and
kurtosis) are highly sensitive to outliers, the third and fourth
powers of differences from the mean being used to evaluate
them. The authors in [9] propose a modification of the Jarque-
Bera test that utilizes a robust to outliers estimate of variance,
using — instead of standard deviation s given as a root in (1) —
the mean absolute deviation from the sample median x

1 n
*E \xi—aﬂ.
n-

i=1

Simulation studies indicate that the robust Jarque-Berra test
shows higher or similar power in detecting heavy-tailed alter-
natives compared to the classical JB test.

The Lilliefors test [18] is a variant of the Kolmogorov-
Smirnov (KS) test for data normality testing without a fully

(14)
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specified distribution. The limitation of the KS test is its high
sensitivity to extreme values, the LF correction rendering the
test less conservative. It is sometimes argued, however, that
the test has a low power and therefore should not be seriously
considered for testing normality [24].

The Shapiro-Wilk test [21] is based on the correlations of
weighted order statistics from the sample and the correspond-
ing normal scores. According to [24], some researchers rec-
ommend the SW test as the best choice for testing the normal-
ity of data. It is sensitive to non-normality even for samples
smaller than 20 observations, asymmetric and long-tailed dis-
tributions in particular. Having compared the Shapiro-Wilk,
Lilliefors and Anderson-Darling tests, the Monte Carlo simu-
lation in [20] revealed that the SW test (followed by the AD)
has the best power for a given level of significance.

The Shapiro-Francia test [22] is well-established and intu-
itively appealing for testing the departure from normality. The
test statistic is the squared correlation between the ordered
sample values and the (approximated) expected ordered quan-
tiles from the standard normal distribution. The SF test statistic
is one of the most powerful omnibus and purpose tests of non-
normality available, its results being quick but not inferior.

The Cramer von Mises and Anderson-Darling [1] tests also
compare the hypothetical and empirical distribution function
with the test statistics, using the difference defined by the
expected value of squared difference instead of the absolute
value. The weighting function included in the test statistics
allows to consider whether the emphasis is placed on the dif-
ferences near the median or in the distribution tails. Thus,
compared with the Cramer-von Mises distance, the Anderson-
Darling distance puts more weight on observations in the tails
of the distribution.

The asymptotic chi-square goodness-of-fit test is based on
a comparison of hypothetical and empirical frequencies of the
selected intervals. It is applicable to a fully specified and as
well as estimated distribution, the situation affecting the de-
grees of freedom of the chi-squared distribution.

The D’ Agostino test [3] is a test of normality applicable for
samples of size fifty or larger which possesses the desirable
omnibus property. Simulation results of the test power for pos-
sible alternatives if the sample size is 50 indicate that the test
compares favourably with the Shapiro-Wilk test.

4 Results

We compare the power of tests based on a simulation study.

4.1 Simulation study

We use four continuous distributions with heavy tails in the
simulation. The two-parametric lognormal distribution (LN)
LN (p;0?) is parameterized by the parameters p (E(InX))
and 02 (Var(InX)), where z > 0, u € R, and 02 > 0. The
distribution is unimodal and positively skewed. The skewness
of the distribution decreases with o2 (also see Figure 1 or Table
1). We selected 4 = 0 and o = 0.25, 0.3, 0.4, 0.5, 1.
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The Weibull (W) distribution with a positive shape parame-
ter a and positive scale parameter ¢ is described by the proba-
bility density function

pota =5 ) e (- () o

The skewness increases with the shape parameter a, the kur-
tosis being also increasing. In the simulation, parameters
a = 0.25, 0.5, 1, 2 and 6 = 1. The coefficient of skewness is
lower than 3 for a = 0.25,0.5 and 1 and higher for the choice
a = 2 (Table 1).

The loglogistic (LL)distribution is defined by a positive scale
parameter « and a shape parameter §

Aoy
P = e

15)

(16)

The parameters § = 1 and v = 1, 2, 5, 6. No product mo-
ments are defined for v = 1, the expected value is finite for
v = 2, variance for v = 3, and third product moment for
v = 3. Figure 1 shows that the densities are decreasing (for
~ = 1), unimodal and positively skewed for higher parame-
ters.

The values of parameters and classical and L-moment char-
acteristics of the selected distributions are given in Tables 1
and 2. The densities of these distributions are shown in Fig-
ure 1, their position being plotted in the L-skewness L-kurtosis
graph in Figure 2 (left). The classical skewness-kurtosis graph
is shown in the right part of the figure. The allocation of pairs
(L-skewness, L-kurtosis) in the bounded subset of the rectan-
gle [-1,1]x[-0.25,1] shown in the left part of Figure 2 and it is
easier to assess compliance or difference between probability
distributions.

In the case of lognormal and Weibull distributions, all tests
can be applied to the selected data. The choice of parame-
ters for the loglogistic distribution were made to violate the
assumptions of some test (see Table 2).

Using the Student distribution (t) with degrees of freedom v
forv =1,2,..., 20, we obtain £(X) = 0,~ > 1. From the
formula for the variance of the Student distribution Var(X) =
v/(v —2),v > 2, we obtain the values from 3 for v = 3 to
0.11 for v = 20. The coefficient of skewness is 0 for v > 3
as the distribution is symmetric. For v > 4, the coefficient of
kurtosis is equal to oy = 6/(6 — v),v > 4. For the values
of a, we obtain those from 6 for v = 5 to 0.375 for v = 20.
The Student distribution converges to normal with increasing
degrees of freedom, and the approximation made for the values
greater than 30 is assumed as acceptable.

We made 30,000 draws from the selected distributions and
evaluated p-values for all tests applicable to particular data.
The relative frequency of the rejection of the null hypothesis
was recorded as a proxy to the power of the test, because the
hypothesis was not valid.

All computations were made in the freeware R environment
[19] providing a powerful tool for both statistical modelling
and simulations. Packages Imoments [13], Imom [15] and
Imomco [2] were used for the evaluation of L-moments, mo-
ments [17] for standard product moments and actuart [5] for
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Table 1. Lognormal distribution (left) and Weibull distribution (right). CV denotes the coefficient of variation
value nw=0,0 o=1,a
0.25 0.3 0.4 0.5 1 0.25 0.5 1 2
E(X) 1.03 1.05 1.08 1.13 1.65 24.00 2.00 1.00 0.89
Var(X) 026 032 045 0.61 2.16 199.36 447 1.00 0.46
cv 0.25 031 042 053 1.31 8.31 224  1.00 0.52
as 0.78 0.95 1.32 1.75 6.18 0.000008 0.07 2.00 6.34
oy 410 464 626 890 113.94 0.78 095 132 175
T 0.14 0.17 022 0.28 0.52 0.94 0.75 050 0.29
T3 0.12 0.15 0.19 0.24 0.46 0.89 0.63 033 0.11
T4 0.13 0.14 0.15 0.19 0.29 0.78 040 0.17 0.11
0| - 0| “\ )
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Figure 1. Densities of distributions in the simulation study. Loglogistic distribution (upper left), lognormal distribution (upper right), Student distribution (lower

left), Weibull distribution (lower right).

Table 2. Loglogistic distribution

value 6=1,~
1 2 4 6

E(X) NA 157 111 1.05

Var(X) NA NA 058 034
cv NA NA 052 032
as NA NA 428 1.82
oy NA NA NA 14.76
T NA 050 025 0.17
T3 NA 050 0.25 0.17
T4 NA 037 022 0.19

Burr distribution computations. For testing, we use lmomco
for 73 4 test, KScorrect [25] for the Lilliefors test, normtest
[8] for the Jarque-Berra test, lawstat [7] for the robust Jarque-
Berra test, nortest [10] for the chi-square, Shapiro-Francia and
Anderson-Darling tests, and moments for the D’ Agostino test.

4.2 Results of the simulation study

The simulation results for lognormal, Weibull and loglogis-
tic distributions are displayed in Tables 3, 4 and 35, respec-
tively. We present the relative frequencies of the normality hy-
pothesis rejection for all distributions, including the one that
does not meet the requirements for the characteristics used in
the test criterion calculation (for the Cauchy distribution, nei-
ther product moments nor L-moments exist, for all tests based
on the skewness and kurtosis, the finite fourth product moment
is assumed). The results for sample sizes 10, 20, 50, 100,
and 200 are presented in the tables, including the chi-squared
goodness-of-fit results, although it is an asymptotic test, the
small sample test outcomes likely resulting from this asymp-
totics. In the last columns of all tables, the difference between
the minimum and maximum hypothesis rejection relative fre-
quencies is shown to demonstrate the difference between the
best and the worst test performance for a particular distribution
and sample size.
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Figure 2. L-skewness and L-kurtosis graph for the distributions in the simulation study.

The lognormal distribution is unimodal and positively
skewed with the coefficients of skewness and kurtosis increas-
ing in the parameter o (and independent of 11). Therefore, the
power is lower for smaller parameters, especially for the test
based on, inter alia, skewness. There are some tests with bad
results (Lilliefors, chi-squared), a group of others that yield
average outcomes (Cramer von Mises, robust Jarque-Bera, L-
moments-based, Anderson-Darling), and the best performing
ones (Shapiro-Wilks, Shapiro-Francia and D’ Agostino, the lat-
ter exhibiting excellent properties). The Jarque-Bera test out-
performs its robust version, the latter variant being of inferior
quality to the robust test based on L-moments. For sample sizes
of 100 and 200 observations, there are almost no type-two sta-
tistical errors and the frequencies of correct decisions are close
to one.

For the Weibull distribution within the selected parameteri-
zation, the skewness increases with the shape parameter a. The
kurtosis is also increasing, but its coefficient is lower than 3 for
all selected values (Table 1). Table 4 displays the results, the
performance of all tests declining with increasing parameter.
For high values of the parameter, larger samples are needed to
distinguish between Weibull and normal distributions. In this
case, the D’ Agostino test is not comparable to the most power-
ful pair of the Shapiro-Wilks and Shapiro-Francia tests as is the
case with the lognormal distribution. Both Jarque-Bera tests
are in the group of poor-performing ones together with the chi-
square (except for 10 observations and a = 2) and Lilliefors
tests.

For the loglogistic distribution, no product moments are de-
fined for o = 1. Thus, we use the parameters implying only

finite expected value 0 = 2, finite variance ¢ = 3, or a fi-
nite third product moment for ¢ = 3. Figure 1 shows that
the densities are decreasing (for ¢ = 1), unimodal and posi-
tively skewed for higher parameters. Problems with the exis-
tence of product moments (Table 2) are to be considered care-
fully. Since we test normality and if the null hypothesis is valid,
we nevertheless apply the test although this is problematic ac-
cording to the nature of the given distribution. The Anderson-
Darling performs well for small values of o = 2. The three
other tests — D’ Agostino, Shapiro-Wilks and Shapiro-Francia
— are also strong, the latter in particular maintaining a consis-
tently high performance.

Figures 3, 4 and, 5 illustrates the test power dependence on
the degrees of freedom of the Student distribution. Unlike the
other distributions analysed, the Student distribution is sym-
metric, converging quickly to the standard normal distribution,
although we still do not make a normal approximation of the
highest value of freedom degrees v = 20. The graph lines of
the same type referring to the test are shifted from the left (sam-
ple size 10) to the right (sample size 200). For small values of
freedom degrees, it is easier to distinguish between the Student
and normal distributions, the power of all tests being relatively
high. With increasing degrees of freedom, the two distribu-
tions are increasingly similar, thus more difficult to distinguish.
For small samples and heavy-tailed distributions, robust tests
have the highest power, the one based on L-moments outper-
forming the robust Jarque-Bera test. The Shapiro-Francia and
D’ Agostino tests (the latter for higher freedom degree values)
can handle heavy tail problems and the resulting data outliers.
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Table 3. Power of test for lognormal distribution

Power Comparisons of Normality Tests Based on L-moments and Classical Tests

n shape tau34 JB RIB SW DA LKS AD CR PE SF length
10 0.25 0989 0917 0923 0994 0933 0968 0993 0.990 0991 0992 0.077
10 0.5 0.853 0.711 0.693 0.896 0.750 0.756 0.875 0.855 0.876 0.877 0.203
10 1 0.379 0.338 0305 0446 0.369 0301 0412 0384 0395 0435 0.145
10 2 0.077 0.079 0.073 0.084 0.086 0.072 0.081 0.076 0.090 0.087 0.019
20 0.25 1.000 0999 0998 1.000 0.999 1.000 1.000 1.000 1.000 1.000 0.002
20 0.5 0997 0961 0945 0999 0978 0982 0997 0.995 0995 0998 0.054
20 1 0.772 0.631 0.568 0.836 0.706 0.576 0.775 0.727 0.655 0.798  0.268
20 2 0.120  0.120 0.104 0.153 0.146 0.098 0.129 0.117 0.078 0.142  0.075
50 0.25 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.000
50 0.5 1.000  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.000
50 1 0998 0976 0932 1.000 0.988 0960 0997 0.990 0983 0.999 0.067
50 2 0.328 0.264 0.215 0410 0.365 0.205 0306 0.261 0.137 0353 0.273
100  0.25 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.000
100 0.5 1.000  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000  0.000
100 1 1.000  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.000
100 2 0.682 0.563 0.445 0.790 0.697 0398 0.610 0.513 0262 0.719 0.529
200 0.25 1.000  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.000
200 0.5 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.000
200 1 1.000  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.000
200 2 0961 0947 0894 0993 0959 0.709 0932 0.853 0.558 0.984 0.435
Table 4. Power of test for Weibull distribution
n shape tau34 JB RIB SW DA LKS AD CR PE SF length
10 0.25 0989 0917 0923 0994 0933 0968 0993 0.990 0991 0992 0.077
10 0.5 0.853 0.711 0.693 0.896 0.750 0.756 0.875 0.855 0.876 0.877 0.203
10 1 0.379 0.338 0305 0446 0369 0301 0412 0384 0395 0435 0.145
10 2 0.077 0.079 0.073 0.084 0.086 0.072 0.081 0.076 0.090 0.087 0.019
20 0.25 1.000  0.999 0998 1.000 0.999 1.000 1.000 1.000 1.000 1.000 0.002
20 0.5 0997 0961 0945 0999 0978 0982 0997 0.995 0995 0998 0.054
20 1 0.772 0.631 0.568 0.836 0.706 0.576 0.775 0.727 0.655 0.798  0.268
20 2 0.120  0.120 0.104 0.153 0.146 0.098 0.129 0.117 0.078 0.142  0.075
50 0.25 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.000
50 0.5 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000  0.000
50 1 0998 0976 0932 1.000 0988 0960 0997 0.990 0983 0.999 0.067
50 2 0.328 0.264 0.215 0410 0365 0205 0306 0.261 0.137 0353 0.273
100 0.25 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.000
100 05 1.000  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.000
100 1 1.000  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.000
100 2 0.682 0.563 0445 0.790 0.697 0398 0.610 0.513 0.262 0.719 0.529
200 0.25 1.000  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.000
200 05 1.000  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.000
200 1 1.000  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.000
200 2 0961 0947 0894 0993 0959 0.709 0932 0.853 0.558 0984 0.435

5 Conclusion

Testing the normality of data is an essential part of the sta-
tistical analysis, the issue receiving considerable attention in
the literature. In the present article, Monte Carlo simulations
are employed to investigate the ability of commonly used nor-
mality tests to detect the abnormality of the data. We apply
a L-moment-based test by Harri and Coble [11] and compare
their properties to widely known and frequently used tests of
normality.

Our results are in line with the recommendations of others,
and we present qualities of the test based on L-moments. All
tests in the study are well implemented in the program R.

The simulation results show that for symmetric short-tailed
distributions, the D’Agostino and Shapiro-Wilk tests are the
most powerful. In terms of symmetric long-tailed distributions,
the powers of the Jarque-Berra and D’ Agostino tests are com-
parable with those of the Shapiro-Wilk test. As for asymmetric
distributions, the Shapiro-Wilk test followed by the Anderson-

Darling test have the highest power. The Jarque-Bera and ro-
bust Jarque-Bera tests achieve similar performance for all sim-
ulated distributions except the Student one.

The test based on L-moments works similarly to average
tests, being, however, outperformed by the Shapiro-Wilks and
Shapiro-Francia tests. In the case of a symmetric distribu-
tion with long tails (Student distribution for small freedom de-
grees), the robust tests (L-moment-based and robust Jarque-
Berra ones) exceed the performance of other tests. This prop-
erty is expected, as the outliers occur in the samples, and some
tests are sensitive to such values (especially test based on cor-
relations or product moments).

The test relying on L-moments is suitable for all distribu-
tions analysed, and along with the robust Jarque-Bera it is the
most powerful for the Student distribution, outperforming the
latter test for asymmetric distributions and being comparable
for long tails. Hence, we consider the L-moment-based test
a generally acceptable high-performance option for long-tail
data applicable to small samples as well.



1.0

0.8

0.6

0.4

0.2

0.0

Mathematics and Statistics 9(6): 994-1003, 2021

Table 5. Power of test for loglogistic distribution

n shape tau34 JB RIB SW

10 0.25 0989 0917 0923 0.99%4
10 0.5 0.853 0.711 0.693  0.896
10 1 0.379 0338 0305 0.446
10 2 0.077 0.079 0.073  0.084
20 0.25 1.000  0.999 0.998 1.000
20 0.5 0997 0961 0945 0.999
20 1 0.772  0.631 0.568 0.836
20 2 0.120  0.120 0.104  0.153
50 0.25 1.000  1.000 1.000  1.000
50 0.5 1.000  1.000  1.000  1.000
50 1 0.998 0976 0932 1.000
50 2 0.328 0.264 0215 0410
100 0.25 1.000  1.000  1.000  1.000
100 0.5 1.000  1.000 1.000  1.000
100 1 1.000  1.000  1.000  1.000
100 2 0.682 0563 0.445 0.790
200 0.25 1.000  1.000  1.000  1.000
200 05 1.000  1.000 1.000  1.000
200 1 1.000  1.000 1.000  1.000
200 2 0961 0947 0.894 0.993

— L-moments

- Shapiro-Wilk
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Figure 3. Student distribution, power of test a)

DA

0.933
0.750
0.369
0.086
0.999
0.978
0.706
0.146
1.000
1.000
0.988
0.365
1.000
1.000
1.000
0.697
1.000
1.000
1.000
0.959

LKS

0.968
0.756
0.301
0.072
1.000
0.982
0.576
0.098
1.000
1.000
0.960
0.205
1.000
1.000
1.000
0.398
1.000
1.000
1.000
0.709

1.0

AD CR PE SF length
0.993 0990 0991 0.992 0.077
0.875 0.855 0.876 0.877 0.203
0412 0384 0395 0435 0.145
0.081 0.076  0.090 0.087 0.019
1.000 1.000 1.000 1.000  0.002
0.997 0995 0995 0.998 0.054
0.775 0.727  0.655 0.798  0.268
0.129 0.117 0.078 0.142  0.075
1.000 1.000 1.000 1.000  0.000
1.000  1.000 1.000  1.000  0.000
0.997 0990 0983 0.999 0.067
0.306 0.261 0.137 0.353 0.273
1.000 1.000 1.000 1.000  0.000
1.000 1.000 1.000 1.000  0.000
1.000 1.000 1.000 1.000  0.000
0.610 0513 0262 0.719 0.529
1.000 1.000 1.000 1.000  0.000
1.000  1.000 1.000 1.000  0.000
1.000 1.000 1.000 1.000  0.000
0932 0.853 0.558 0.984 0.435
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