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Abstract Let G be a simple graph of order n and let SpGq be the Seidel matrix of G, defined as SpGq � rsijs where
sij � �1 if the vertices vi and vj are adjacent and sij � 1 if the vertices vi and vj are not adjacent and sij � 0 if i � j. Let
DSpGq � diagpn� 2d1 � 1, n� 2d2 � 1, ..., n� 2dn � 1q be the diagonal matrix where di denotes the degree of the ith vertex
of G. The Seidel Laplacian matrix of a graph G is defined as SLpGq � DSpGq�SpGq and the Seidel signless Laplacian matrix
of a graph G is defined as SL�pGq � DSpGq � SpGq. The zero-divisor graph of a commutative ring R, denoted by Γ pRq,
is a simple undirected graph with all non-zero zero-divisors as vertices and two distinct vertices x, y are adjacent if and only if
xy � 0. In this paper, we find the Seidel polynomial and Seidel Laplacian polynomial of the join of two regular graphs using
the concept of schur complement and coronal of a square matrix. Also we describe the computation of the Seidel Laplacian
and Seidel signless Laplacian eigenvalues of the join of more than two regular graphs, using the well known Fiedler’s lemma
and apply these results to describe these eigenvalues for the zero-divisor graph on Zn. Further we find the Seidel Laplacian and
Seidel signless Laplacian spectrum of the zero-divisor graph of Zn for some values of n, say n � p3, p4, pq, p2q, where p, q are
distinct primes. We also prove that 0 is a simple Seidel Laplacian eigenvalue of Γ pZnq, for any n.

Keywords Seidel Laplacian Matrix, Zero-divisor Graph

1 Introduction
Throughout this paper, G denotes a simple, finite, undirected and connected graph. If G has n vertices, then the adjacency

matrix, ApGq � raijsn�n where, aij � 1 if vi � vj and aij � 0 otherwise. Van Lint and Seidel [1] introduced the Seidel

matrix of G, defined as SpGq � rsijs where, sij �

$'&'%
�1; ifvi � vj

1; ifvi � vj

0; otherwise

. Clearly, SpGq � J � I � 2ApGq. Also, if G denotes

the complement of a graph G, then SpGq � �SpGq. The Seidel spectrum of G is denoted by specSpGq. Let DSpGq �
diagpn � 2d1 � 1, n � 2d2 � 1, ..., n � 2dn � 1q be the diagonal matrix where di is the degree of the vertex vi. The Seidel
Laplacian matrix [2] of a graph G is defined as

SLpGq � DSpGq � SpGq
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and the Seidel signless Laplacian matrix of a graph G is defined as

SL�pGq � DSpGq � SpGq.
For a complete graph Kn,

SLpKnq � Jn � nIn

and
SL�pKnq � p2 � nqIn � Jn.

For a null graph, Kn,
SLpKnq � nIn � Jn

and
SL�pKnq � pn� 2qIn � Jn.

2 Basic definitions and notations
Let ΦpG;xq and SpecpGq denote the characteristic polynomial and the spectrum ofG respectively. ΦSLpG;xq and ΦSL�pG;xq

denote the Seidel Laplacian polynomial and Seidel signless Laplacian polynomial of a graph G. In this paper, 1n denotes the
all-one column vector of order n� 1, and φpnq is the number of positive integer less than n and relatively prime to n.

Definition 2.1. The join of two graphs G1 and G2; denoted by G1 5 G2, is obtained by joining each vertex of G1 to all the
vertices of G2.

Definition 2.2. [3] Let the vertices of a graphG be labeled as 1, 2, 3, ..., n and letH1, H2, ...,Hn be a collection of vertex disjoint
graphs. The generalized join of H1, H2, ...,Hn denoted by G rH1, H2, ...,Hns, is obtained by replacing each vertex i of G by
the graph Hi and inserting all or none of the possible edges between Hi and Hj accordingly if i and j are adjacent in G or not.

Definition 2.3. [4] The sum of the entries of the matrix pxI � Aq�1 is defined as the coronal of A, and is denoted by ΓApxq. It
can be seen that, ΓApxq � p1nqT .pxI �Aq�1.1n. We note that, if k is the sum of each row, then ΓApxq � n

x� k
.

I. Beck [5] initiated the idea of zero-divisor graph GpRq of a commutative ring R in connection with some coloring problems
and in 1999, Anderson and Livingston [6], modified the definition of zero-divisor graph as a simple graph Γ pRq where, only
nonzero zero-divisors of R are considered as vertices. The concept of compressed zero-divisor graph; determined by the equiva-
lence classes of the zero-divisors of R, was introduced by Mulay [7], with the purpose of simplifying the representation of Γ pRq
In [8, 9], the authors describe the adjacency matrix, eigenvalues and some graph parameters of the zero-divisor graphs Γ pZp2qq,
Γ pZp2q2q and Γ pZpkq. S. Chattopadhyay et.al [10], have explored the combinatorial structure of Γ pZnq as the generalized union
of its induced subgraphs. The combinatorial properties of the proper divisor graph on n have been investigated in [11]. It is very
interesting and challenging that the combinatorial and spectral properties of zero-divisor graphs can be studied in terms of its
compressed graph.

3 Fiedler’s Lemma and its generalisation
The Abel’s impossibility theorem implies that the algebraic determination of all the zeroes of a polynomial of degree greater

than or equal to five, is impossible in closed form. So, we need resort to the tools of Linear Algebra to explore the eigenvalues of
large matrices by means of its sub matrices. In this direction, the famous Fiedler’s lemma is very relevant to find the eigenvalues
of large symmetric matrices. In [12], H.S.Ramane et.al find the Seidel Laplacian polynomial of the join of two regular graphs.
In this section, we find the same in a fairly shorter method, by applying the following lemma and extend the result to the join of
more than two regular graphs.

3.1 Fiedlers’s Lemma
Lemma 3.1. [13] Consider two symmetric matricesAm�m andBn�n and let pαi,uiq,i � 1, 2, ...,m and pβi, viq, i � 1, 2, ..., n,

be the eigen pairs of A and B respectively, where }u1} = 1 = }v1}. For any arbitrary constant ρ, let the matrix pC =
�
α1 ρ
ρ β1

�
has eigenvalues γ1, γ2. Then, C =

�
A ρu1vT1

ρv1uT1 B

�
has eigenvalues α2, ..., αm, β2, ..., βn, γ1, γ2.

Lemma 3.2. [14] If G is a k- regular graph of order n, and k, λ2, ..., λn are the adjacency eigenvalues of G, then
θ1 � n� 2k � 1, θ2 � �1 � 2λ2, θ3 � �1 � 2λ3, ..., θn � �1 � 2λn are the Seidel eigenvalues of G.
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Theorem 3.1. Let Gi be ri regular of order ni, for i � 1, 2. Then the Seidel Laplacian polynomial of G1 5G2 is given by

ΦSLpG1 5G2;xq � xpx� n1 � n2q
px� n1qpx� n2q � ΦSLpG1;x� n2q � ΦSLpG2;x� n1q.

Proof. Let SpG1q and SpG2q denote the Seidel adjacency matrices of G1 and G2 respectively. Then, the Seidel Laplacian
matrices of G1 and G2 are given as follows.

SLpG1q � pn1 � 2r1 � 1qIn1
� SpG1q,

SLpG2q � pn2 � 2r2 � 1qIn2
� SpG2q.

Since G1 is regular, by Lemma 3.2, n1 � 2r1 � 1 is an eigenvalue of SpG1q with eigenvector 1n1
. Also, 1 is an eigenvalue of

In1
with eigenvector 1n1

. Thus, n1� 2r1� 1 is an eigenvalue of both SpG1q and pn1� 2r1� 1qIn1
with associated eigenvector

1n1 , which means that, 0 is an eigenvalue of SLpG1q with eigenvector 1n1 . Similarly, 0 is an eigenvalue of SLpG2q with
corresponding eigenvector 1n2 .

Clearly,

SLpG1 5G2q �
� pn1 � n2 � 2pr1 � n2q � 1qIn1

� S1 Jn1�n2

JTn1�n2
pn1 � n2 � 2pr2 � n1q � 1qIn2

� S2

�

�
�
SLpG1q � n2In1

Jn1�n2

JTn1�n2
SLpG2q � n1In2

�
.

Taking A � SLpG1q � n2In1 , B � SLpG2q � n1In2 α1 � �n2, β1 � �n1, u1 � 1?
n1

1n1 , u2 � 1?
n2

1n2 , ρ � ?
n1n2 and

applying Fiedler’s Lemma, it can be seen that

specpSLpG1 5G2qq � specpSLpG1q � n2In1qzt�n2u Y specpSLpG2q � n1In2qzt�n1u Y specĈ,

where the matrix Ĉ �
� �n2 ?

n1n2?
n1n2 �n1

�
. Clearly, specĈ � t0,�n1 � n2u. Thus,

ΦSLpG1 5G2;xq � xpx� n1 � n2q
px� n1qpx� n2q � ΦSLpG1;x� n2q � ΦSLpG2;x� n1q.

3.2 Generalization of Fiedler’s Lemma
Let Mj be an mj �mj symmetric matrix, with corresponding eigenpairs pαrj ,urjq, 1 ¤ r ¤ mj , where j P t1, 2, ..., ku .

Also, for q P t1, 2, ..., k � 1u and l P tq � 1, ..., ku, let ρq,l be arbitrary real numbers. Let pα be the k� tuplepα � pαi1,1, ..., αik,kq (1)

where each αij ,j is selected from the collection of tα1,j , ..., αmj ,ju where j P t1, 2, ..., ku. Taking pρ as a kpk�1q
2 - tuple of real

numbers, pρ � pρ1,2, ρ1,3, ..., ρ1,k, ρ2,3, ..., ρ2,k, ..., ρk�1,kq, (2)

consider the symmetric matrices
C

pαppρq � ���������

M1 ρ1,2ui1,1uTi2,2 ρ1,3ui1,1uTi3,3 . . . ρ1,kui1,1uTik,k
ρ1,2ui2,2uTi1,1 M2 ρ2,3ui2,2uTi3,3 . . . ρ2,kui2,2uTik,k
ρ1,3ui3,3uTi1,1 ρ2,3ui3,3uTi2,2 M3 . . . ρ3,kui3,3uTik,k

...
...

. . .
...

ρ1,k�1uik�1,k�1uTi1,1 ρ2,k�1uik�1,k�1uTi2,2 . . . Mk�1 ρk�1,kuik�1,k�1uTik,k
ρ1,kuik,kuTi1,1 ρ2,kuik,kuTi2,2 . . . . . . Mk

���������
, (3)

rC
pαppρq �

�������
αi1,1 ρ1,2 . . . ρ1,k�1 ρ1,k
ρ1,2 αi2,2 . . . ρ2,k�1 ρ2,k

...
...

. . .
...

...
ρ1,k�1 ρ2,k�1 . . . αik�1,k�1 ρk�1,k

ρ1,k ρ2,k . . . ρk�1,k αik,k

�������
k�k

. (4)
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Theorem 3.2. [15] For j P t1, 2, ..., ku, letMj , pρ, pα be as defined (1) and (2). Suppose that for each j, the system of eigen vectors

turj , r P Iju is orthonormal. Then the matrix C
pαppρq in (3) has the multi set of eigenvalues

��k
j�1tα1,j , ..., αmj ,juztαij ,ju

	
Y

tγ1, ..., γku, where γ1, γ2, ..., γk are eigenvalues of the matrix rC
pαppρq in (4).

The authors D.M. Cardoso et al [ 15] and Magi.P.M. et al [16] have used the above result to find distance related spectrum of
the generalized join of graphs.

4 Seidel Laplacian spectrum of the joined union of regular graphs
Consider G rH1, H2, ...,Hks, where the vertices of G are labeled as 1, 2, ..., k, and the Seidel matrix SpGq � rsijs. Let Hj

be rj- regular and |V pHjq| � nj , for every j � 1, 2, ..., k. Let SpHjq and SLpHjq denote the Seidel matrix and Seidel Laplacian
matrix of Hj , j � 1, 2, ..., k. The degree of each vertex of Hj , in the joined graph G rH1, H2, ...,Hks is rj �

°
i�j ni. Hence, if

Sj denotes the jth diagonal block in the Seidel Laplacian matrix of G rH1, H2, ...,Hks, then,

Sj �
�

ķ

i�1

ni � 2prj �
¸
j�i

niq � 1

�
Inj � SpHjq

� pnj � 2rj � 1qInj
� SpHjq �

�¸
j�i

ni �
¸
j�i

ni

�
Inj

� SLpHjq �
�

ķ

i�1

sijni

�
Inj

� SLpHjq � τjInj
.

where τj �
°k
i�1 sijni.

Thus, we see that, the Seidel Laplacian matrix of the G- union of H1, H2, ...,Hk is given by

SLpG rH1, H2, ...,Hksq �

�����
SLpH1q � τ1In1

�s1,2Jn1�n2
. . . �s1,kJn1�nk

�s1,2JTn1�n2
SLpH2q � τ2In2

. . . �s2,kJn2�nk

...
. . .

...
�s1,kJTn1�nk

�s2,kJTn2�nk
. . . SLpHkq � τkInk

����� (5)

where τj �
°k
i�1 sijni.

Remark 4.1. Since for a k-regular graph G of order n, SLpGq � pn � 2k � 1qIn � SpGq, from Lemma 3.2 it follows that,
SLpGq has an eigenvalue 0 with multiplicity at least 1. For example, the Seidel Laplacian spectrum of the cycle C4, which is 2-

regular is specSLpC4q �
"

0 �4
3 1

*
. However, the Seidel Laplacian matrix of complete graphs and null graphs (complement

of complete graphs) has an eigenvalue 0 with multiplicity 1.

Theorem 4.1. ConsiderG rH1, H2, ...,Hks and S � rsijsk�k is the Seidel matrix ofG andHj is rj- regular and |V pHjq| � nj ,
for every j � 1, 2, ..., k. Let tσSLj1 � 0, σSLj2 , ..., σ

SL
jnj

u be the Seidel Laplacian eigenvalues of Hj , for j � 1, 2, ..., k. Then,

specSLpG rH1, H2, ...,Hnsq �
�

k¤
j�1

nj¤
i�2

pσSLji � τjq
�
Y specpTSLpGqq,

where τj �
°k
i�1 sijni and

TSLpGq �

�����
τ1 �s1,2n2 . . . �s1,knk

�s1,2n1 τ2 . . . �s2,knk
...

...
. . .

...
�s1,kn1 �s2,kn2 . . . τk

����� .
Proof. SinceHj is regular, 0 is a Seidel Laplacian eigenvalue ofHj with eigenvector 1nj

, for every j. Thus from (5), it is evident
that each of the diagonal blocks SLpHjq � τjInj is a symmetric matrix which has τj as an eigenvalue with eigenvector 1nj ,
j � 1, 2, ..., k.
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As in (3), taking

Mj � SLpHjq � τjInj
, pαij ,j ,uij ,jq � pτj ,

1?
nj

1nj
q

and the real numbers
ρl,q � �slq?nlnq

for l P t1, 2, ..., k � 1u, q P tl � 1, ..., ku, and applying Theorem 3.2, we find that,

specSLpG rH1, H2, ...,Hnsq �
�

k¤
j�1

spec
�
SLpHjq � τjInj

� ztτju
�
Y specpprSqq (6)

where τj �
°k
i�1 sijni and rS �

�����
τ1 ρ1,2 . . . ρ1,k
ρ1,2 τ2 . . . ρ2,k

...
...

. . .
...

ρ1,k ρ2,k . . . τk

����� .
Obviously, ρl,q � �slq?nlnq �

#?
nlnq if lq PE(G)

�?nlnq if lq R E(G)
for l P t1, 2, ..., k � 1u, q P tl � 1, ..., ku.

Assign the weight nj � |V pHjq| to the vertex j ofG for j � 1, 2, ..., k and consider the matrixW which is a diagonal matrix
of vertex weights,

W �

�����
n1 0 . . . 0
0 n2 . . . 0
...

. . .
...

0 . . . . . . nk

����� .
Let TSLpGq be the combinatorial ( vertex weighted ) Seidel Laplacian matrix of G, given by

TSLpGq �

�����
τ1 �s1,2n2 . . . �s1,knk

�s1,2n1 τ2 . . . �s2,knk
...

...
. . .

...
�s1,kn1 �s2,kn2 . . . τk

����� . (7)

The vertex weighted combinatorial Laplacian matrix of graphs can be seen in [17]. It is easy to verify that TSLpGq �W� 1
2 rSW 1

2 .
Thus rS and TSLpGq are similar and hence specprSq � specpTSLpGqq. Hence from (6),

specSLpG rH1, H2, ...,Hnsq �
�

k¤
j�1

nj¤
i�2

pσSLji � τjq
�
Y specpTSLpGqqq. (8)

5 The zero-divisor graph Γ pZnq
The commutative ring Zp is an integral domain for any prime p and so it is quite trivial to study its zero-divisor graph. Hence

in the following sessions, it is assumed that n is not a prime. It is very relevant to note that Γ pZp2q is a complete graph on
p � 1 vertices. Also Γ pZ8q, Γ pZpqq are complete bipartite graphs. Using elementary number theory, the number of non zero
zero-divisors is calculated to be n� φpnq � 1 [9].

For distinct primes p1, p2, ..., pr, let n � pn1
1 � pn2

2 � � � pnr
r be the canonical decomposition of n. A proper divisor of n is a

positive divisor d such that d � n, 1   d   n. Let ppnq denote the number of proper divisors of n. Then, ppnq � σ0pnq � 2,
where σkpnq is the sum of k powers of all divisors of n, including n and 1.

Let Spdq � tk P Zn : gcdpk, nq � du. Then tSpd1q,Spd2q, ...,Spdppnqqu forms an equitable partition of V pΓ pZnqq Also,

|Spdiq| � φp n
di
q, for every i � 1, 2, ...ppnq. The following Lemmas are inevitable in the analysis of Γ pZnq.

Lemma 5.1. [10] Let ΓpSpdiqq denote the subgraph of Γ pZnq, induced by Spdiq for i � 1, 2, ..., ppnq. Then,

ΓpSpdiqq �
#
Kφp n

di
q if n � d2i

Kφp n
di
q if n � d2i

.
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Lemma 5.2. [10] Γ pZnq � ΥnrΓpSpd1qq,ΓpSpd2qq, ...,ΓpSpdppnqqqs.

The subgraph ΓpSpdiqq is regular for each i � 1, 2, ..., ppnq. For example, in Γ pZp3q, Sppq induces Kppp�1q and Spp2q
induces Kp�1. In Γ pZp2qq, Sppq,Spqq,Spp2q induce Kpp�1qpq�1q, Kppp�1q,Kq�1 respectively whereas Sppqq induces Kp�1.

The proper divisor graph, denoted by Υn plays a vital role in the analysis of Γ pZnq, the vertices of which are labeled as
d1, d2, ..., dppnq. See[11]. Also di � dj in Υn if and only if n divides the product didj . [10].

5.1 Seidel Laplacian spectrum of Γ pZnq

Theorem 5.1. If d1, d2, ..., dppnq are the proper divisors of n, then the Seidel Laplacian matrix of Γ pZnq is given by

SLpΓ pZnqq �

�������
S1 �s1,2Jφp n

d1
q�φp n

d2
q . . . �s1,ppnqJφp n

d1
q�φp n

dppnq
q

�s1,2JTφp n
d1
q�φp n

d2
q S2 . . . �s2,ppnqJφp n

d2
q�φp n

dppnq
q

...
...

. . .
...

�s1,ppnqJTφp n
d1
q�φp n

dppnq
q �s2,ppnqJTφp n

d2
q�φp n

dppnq
q . . . Sppnq

�������
where,

Sj �
$&%
�
φp ndj q �

°ppnq
i�1 sijφp ndi q

	
Iφp n

dj
q � Jφp n

dj
if n � d2j

Jφp ndj q �
�°ppnq

i�1 sijφp ndi q � φp ndj q
	
Iφp n

dj
q if n � d2j

and

sij �
#
�1 if n � didj
1 if n � didj

.

Proof. In the proper divisor graph Υn, the vertices di and dj are adjacent if and only if n � didj . Thus if S � rsijsppnq�ppnq
denotes the Seidel adjacency matrix of Υn, then

sij �
#
�1 if n � didj
1 if n � didj

.

By Lemma 5.2, Γ pZnq is the Υn - join of ΓpSpd1qq,ΓpSpd2qq, ...,ΓpSpdppnqqq. The induced subgraphs ΓpSpdjqq are either a
complete graph or a null graph on φp ndj q vertices.
By Lemma 5.1,

ΓpSpdjqq �
$&%Kφp n

dj
q if n � d2j

Kφp n
dj
q if n � d2j

.

The Seidel Laplacian matrix of Kn and Kn are given by

SLpKnq � Jn � nIn,

SLpKnq � nIn � Jn.

Thus, if Sj denotes the jth diagonal block in the Seidel Laplacian matrix of Γ pZnq, which corresponds to the vertices of ΓpSpdjqq,
then, Sj � SLpΓpSpdjqqq � τjIφp n

dj
q where, τj �

°ppnq
i�1 sijφp ndi q, from (5). Hence,

Sj �
$&%φp

n
dj
qIφp n

dj
q � Jφp n

dj
q � τjIφp n

dj
q if n � d2j

Jφp n
dj
q � φp ndj qIφp n

dj
q � τjIφp n

dj
q if n{d2j

.

Thus, the result follows from (5), taking G � Υn and Hj � ΓpSpdjqq.

Applying Theorem 4.1 and Theorem 5.1, we determine the Seidel Laplacian spectrum of Γ pZnq in the following corollary.

Corollary 5.1. Let d1, d2, ..., dppnq be the proper divisors of n. Then, Γ pZnq has Seidel Laplacian eigenvalues φp ndj q �°ppnq
i�1 sijφp ndi q with multiplicity φp ndj q � 1 corresponding to the divisors dj such that n � d2j and

°ppnq
i�1 sijφp ndi q � φp ndj q
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with multiplicity φp ndj q� 1 corresponding to the divisors dj such that n � d2j and the remaining Seidel Laplacian eigenvalues are
the eigenvalues of

TSLpGq �

������
τ1 �s1,2φp nd2 q . . . �s1,ppnqφp n

dppnq
q

�s1,2φp nd1 q τ2 . . . �s2,ppnqφp n
dppnq

q
...

...
. . .

...
�s1,ppnqφp nd1 q �s2,kφp nd2 q . . . τppnq

������ (9)

where τj �
°ppnq
i�1 sijφp ndi q, j � 1, 2, ..., ppnq.

Definition 5.1. [18] A matrix raijs is strictly diagonally dominant if in every row of the matrix, the magnitude of the diagonal
entry is strictly greater than the sum of the magnitudes of all other non-diagonal entries, that is if, |aii| ¡

°
j�i |aij |, for all i.

Theorem 5.2. (Levy- Desplanques, Theorem [18]) A strictly diagonally dominant matrix is non-singular.

Theorem 5.3. 0 ia a simple Seidel Laplacian eigenvalue of Γ pZnq, for any n.

Proof. First, we show that 0 is an eigenvalue of the matrix TSLpGq of multiplicity 1. For this, we prove that TSLpGq is singular
with nullity 1. Arrange the proper divisors of n in the ascending order, d1   d2   ...   dppnq. It is obvious that, φp nd1 q ¡
φp ndi q, i � 2, 3, ..., ppnq. We note that TSLpGq is a square matrix of size ppnq. Since, τj �

°ppnq
i�1 sijφp ndi q,

τj �
¸
i�j

�sijφp n
di
q � 0.

Hence it follows from (9), that the sum of each row of TSLpGq is zero. The first column of TSLpGq can be transformed to the
zero column on adding 2nd, 3rd, ..., ppnqth columns to it. Hence TSLpGq is singular which implies that 0 is an eigenvalue of
TSLpGq. To prove that the multiplicity is 1, it suffices to prove that the rank of TSLpGq is ppnq � 1. For this, consider the matrix
T obtained from TSLpGq by deleting the first row and first column of TSLpGq. Since

sij � �1, φp n
d1
q ¡ φp n

di
q, i � 2, 3, ..., ppnq ñ |τj | ¡

¸
i�j,i�1

|si,jφp n
di
q|.

Thus, T is strictly diagonally dominant. For example, consider the first row of T , say
rτ2,�s2,3φp nd3 q,�s2,4φp nd4 q, ...,�s2,ppnqφp n

dppnq
qs. Since, τ2 � s1,2φp nd1 q � s2,3φp nd3 q � ....� s2,ppnqφp n

dppnq
q, it follows that,

|τ2| ¡ |s2,3φp nd3 q| � ...� |s2,ppnqφp n
dppnq

q|.
Hence by Theorem 5.2, T is non-singular, and hence the rank of TSLpGq is ppnq � 1.

By Corollary 5.1, the remaining Seidel eigenvalues of Γ pZnq are φp ndj q �
°ppnq
i�1 sijφp ndi q and

°ppnq
i�1 sijφp ndi q � φp ndj q,

neither of which is zero. This proves the theorem.

Theorem 5.4. For distinct primes p and q, p   q, the Seidel Laplacian spectrum of Γ pZpqq is given by

SpecSLpΓ pZpqqq �
"

0 �pp� q � 2q p� q q � p
1 1 p� 2 q � 2

*
.

Proof. The proper divisors of pq are p and q. By Lemma 5.1 and Lemma 5.2, the zero-divisor graph Γ pZpqq is the join of
ΓpSppqq and ΓpSpqqq, where ΓpSppqq � Kq�1 and ΓpSpqqq � Kp�1. That is

Γ pZpqq � Kq�1 5Kp�1.

Clearly specSLpKq�1q �
"

0 q � 1
1 q � 2

*
and specSLpKp�1q �

"
0 p� 1
1 p� 2

*
. And the result follows from Theorem 3.1.

Theorem 5.5. For any prime p, the Seidel Laplacian spectrum of Γ pZp3q is

specSLpΓ pZp3qq �
"

0 1 � p2 p2 � 2p� 1
1 p� 1 p2 � p� 1

*
.

Proof. The proper divisors of p3 are p and p2. By lemma 5.1 it can be seen that the subgraphs of Γ pZp3q, induced by Sppq and
Spp2q are Kppp�1q and Kp�1 respectively. Also by Lemma 5.2,

Γ pZp3q � Kppp�1q 5Kp�1.
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specSLpKppp�1qq �
"

0 ppp� 1q
1 p2 � p� 1

*
,

specSLpKp�1q �
"

0 1 � p
1 p� 2

*
.

Hence, the result follows from Theorem 3.1.

Theorem 5.6. For any prime p, the Seidel Laplacian spectrum of the zero-divisor graph Γ pZp4q is

specSLpΓ pZp4qq �
"

0 1 � p3 p3 � 2p2 � 1 p3 � 2p� 1
1 p� 1 p2 � p� 1 p3 � p2

*
.

Proof. The divisors of p4 are p, p2, p3. The proper divisor graph of p4 is the path P3, in which p � p3 � p2. The subgraph
induced by Sppq is the null graph Kp2pp�1q, whereas the subgraphs induced by Spp2q and Spp3q are the complete graphs Kppp�1q
and Kp�1 respectively. It can be seen that,

Γ pZp4q � P3rKp2pp�1q,Kppp�1q,Kp�1s.
Applying Corollary 5.1, we see that, p3�2p�1, p3�2p2�1, 1�p3 are Seidel Laplacian eigenvalues of Γ pZp4qwith multiplicities
p3�p2�1, p2�p�1 and p�2 respectively. And the remaining three Seidel Laplacian eigenvalues of Γ pZp4q are the eigenvalues
of the matrix,

TSLpΥp4q �
�� p2 � 2p� 1 p� p2 p� 1
p2 � p3 p3 � p2 � p� 1 p� 1
p3 � p2 p2 � p p� p3

�� .
It can be seen that, the above matrix has three eigen values, λ1 � 0, λ2 � 1 � p3, λ3 � p3 � 2p� 1.

6 Seidel signless Laplacian spectrum of the join of regular graphs
We note that, each diagonal block in the Seidel signless Laplacian matrix of the join of two regular graphs is a symmetric

matrix which bears an eigenvalue with all-one vector as the corresponding eigenvector, which facilitates the use of Fiedler’s
Lemma in the investigation of its spectrum. Since the main theorems of this section are in the same frame work of Fiedlers
Lemma, we avoid repetition in proofs, except Theorem 6.1, where the concept of Schur complement and Coronal of a square
matrix are incorporated.

Lemma 6.1. [19] Let M,N,P,Q be matrices and let M be invertible. Let S �
�
M N
P Q

�
,

then detS � detM. detpQ� PM�1Nq.

Lemma 6.2. [4] Let A be an n� n matrix and Jn�n denote an all one matrix. Then,

detpxIn �A� αJn�nq � p1 � αΓApxqq.detpxIn �Aq,
where α is a real number.

Theorem 6.1. Let Gi be ri-regular graph of order ni, for i � 1, 2. The Seidel signless Laplacian polynomial of G1 5G2 is

Φ�SLpG1 5G2;xq � px� κ1qpx� κ2q � n1n2
px� κ1qpx� κ2q � Φ�SLpG1;x� n2q � Φ�SLpG2;x� n1q

where, κ1 � 2n1 � n2 � 4r1 � 2 and κ2 � 2n2 � n1 � 4r2 � 2.

Proof. Let SL�1 and SL�2 denote the Seidel signless Laplacian matrices of G1 and G2 respectively. Both SL�1 and SL�2 are
symmetric and it can be seen that their row sums are the constants 2pn1 � 2r1 � 1q and 2pn2 � 2r2 � 1q respectively. Also

SL�pG1 5G2q �
�
SL�1 � n2In1

�Jn1�n2

�JTn1�n2
SL�2 � n1In2

�

�
�

S1 �Jn1�n2

�JTn1�n2
S2

�
,
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where S1 � SL�1 � n2In1
and S2 � SL�2 � n1In2

. Both S1 and S2 are symmetric and it can be easily seen that their row sums
are the constants κ1 � 2pn1 � 2r1 � 1q � n2 and κ2 � 2pn2 � 2r2 � 1q � n1 respectively. Thus the coronal of S1 and S2 is
found to be ΓS1pxq �

n1
x� κ1

and ΓS2pxq �
n2

x� κ2
. Applying Lemma 6.2, and Lemma 6.1, it can be seen that

detpxI � SL�pG1 5G2qq � detpxI � S1q � detpxI � S2q � p1 � ΓS1
pxqΓS2

pxqq . (10)

where ΓS1
pxq � n1

x� pn1 � 2r1 � 1q and ΓS2
pxq � n2

x� pn2 � 2r2 � 1q .
Simplifying (10), we obtain the result.

As in section:4, Theorem 3.2 can be applied to find the Seidel signless Laplacian spectrum of the join of regular graphs.
Consider G rH1, H2, ...,Hks, where G is a simple connected graph with vertices labeled as 1, 2, ..., k with the Seidel matrix
SpGq � rsijs where sij � �1 if the vertices i and j are adjacent and sij � 1 if the vertices i and j are not adjacent and sij � 0
for the diagonal entries. Let Hj be rj- regular and |V pHjq| � nj , for every j � 1, 2, ..., k. Let SL�pHjq denote the Seidel
signless Laplacian matrix of Hj ,� 1, 2, ..., k.

SL�pG rH1, H2, ...,Hksq �

�����
SL�pH1q � τ1In1

s1,2Jn1�n2
. . . s1,kJn1�nk

s1,2J
T
n1�n2

SL�pH2q � τ2In2
. . . s2,kJn2�nk

...
. . .

...
s1,kJ

T
n1�nk

s2,kJ
T
n2�nk

. . . SL�pHkq � τkInk

����� (11)

where τj �
°k
i�1 sijni.

Theorem 6.2. Consider G rH1, H2, ...,Hks, where G is a simple connected graph with vertices labeled as 1, 2, ..., k and
S � rsijsk�k is the Seidel matrix of G and Hj is rj- regular and |V pHjq| � nj , for every j � 1, 2, ..., k. Let tσSL�j1 �
2pnj � 2rj � 1q, σSL�j2 , ..., σSL

�

jnj
u be the Seidel signless Laplacian eigenvalues of Hj , for j � 1, 2, ..., k. Then, the Seidel

signless Laplacian spectrum of the G-join of the graphs H1, H2, ...,Hk is given by,

specSL
�pG rH1, H2, ...,Hnsq �

�
k¤
j�1

nj¤
i�2

pσSL�ji � τjq
�
Y specpTSL�pGqq

where τj �
°k
i�1 sijni and

TSL�pGq �

�����
2pn1 � 2r1 � 1q � τ1 s1,2n2 . . . s1,knk

s1,2n1 2pn2 � 2r2 � 1q � τ2 . . . s2,knk
...

...
. . .

...
s1,kn1 s2,kn2 . . . 2pnk � 2rk � 1q � τk

�����
Proof. Since Hj is rj-regular, SL�pHjq � pnj � 2rj � 1qInj � pSpHjqq, where SpHjq is the Seidel matrix of Hj . By
lemma 3.2, nj � 2rj � 1 is a Seidel eigenvalue of Hj with corresponding eigenvector 1nj . Thus SL�pHjq has eigenvalue
2pnj � 2rj � 1q with corresponding eigenvector 1nj

, for every j � 1, 2, ..., k. Hence, as evident from (11), the jth diagonal
block of the Seidel signless Laplacian matrix of G rH1, H2, ...,Hns is the symmetric matrix SL�pHjq � τjInj

which has an
eigenvalue 2pnj � 2rj � 1q � τj with eigenvector 1nj

, for j � 1, 2, ..., k. Thus, taking

Mj � SL�pHjq � τjInj , pαij ,j ,uij ,jq � p2pnj � 2rj � 1q � τj ,
1?
nj

1nj q

and the real numbers
ρl,q � slq

?
nlnq

for l P t1, 2, ..., k � 1u, q P tl � 1, ..., ku, the result follows from Theorem 3.2.

Example 6.1. Consider the zero-divisor graph Γ pZp2qq, where p and q are distinct primes. The proper divisors of p2q are
d1 � p, d2 � q, d3 � p2, d4 � pq. The proper divisor graph of p2q is the path P4, where p � pq � p2 � q. The subgraphs
induced by Sppq,Spqq,Spp2q,Sppqq are Kpp�1qpq�1q,Kppp�1q,Kpq�1q and Kp�1 respectively. Hence,

Γ pZp2qq � P4rKpp�1qpq�1q,Kppp�1q,Kpq�1q,Kp�1s.
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Applying Theorem 6.2, we see that, the Seidel Laplacian spectrum of Γ pZp2qq is the multi set"
p2 � pq � 3p� 1 p2 � pq � p� 2q � 1 pq � p2 � p� 1 p2 � pq � p� 3

pq � p� q p2 � p� 1 q � 2 3 � p

*
together with the spectrum of the matrix,

TSL�pΥp2qq �����
p2 � 2pq � 4p� q p2 � p q � 1 1 � p
pp� 1qpq � 1q 2p2 � pq � 2p� 2q � 1 1 � q p� 1
pp� 1qpq � 1q p� p2 pq � p2 � p� q � 2 1 � p
�pp� 1qpq � 1q p2 � p 1 � q p2 � pq � 2p� 4

���� .

Conclusion
The induced subgraphs which are either cliques or null graphs, shape the combinatorial structure of the zero divisor graph on

the ring Zn. The all-one matrix blocks constituting the matrix described in this paper, facilitates the use of Fiedler’s lemma in
the computation of the spectrum.
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