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Abstract Approximation Theory is a branch of analysis
and applied mathematics requiring that the approximation
process preserves certain f-shaped properties defined at a
finite interval [a,b], such as convexity in all or parts of the
interval. The (Co)convex and Unconstrained Polynomial
(COCUNP) approximation is one of the key estimations of
the approximation theory that Kopotun has recently raised
for ten years. Numerous studies have been conducted on
modern methods of weighted approximation to construct the
best degree of approximation. In developing COCUNP a
novel technique, the Lebesgue Stieltjes integral-i technique
is used to resolve certain disadvantages, such as Riemann’s
integrable functions, which do not have the degree of the
best approximation in norm space. In order to achieve the
main goal, Derivation of New Degree (DOND) of the best
COCUNP approximation was constructions. The theoretical
results revealed that, in general, the new degrees of best
approximation were able to smaller errors compared to
the existing literature in the same estimating. In conclu-
sion, this study has successfully developed DOND for the
best (Co)convex Polynomial (COCP) weighted approximation.

Keywords Constrained and Unconstrained Approximation,
(Co)convex Polynomial Approximation, Lebesgue Stieltjes
Integral
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1 Introduction

The L, space is one of the most important and interesting
concepts in approximation theory. In other words, a large num-
ber of theorems of best approximation can be regarded depend
on L, space, so that a normed space is probably the most im-
portant kind of spaces in functional analysis, at least from the
field of approximation.

Definition 1.1. /1] The space L,(D,d.Z), 0 < p < oo, denotes

the space of all measurable functions f on D = [—1,1], such
1

that ||f ||, < oo, where ||f|, = (/1, |f(x)|”d£)? is norm for

p > 1, and quasi norm for 0 < p < 1. Also, ||f ||~ , which is

called the essential supremum of f, is defined by

[1f]leo = esssup £ (x)].
xeD
The following notation was introduced by [2]. For o, § € J,,,
letus denote J, = (1,0 if 0 < p < o, and J, = [0, ) if p = oo.

The following is definition of Lf,‘j,ﬁ and ]Lg’ﬁ spaces.

Definition 1.2. [2] Let wgg(x) = (1 +x)%(1 —x)P be the
(classical) Jacobi weight. Define

LOFP ={f:D—R: f7V € ACioe(~1,1), Ifllwepp =

W pf Oy < oo, and 1< p <o},
Lgﬁ = {f:]D) —R: Hf”oc.ﬁ,p = ||Woc7ﬁpr <oo,and 0< p Soo}’
and for convenience denote ]Lg:ﬁ = ]Lff’ﬁ .

The following is the definition of the knots of Chebyshev
partition.
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Remark 1.3. [3] The partition Ty = {1;}'_ , where

—cos(48);  if0<j<n,
ti=tin=4 —1; if j <0,
1; ifj>n,

andt;’s as the nots of Chebyshev partition and note thatt;, 1 <
Jj <N —1 are the extremum points of the Chebyshev polynomial
of the first kind of degree < n. If n > 1, the sett; =ty =
—cos(%), Jj=0,---.m is called the Chebyshev partition of
[—1,1].

We will use the following notations below which was de-
fined by [4]. Let 6 4 be a partition of [—1,1] which have at
least k intervals, that is,

0y =01 1]={x}lp={-1=x<--<xy_1<xy

Leti, 0 <i < ./ be a fixed, and denote j(i) = max{0,i —k+
1}, then we write

# X
2

#
X=X 41, X =Xj(i)42, and  x; € [x;i— 3

yXi+ ]g[xoax,/i/
(1)

and

0 = 1 — s
10 = _max  {xiv1—xi}

the length of the largest interval in that partition.

Let D = [—1,1] be measurable subset of R and P = {ID;} jey
be a family of finite subsets of ). We have Lebesgue par-
tition P of D, if ID; are measurable sets, U;enID; = D and
D;ND, =0, for j # 1. Now, the following definition is re-
ferred to as Lebesgue Stieltjes integral-i, a term that will be
used extensively throughout this paper.

Definition 1.4. [5] Let D be measurable set, f : 1D — R be a
bounded function, and £, : D — R be nondecreasing function
fori € N. For a Lebesgue partition P of D, put LS(f, P, £) =
Z?:l [Tien m; Zi(u(D;)) and LS(f, P, Z) = 7:1 [Tien M;
Zi(u(D;)) where p is a measure function of D, mj = inf{ f (x) :
xeD;}, Mj=sup{f(x): xeD;}, and £ =4, &, ---.
Also, Zi(xj) — Zi(xj-1) > 0, LS(f, P, Z) < LS(f, P,
)

Z), TienS;fdL = sup{LS(f, L)} and [lien [; f &L =
nf{TS(f, £)} where LS(f, ) = {LS(/, P, .£) : P part of
set D} and LS(f, £) = {LS(f, P, £) : P part of set D}. If
Mier J°f 42 = Tien [, £ L where &2 = d.2; x d.%, x
-+-. Then f is integral [; according to %, fori € N.

The class of all functions of Lebesgue Stieltjes integral-i is
defined as follows.

Let I be the class of all functions of Lebesgue Stieltjes
integral-i of f that satisfying Definition 1.4, i.e.,

Iy ={f: fis integrable function according to .%;, i € N}

~:q1 raz=T1] raz)

ieNZi ieN
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2 COCUNP and Auxiliary Results

In this section, we will mention the concepts COCP and Un-
constrained Polynomial (UNP). The definition of convex func-
tion was given as follows.

Definition 2.1. [6] A function [ : [a,b] — R is called convex
(or convex downward) in the interval [a,b] if

F(A=A)x+2y) < (1=2A)f(x) +Af(¥),
forallx,y € [a,b] and all A € [0,1].

Note that f : [a,h] — R is said to be concave if — f is convex.
Definition 2.1 is given in general abstract space. Since the real
line (or an interval) is a convex set the definition of CP simply
can be formulated as follows.

- 1}'Deﬁnition 2.2. A polynomial p,, is called convex in the interval

[a,b] if

Pa(Ax+(1=2)y) < Apn(x) + (1= A)pa(y),

] forallx,y € [a,b] and A € (0,1).

Next, we recall the definition of coconvex functions.

Definition 2.3. [7] Let D = [—1,1] and Yy = {y;}}_,, s € N be
a partition of D, that is, a collection of s fixed points y; such
that

Vo1 = =1 <y, <---<y1 <l =y,

and let A®)(Y,) be the set of continuous functions on I that
are convex downwards on the segment [y;1,y;i] if i is even and
convex upwards on the same segment if i is odd. The functions
from A (Yy) are called coconvex.

If the polynomial p, preserves the shape (or curve) of the
function f, it is then known as a constrained polynomial. Oth-
erwise, it is an unconstrained polynomial.

Definition 2.4. [8] Let f € AP\(Y,), for i € N, the symmetric
difference of f is denoted by

Mien J7fd%s s iff €,

0; otherwise.

Ul (f> X) = { ©)

Definition 2.5. [8] For o, € J, , r € N, and 0 < p < oo,
DP"(wq g) space defines as

D (wop) = {f: f €LIFP NIy and Ty (f,x) < oo},

and @p*o(waﬁ) = @p(wa’ﬁ).

Definition 2.6. [8] A weighted DTMS in <I>p’r(wa7ﬁ) is defined
by
@, (/7 116,51 D)wg p.p = sup {[Wec g 9" Tig (F7), )l 0 <

<61},
where ||0 || < 2(i"1), 4 >2.
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Theorem 2.7. [8] Lets,r € N,, 0 < p <ooand f € A?(¥,)n
D" (wq g). Let D be defined in Definition 1.4, such that |D| <
. for some &, € R™. Then,

(f (r+1)

w¢

P P04 D)y o < c(8) 0,

ir+1 HOJVH

D)Wa,BJ’

where the constant ¢ depend on 0.

3)

Theorem 2.8. [8] Lets,r e N, , o, €J, and 0 < p < oo, Let
P be a Lebesgue partition of D, and TTI be a Chebyshev parti-
tion with PNTy #0, 1 <n <r. If f € AP(¥, 5) PP (wg ),

then there is a constant ¢ depend on M and J; y such that

@y (5 110411 D)wg p.p < cllOs | "By, (FT

D)

’ ||6/V||7

Watn,p+n:P *

This study aims to complement the DOND of best COCUNP
approximation in our previous works to estimate the function,
but based on the Chebyshev partition and the Lebesgue parti-
tion. In addition, we aim to develop the degree of best cocon-
vex and unconstrained polynomial approximation of f, that has
one inflection point.

3 Main Results

This section introduces a new definition called the degrees
of best COCP and UNP weighted approximations of f of
A® (Ys) NP (wep).

Definition 3.1. Let f € AP)(Y, ;) N®P(wy g), for a,B € J), re-
spectively, the degrees of best (co)convex and unconstrained
polynomial weighted approximations of f are denoted by

G Wap YDy =i0t{[|f = pullap.p» Pn€ mNAD (X)NI

F e AP () NP (wep)}

and

En(f7 W(x,ﬁ)a.ﬁ,p = En(f)(x,ﬁ,p = inf{”f_PnHoc,ﬁ,p y Pn €Ty

Ny, f € AP (V) NP (wap)}-
We are starting with the following main result.

Theorem 3.2. Lets € N, Y; € Yy and f € AP (Y, $) NP7 (wo ).

Then, for 1 <n <, T,, Chebyshev partition and P Lebesgue
partition of D, we have

ED(f wap Yy < @ (FM 104, D)wgpp @)

where c is a constant depend on &, , N and ¢.
In particular, if PO T, # 0, then,

2 _n
&Y (fwap Xo)p <82 @l (/7 ]16.],D)

Yol gt P

®)
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Proof. We first prove our theorem by virtue of Lebesgue Stielt-
jes integral-i properties in Definition 1.4.
Note that Definition 3.1, implies that

E (FWap Yoy < Wap(f = )l

such that p, € m, NA®)(¥;) NI and the function f: D — R
belong to A2 (Y,) N®P (wy, 8> then, there exist £} : D — R are
nondecreasing functions and i € N. Thus, we have Lebesgue
partition P of ]P) Now, suppose that ffl is Chebyshev partition
such that DNT, #0and 1 <1 < r. Then,

O wap )y < Iwap H/ =M)A.
ieN
< (o) Mg ([T [ =)0
ieN
<o) MIwapo ([T [ rMao)l+
ieN
s 1 [, 920l

ieN
Now, by virtue of Theorems 2.7 and 2.8, we will put |D| < &,
and |¢| < &, then

(oW Ys)p < (80,1, 0) sup [we, 01T, (£

Therefore, (4) is proved.
If PN 17, # 0, by use proof of Theorem 2.8, then, we lead to
(5). O

),X)Hp-

The ensuing complements for Theorems 2.7 and 2.8 are
given follows.

Lemma 3.3. For any f € AP (Y,) NP’ (w,, B)» then

2)
ED(Fwap Y)p < c(8)B7 1 (FTD 16,41 D)g g -
(6)
In particular, if fn is Chebyshev partition and P is Lebesgue
partition of D,

2 -t
& (Fwap Yo)p < c(8:)]1 64|72
||9,/V||7D)wdﬁ,p
where 0. = o + ﬁ:ﬁ—&—"—ﬂandPﬂfn#@.

Proof. Let f € A®) (Y) N®P" (wy, ), then by Theorem 2.7, we
have

(f(flﬂ)

)

i—1,n+1

T]+1

67 (Fowap V) < @l (F1 16,1 D)

< c<so>w,-‘*il,,,+l<f<”+l>, 16411, D)o o -
Thus, (6) is proven.

Dlrectly from (4), if 1 7 replaced the , therefore,
L
D wap Xy < (@101 70) x @y (5,
‘|9:/VHaD)Wd,B7P )
ifo=a+11 and f =B+ 1 . O

Note that our main theorem and lemma can be extended for
the COCUNP as we discussed earlier in our previous papers
[8,9, 10, 11].
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4 Conclusions

In this work, the DOND for the best COCUNP weighted ap-
proximation was considered with the effect of the Chebyshev
and Lebesgue partitions. Cocovex functions space have been
used to convert Jackson type approximations into weighted ap-
proximations. The resultant approximations were converted by
employing the Lebesgue Stieltjes integral-i technique to prove
it. Also, we obtained the following: Suppose that ¥; € Y ,
o,s,n€Nand 6 #4.If f € A? (¥Y,) N PP (wq p), then,

& (Fwap:Ye)p < (&) xnoaf,, (f7, 6.4].D)

Wl
ats.B+5

and
2 - i
éon( )(fa W(X,ﬁaYS)P < C(an,n) xn Gwi‘iZn,iJrn (f( +TI)7 16.x1],

]D))Waﬁ P
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