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Abstract In this work, using the basic tools of functional analysis, we obtain a technique that allows us to obtain important
results, related to quadratic equations in two variables that represent a natural number and differential equations. We show the
possible ways to write an even number that ends in six, as the sum of two odd numbers and we establish conditions for said odd
numbers to be prime, also making use of a suitable linear functional F' : R? — R we obtain representations of natural numbers
of the form (104 + 9), A € N in order to obtain positive integer solutions of the equation quadratic (10z + 9)(10y +9) = P
where P is a natural number given that it ends with one. And finally, we show with three examples the use of the proposed
technique to solve some ordinary and partial linear differential equations.We believe that the third corollary of our first result of
this investigation can help to demonstrate the strong Goldbach conjecture.

Keywords Prime Numbers, Diophantine Equations, Differential Equations, Number Theory, Functional Analysis

1 Introduction

In [4], the author shows an application of Riez’s theorem to show the existence and uniqueness of the generalized solution
of the Poisson equation in the plane. Using the technique described in [1], we obtain the relation (47), which is easier to solve.
In chapter VI he addresses the problem of eigenvalues and by means of Theorem [6.3.1] shows its application to the study
of the membrane. We, similarly to the previous example, obtain the equation (48). In [3] Pag. 167, the author proposes to
solve the ordinary differential equation of the second order by means of a uniform network using the difference scheme. In [1] a
technique based on the use of linear functionals was proposed to help solve problems related to number theory. In [5] we obtained
bounds for integer solutions of quadratic polynomials in two variables that represent a given natural number. The objective of
this work was to use the same technique to tackle other problems related to the theory of numbers and differential equations.
The methodology used was deductive and inductive. The contribution of this work is to define special linear functions, in the
plane or in three-dimensional space, for the study of quadratic equations in two variables that represent a natural number and the
resolution of some differential equations.

The following work is divided into two sections, in the first section we show some results of Number Theory. And in the
second section we show some results related to ordinary and partial linear differential equations.
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2 Some results on number theory

In the following Theorem, we only address the cases of natural numbers that end in six, which are obtained, via the sum of
two odd numbers.

Theorem 2.1. Let M be an even number endig in 6, then there exist a,b € N, where a is divisor of M, and a and b are relatively
b —-b M b M(a—b
primeswitha>bandeeN, MMENsuchthat:M: (at?) + (a )
2a 2a 2a 2a

Proof. We observe that there are three possible cases.

Caso 1. Let
M= (K —a)+ (K +«a) = (10ky + 3) + (10k2 + 3) (1)

K—-3+« _K—3—a

where kg = ———, k; , «, k1, ko are natural numbers.

Let us define the next linear functional
F(z,y) = (10k1 4+ 3)z + (10ky + 3)y. (2)

So, ker F' = {(—(10ky + 3), 10k1 + 3)}, {ker F}* = {(10k; + 3, 10k + 3)}. We have

F(1,1) = M. 3)
Moreover
(1,1) = A (—(10k2 + 3), (10k1 + 3)) + A2((10k1 + 3),10k2 + 3). 4)
From (2) and (4) we have
M = Xo[(10k; + 3)% + (10kq + 3)?]. 5)

From (5) and (1) it follows
M =X [(K — a)® + (K 4+ a)?] = \2[2K? + 207]
from (5) it follows that A2 € Q. Let Ay = 7, where m and n are relatively primes, m < n. From this last relation one has

|[Mm — n| = v/n? — 4a2m?. (6)

2

Using the Fermat’s Theorem for the power 2 one has n = a2+ b2, w=a%-0% a>b, am = ab; then, using these ralationships

into (6) one has

Mb Ma
o = E or o« = % (7)
From (2) one has
F(1,0) = 10k, +3 ®)

From (8) we see that 10k, + 3 is a number ending in 3. Let us assume that this number in not prime. Then

10k + 3 = (10A+ 7)(10B +9) or 10k; + 3 = (104 4+ 3)(10B + 1) )
where (A, B) € N x N.
So, one has
(1,0) = r1(—(10k2 + 3), (10k1 + 3)) + 72(10k1 + 3,10k + 3), (10)
from (8) y (10)

10k1 + 3 = 72((10k; + 3)% + (10ko + 3)?). (1)
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From the relation (2) one has
F(0,1) = 10ks + 3 (12)
From (12) one has 10k3 4 3 is a number ending in 3; let us assume that this in not a prime number. Then
10ky + 3 = (10C + 3)(10D + 1) or 10ky + 3 = (10C' + 7)(10D +9) (13)

where (C, D) € N x N.
From the relation (12) and the relationship
(0,1) = t1(—(10k2 4 3), (10ky 4+ 3)) + t2(10ky + 3,10ks + 3), one gets

10k + 3 = t3[(10k; + 3)% + (10k2 + 3)?]. (14)

Since (1) 10k; +3 = K — ay 10ks + 3 = K + «, from (11) and (12) one has

M = (ro+t2)[(10k; + 3)? + (10ky + 3)?] = (ro + tg)[MTQ + 207 (15)
20 = (ty —1r2)[(10k; + 3)* + (10kg + 3)%] = (ty — rz)[MT2 +2a2).

From (15) and (7) one can get the following

ty = ]\;((;J;bbé) nd ry = ]\m,a > b. (16)
From the relations (11), (16) and (14) one gets
10k1+3:wand 10k2+3zw, a>b. (17)
2a 2a
where k; = W and ky = W.
Caso 2. The other possibility to write M is given by the next equation
M = (K —a)+ (K + a) = (10k; +9) + (10ks + 7) = (10k1 +9) + (10kz + 7) (18)
The process is similar to (1); so, k1, ko are given by
ki = K_l?)_a,kg = K+13_70k‘2 = K_liz)_a,kl = therea: %,QK:M.

Caso 3. Finally, the last possibility to write M is in the following form
M =54+ (10k1 +1) = (K — o) + (K + ) 19)
wherea = K — 5y ky = £22. O

Corollary 2.1. (10k; + 3) and (10ks + 3) are primes if and only if (a — b) and (a + b) are prime numbers. This happens when
2a = M.

Proof. The proof follows by using (17). O
Corollary 2.2. The relationships between o, m,n and K are given by m = K and o = v/n — K2, where K? < n < 2K2.
Proof. Use the relation (6). For K even, « is odd and n is odd. For K odd, « is even and n is odd. O

Remark 2.1. The primality of a natural number is subject to the integer solution of the equation (x — n)* + (y — n)? = 2n?,
where n € N.

Corollary 2.3. Let M = 2K, where M is a natural number ending in 6. For each K being a natural number ending in 8 we
hava that if K + o and K — « are prime numbers then o € {1,11,21, ..., K — 7} or {5,15,25, ..., K — 3}. If K ends in 3 then
a €{0,10,20,...., K — 3} ora € {6,16,26, ..., K — 7}.
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Proof. Simply, we use the equations (17) y (18) to obtain W € Nor % €N, 0 < a < K, and from this the
result follows. O

Remark 2.2. Let K + ag and K — aqg be prime numbers satisfying the condition M = 2K, K ending in 8 and oy €
{1,11,.., K = 7}
(K +ao+1)°

For M = M +10 = 2K imply K = K +5, &Ozao—ly(l?—l—ao)—i—(f(—&o):2.7?:]\7, where 50

eN.

If K ends in 8 and ag € {5,15,..., K — 3} one can have K = K + 5, &g = g + 1y (K + ap) + (K — ap) = 2K = M,

(K+Ozo—3)2
50

Example 2.1. We use Corollary 2.3 and observation 2.2, which are supported by Theorem 2.1. Let M = 416, then K = 208, K
endsin 8. If K + a and K — « are prime numbers then there is

where € N. A similar result can be obtained if K ends in 3.

a€{1,11,21,..,201} or {5,15,25,...,205}

Thus,

Tabla 1 Tabla 2
K+a | K-« K+a | K-«
209 207 213 203
219 197 223 193
229 187 233 183
239 177 243 173
249 167 253 163
259 157 263 153
269 147 273 143
279 137 283 133
289 127 293 123
299 117 or 303 113
309 107 313 103
319 97 323 93
329 87 333 83
339 77 343 73
349 67 353 63
359 57 363 53
369 47 373 43
379 37 383 33
389 27 393 23
399 17 403 13

409 7 413 3

From the first table the possible primes are given by (219,197), (229, 187), (249,167), (279,137), (289,127), (309, 107),
(319,97), (339,77), (349,67), (369,47), (379,37), (399,17), (409,7). From the second table the possible primes are given
by (213,203), (223, 193), (243, 173), (253, 163), (273, 143), (283,133), (303, 113), (313,103), (333,83), (343,73), (363, 53),
(373,43), (393,23), (403,13). That is, in the first and second tables, the numbers that are multiples of three were eliminated,
since these numbers are not prime. _ _ _ _

Then M + 10 = 426 = 2K and consequently K = 213, K ends in three. If K + & and K — « are prime numbers, then it
exists o such that:

& € {0,10,20,..,210} or {6,16,26, ..., 206}

Thus,
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Tabla 3 Tabla 4
K+a| K—a K+a| K-«
213 213 219 207
223 203 229 197
233 193 239 187
243 183 249 177
253 173 259 167
263 163 269 157
273 153 279 147
283 143 289 137
293 133 299 127
303 123 or 309 117
313 113 319 107
333 93 329 97
343 83 339 87
353 73 349 77
363 63 359 67
373 53 369 57
383 43 379 47
393 33 389 37
403 23 399 27
413 13 409 17

423 3 419 7

Similar to the previous table we have the possible primes for the first table: (223,203), (233,193), (253,173), (263,163),
(283,143), (293,133), (313,113), (323,103), (343,83), (353,73), (373,53), (383,43), (403, 23), (413,13).

For the second table we have: (229,197), (239, 187), (259, 167), (269, 157), (289, 137), (299, 127), (319, 107), (329,97),
(349,77), (359, 67), (389, 37), (409,17), (419, 7).

In the pair (379, 37) they are both prime. Therefore it is clear that this occurs for ag = 171. Thus o = ag — 1 = 170,
K = K+5. Thus K + o = 373 and K — o = 43, and in the pair (373,43) both are prime numbers. Similar process for
a € {6,16,26, ...,206}.

The last possibility to write M = 416 as the sum of two possible primes is 416 = 5 + 411, but 411 is not prime.

Then 416 + 10 = 426 = 5 + 421, in the pair (5,421) both are prime. For this last process it is not possible to apply the
induction method.

The induction process can be carried out in Table (1) with table (3) or Table (2) with Table (4). That is, if we suppose that
there exists o that belongs to Table (1) such that K + ag and K — aq are primes, then the question is: Will there be g gthat
belongs to Table (3) suchthat K + g = K+54+ay—1=K+4+apand K —ay=K+5—(awg—1) =K +6 —ag are
prime numbers?. Similar inductive process if ag belongs to Table (2).

Remark 2.3. If K — a and K + «a end in 3 where M = 2K, then K — a and K + o possess the represntations given in (9) and
(13), and if they possess integer solutions using the Remark 2.6 we have

VIO £3 7 VIOk 3 T
373 10- 7~ 10 10
or
VIOR+3 3 _, VIORF3 3, o
373 10 10 10

This is for the first representation of K — « given in (9).
We can obtain similar results if K + « has the possible representation given in (13).
Theorem 2.2. Let P = (10A + 9)(10B +9), (A, B) € N x N. There is K € (1,/2) such that:

1 K2
10449 = P~ 5%

con A < B.
Proof. Let’s define F'(z,y, z) = [In(10A4 + 9)]z + [In(10B + 9)]y + [InP]z. Thus

F(1,1,1) = In(10A 4 9) + In(10B + 9) + InP (20)
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Furthermore
KerF = {(=InP,0,In(10A+9)), (—In(10B+9),In(10A+9),0)}
Ker F+ = {(In(10A +9),In(10B 4 9),In P)}
Since
(1,1,1) = M(=InP,0,In(10A+9)) + X2(—in (10B +9),in(10A 4+ 9),0) +

As(in (104 +9),Iin(10B +9),InP)
From (20) and this last relation we have:
2ln P = \3[In*(10A + 9) + In?(10B + 9) + In*P] 1)

From the relation (21) we obtain:

1
In(10A+9) = ™ sin ® cos ¢
3

1
In(10B +9) = = sin @ sin 6§ (22)
3

1
InP=—{(cos®+1)
A3

From the relation (22) we obtain

d+1
cosf+sing = 22T _ (23)
sin ¢
Itis clear that § = 0(A, B,C), ® = ®(A, B, P), \3 = \3(A,B,P), K = K(A,B,P),0 € (0,%), o€ (0,m), 1< K < V2.
5—Te ot K?-1 2K
From (23) we get sinf = 1—1(2#’ cosf = M cosd = K27+1 sin® = m
Also from ((22)) we obtain
10B+9 sin @ (cos 0—sin 0)
+ - (cost¥—sin
= 'Y _ pcos®+1 24
10A+9 24
Using the values of cos 8 and sin 6 and the relation (23) we obtain in (24) the following:
(108 + 9) v2- K2
~—— “J_p K 25
(104 +9) (23)

From the relation (25) we have that for A < B and P = (10A + 9)(10B + 9) the following

1 2— K2

(10A+9) = P2~ 2r

Corollary 2.4. For, 0 < a = Y225 < 1 ywe have

1< P35 <

V6 +v2
o

Proof. We use Theorem (2.1) of [5] in which @ <A+B< % (\/13 — 9), and using this relation together with the value of

P1/2—a _ 1/24a _
PO S et
10 10
, we get the required value. O

Remark 2.4. Similar results are obtained for P = (10A + 1)(10B + 1), P = (10A + 7)(10B + 3), with (A, B) € N x N.

Remark 2.5. If we want a smaller bound for a we can use:
18 18
BN
A

<1396, A< B, A, BeNxN.

10B+9

Remark 2.6. 1 < —> "~
emar = 10449
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3 Some results on differential equations

We show below that with the technique proposed in [1], we can also solve equations such as:

Example 3.1. [3] Let us consider the Cauchy problem in the interval [0, ¢]

d’x dx ,
S5+ b0+ e(t)a(t) = y(0), 2(0) = ,2'(0) = B.
It is convenient to write it in the form of the system ‘fi—f —u(t) =0,
d
S b(u(t) + e(ha(t) = y(), 2(0) = a, u(0) = B. (26)

In order to solve (26) let us apply the Theorem (2.1).
Let F(z,y) = v (t)z + b(t)u(t)y, and assume that |u'(t)| < M, [b(t)] < Ma, |u(t)] < M3Vt € [0,£]. Then the operator
Fis bounded. Then ker F is closed. (Even though this is not necessary since every linear operator F' : R™ — R™ is bounded).
So, one has ker F = {(—b(t)u(t),u'(t))}, {ker F}+ = {(v/(t), —b(t)u(t))}

F(1,1) = u/'(t) + b(t)u(t) = f(t), where f(t) = y(t) — c(t)z(t) 27
Since
(L, 1) = M(=b(t)u(t),u' () + A2 (w' (), b(t)u(t)), (28)
then
F) = Xa(u(t) + b*(t)u’(1)). (29)

A parametrization satisfying (29) is

W) = AfQ ((tt)) sin(”?f) (30)
b(tyu(t) = 52(3) cos(”?f). 31)

From the relations (30) and (31) one gets

 1+sin2(%)

Aot s 32
From the relations (28) one gets
f(t)
Aa(t) = w2 (t) + u2(t)b2(t) (33)
From (32) and (33) one has
[W2(0) + OB )1+ sin2(5) = £20) (34)
From (30) and (31) one has
u'(t) mt
wh) b(t) tan(y) (35)
From (34) and (35) one has
70) = u(®)p(e) (1 + tan(75)). (36)

t

Therefore from (35) one gets that x(t) = o+ B/ eSO dr, where G(t) = g b(t) tan(Zt)dt, and in addition from (36) one has
0

that

t

y(t) — e (1 + tan 7)) = (a +2 /0 eG“)dT) c(t). (37)
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t
Remark 3.1. As a particular case, let us choose tan(%) = 1. With which, we rewrite (36) and (37) as:

F(t) = 2u(t)b(t).

t
z(t)=a+p e“dr
)
b(s)ds

G(t) = /

0

and

t
y(t) — 28eCWp(t) = (a + 5/ eG(t)dT) c(t), forall t € 10,1].
0

Remark 3.2. Considering the Observation 3.1, of the relations (30), (31), (32) we obtain:
t t)e(t t
YO g gy o OO _ 50

2 2

We illustrate via the ordinary linear differential equation
2/ (t) +2'(t) +z(t) =€, 2(0) ==, 2/(0) =

We observe that b(t) = c(t) = 1, y(t) = e! and so G(t) = t. Using (40) we have

2 1
t t
R — —7_|_
€ (& 3

3 (e' = 1), Vt €0,1].

W =

Therefore, the solution is x:(t) = %et.

991

(38)

(39)

(40)

(41)

Example 3.2. [4] Let D be a open region and bounded in the plane XY, 0D smooth boundary of D. Given a real function

f € L2, we would like to find a function u such that

—Au = finD
u = 0enD

Solution. Suppose there is a solution for our given differential equation.

d2
Let T(z,w) = <d12L
x

Therefore one has

d*u v d*u
dy?

d®u  d*u
T(1,1) :@—i_din =—f

v d?u Pu d?u
1 1 = _—  —— _—

Sfrom (43) it is clear that A1 = A1 (z,y), Ao = Aa(x,y). From the relations (42) and (43) one has
2u\’ 2u\’
_f = A g el
re () ()

B 9 d*u d*u
o =l 2)

Moreover

from (44) one has
d*u f 1 j/2f 5
@ = TataV T
IR -
dy? 2 2V 7

d2
> z+ ( u) w. Clearly T is continuous and ker T' = {<dy27 da:2> b, {ker T} = {<

P,
dz2’ dy? )

(42)

(43)

(44)

(45)
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where T(x,y) = —Xa(x,y). If u is of the class C?, then from (45) we have

Pu  dPu 2f
I (553 o

Due to the Green’s theorem one has that (46) imply
2
// \/—f — f2dzdy = 0.
D T

d’u  d*u f
@ ap @)

Then from (45) one has

Example 3.3. Let us consider the problem of finding the natural frequency and vibration modes of an extended membrane on a
bounded region D in R? and boundary 0D. The small amplitude periodic vibrations are described by the equation

Au+du = 0, enD, X>0.
u = 0,en dD.

Solution. Suppose there is a solution for our given differential equation.

Following the ideas of the example 3.2 one has that for u in the class C%;

Fu_
dz?2  dy? 2

(48)

As it is known a solution of (48) is given by

u(z,y) = (Acos \/§m+Bsin \/51‘) <gcos \/gy—l—ésin \/51/) . (49)

If one considers D = [—L, L] x [—L, L], then from the relation (49) one has that for f(z) = Acosv/Az + Bsinv/\z

f(L) = ACOS\/§L+BSin\/§LO (50)
f(=L) = ACOS\/gLBsin\/gLO. (51)

Ak
From (50) and (51) one has that A = 0. Therefore \/7 "

2 = T k € N. Analogously in (49) one has A=0. Thus, one has the

solution
k k
ug(z,y) = Ck (sin ZI) <sin Zy) , ke N. (52)

Due to the superposition principle one has
—+oo
krx kmy
= Ch | sin — in—=|.
u(z,y) ,}_1 & (sm 7 ) <sm 7 )

4 Conclusions

The Theorem 2.1 shows us the possible ways of writing an even number that ends in six, as the sum of two odd numbers and
conditions are established so that these odd numbers are prime. As a consequence, the Corollary ?? shows us that: if a number
M ending in six can be expressed as the sum of two odd prime numbers, then the prime numbers that are used to decompose
M + 10 they have a relationship with the prime numbers already used in M.

In the Theorem 2.2, making use of a suitable linear functional F' : R> — R we obtain natural number representations of the
form (10A 4+ 9), A € Nin order to obtain positive integer solutions of the quadratic equation (102 + 9)(10y 4+ 9) = P where P
is a natural number given that it ends one. And we also obtain lower bounds and upper bounds for the number A.
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In the Examples 3.1, 3.2, 3.3 the same technique that helped to obtain the initial results is used. Although it is true that the
first three steps of the technique are the same for all the results shown, from the fourth step on, other strategies must be sought to
solve the problems raised.

For future research, in Example 3.1, the given solution is only valid for some functions c(¢), b(t) and y(¢) we suggest looking
for a f(t) in (27) such that the ODE is solved for any c(t), b(t) and y(¢). It is worth noting that from the equation (47) it is
possible to obtain a strong solution for the proposed problem.

As a final conclusion we believe that the technique used can be used to solve problems related to number theory, some
ordinary and partial differential equations as we illustrate in this article.
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