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Siditë Duraj1, Eriola Sila 2,∗, Elida Hoxha2

1Department of Mathematics, Faculty of Natural Sciences, University of Shkodra, Albania 
2Department of Mathematics, Faculty of Natural Sciences, University of Tirana, Albania 

Received June 23, 2021; Revised October 11, 2021; Accepted October 21, 2021

Cite This Paper in the following Citation Styles
(a): [1] Siditë Duraj, Eriola Sila, Elida Hoxha, ”Some New Results on Equivalent Cauchy Sequences and Their Applications to Meir-Keeler Contraction in

Partial Rectangular Metric Space,” Mathematics and Statistics, Vol.9, No.6, pp. 908-916, 2021. DOI: 10.13189/ms.2021.090606
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Abstract The study of fixed points in the metric spaces
plays a crucial role in the development of Functional Analy-
sis. It is evolved by generalizing the metric space or improv-
ing the contractive conditions. Recently, the partial rectangular
metric space and its topology have been the center of study for
many researchers. They have defined open and closed balls the
equivalent Cauchy sequences and Cauchy sequences, conver-
gent sequences which are used as tools in many achieved re-
sults. In this paper, two facts for equivalent Cauchy sequences
in a partial rectangular metric space are provided by using an
ultra - altering distance function. Furthermore, some results
of Cauchy sequences in a partial rectangular metric space are
highlighted. There is proved that under some conditions the
equivalent Cauchy sequences are Cauchy sequences in a par-
tial rectangular metric space. Some fixed point results have
been taken as applications of our new conditions of Cauchy
sequences and equivalent Cauchy sequences in a partial rect-
angular metric space (X, p) for orbitally continuous functions
f : X → X . To illustrate the obtained results some examples
are given.
Keywords Partial Rectangular Metric Space, Equivalent
Cauchy Sequences, Cauchy Sequences, Fixed Point

1 Introduction

The theory of the fixed point depends on either generaliz-
ing the metric type space or the contractive type mapping [1].

Firstly, the generalization of a metric space is based on re-
ducing or modifying the metric axioms, for example, quasi-
metrics, b-metrics, partial metrics, rectangular metrics, etc.,
[2], [3], [4], [5].

Secondly, many researchers have generalized Banach’s con-
traction principle in metric spaces and so in the generalized
metric spaces [6], [7], [8].

In [9] Matthew introduced a new abstract space called partial
metric space. The partial metric space is a generalization of
the usual metric spaces in which the distance of a point from
itself may not be zero. In these spaces, related to the theory
of fixed point many authors have given their contribution such
as Došenović and Radenović [10], Radenović [11], Kirk and
Shahzad [1].

Another researcher Branciari [12] introduced a generalized
metric, which is called a rectangular metric by replacing trian-
gular inequality with similar one which involves four or more
points instead of three points.

In addition, interesting results in rectangular metric space
are obtained by Hiu Sheng Ding et.al [13], George et.al [14].
Recently Shulka in [15] generalized the concept of rectangular
metric space and extended the concept of partial metric space
by introducing the partial rectangular metric space.

The concept of Cauchy sequences and equivalent Cauchy
sequences are very important in functional analysis and espe-
cially in fixed point theory.

In 1983 Leader [16] obtained a sufficient and necessary con-
dition as a characterization of equivalent Cauchy sequences.

In [17] and [18], are proved some conditions for equiva-
lent Cauchy sequences and Cauchy sequences in partial metric
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spaces.
This research shows some new conditions for equivalent

Cauchy sequences, some new results for Cauchy sequences in
partial rectangular metric spaces. Furthermore, as applications
of these results, we prove a fixed point theorem in partial rect-
angular metric spaces.

2 Preliminaries
For convenience we commence with the following defini-

tions, lemmas and theorems.

Definition 2.1. [13] Let X be a non-empty set and d : X ×
X → R be a function. The pair (X, d) is called a rectangular
metric space if the following conditions are held for all x, y ∈
X .

1. d(x, y) ≥ 0 and d(x, y) = 0 if and only if x = y;

2. d(x, y) = d(y, x);

3. d(x, y) ≤ d(x, u) + d(u, v) + d(v, y) for all distinct
points u, v ∈ X \ {x, y}.

Definition 2.2. [19] Let (X, d) be a rectangular metric space.

1. A sequence {xn} is called convergent to a point x ∈ X if
lim

n→+∞
d(xn, x) = 0, written lim

n→+∞
xn = x or xn → x;

2. A sequence {xn} is called Cauchy sequence if

lim
n,m→+∞

d(xn, xm) = 0;

3. (X, d) is called complete if each Cauchy sequence {xn}
converges in X .

Definition 2.3. [15] Let X be a non-empty set and p : X ×
X → R be a function. The function p is called a partial metric
on X if for all x, y ∈ X , the following conditions hold:

1. p(x, y) ≥ 0;

2. x = y if and only if p(x, x) = p(x, y) = p(y, y);

3. p(x, x) ≤ p(x, y);

4. p(x, y) = p(y, x);

5. p(x, y) ≤ p(x, z) + p(z, y)− p(z, z).

A partial metric space is a pair (X, p) such that X is a non-
empty set and p is a partial metric on X .

Definition 2.4. [19] Let X be a non-empty set and p : X ×
X → R be a function. Then p is called a partial rectangular
metric on X if the following condition hold for all x, y ∈ X .

1. p(x, y) ≥ 0;

2. x = y if and only if p(x, x) = p(x, y) = p(y, y);

3. p(x, x) ≤ p(x, y);

4. p(x, y) = p(y, x);

5. p(x, y) ≤ p(x, u) + p(u, v) + p(v, y)− p(u, u)− p(v, v)
for all distinct points u, v ∈ X \ {x, y}.

The pair (X, p) is called a partial rectangular metric space.

Definition 2.5. Let (X, p) be a partial rectangular metric
space.

1. A subset A ⊂ X in a p−rectang partial rectangular met-
ric space is bounded if there exists M > 0 such that
p(x, y) ≤M for every x, y ∈ A.

2. If A is a bounded subset of X , then the diameter of A is
denote by δ(A), where δ(A) = sup{p(x, y)|x, y ∈ A}.

Definition 2.6. [19] Let (X, p) be a partial rectangular metric
space.

1. A sequence {xn} is called convergent to a point x ∈ X
if lim
n→+∞

p(xn, x) = p(x, x), written as lim
n→+∞

xn = x or
xn → x.

2. A sequence is called Cauchy if lim
n,m→+∞

p(xn, xm) exists

and it is finite.

3. (X, p) is called complete if for each Cauchy se-
quence {xn}, there exists x ∈ X such that

lim
n,m→+∞

p(xn, xm) = lim
n→+∞

p(xn, x) = p(x, x).

Definition 2.7. [15] Let (X, p) be a partial rectangular metric
space.

1. The sequence {xn} is called 0-Cauchy sequence in (X, p)
if lim
n,m→+∞

p(xn, xm) = 0.

2. (X, p) is called 0-complete if for each 0-Cauchy se-
quence {xn} in X , there exists x ∈ X such that

lim
n,m→+∞

p(xn, xm) = lim
n→+∞

p(xn, x) = p(x, x) = 0.

Lemma 2.8. [15] Let (X, p) be a partial rectangular metric
space.

1. If (X, p) is complete, then it is 0-complete.

2. If xn 6= x, yn 6= y, xn 6= yn for all n ∈ N and
lim

n→+∞
xn = x, lim

n→+∞
yn = y, p(x, x) = p(y, y) = 0,

then lim
n→+∞

p(xn, yn) = p(x, y).

Note that every rectangular metric space is a partial rectan-
gular metric space. The converse of this fact does not hold.
However, in [15] was shown that every partial rectangular met-
ric space induces a rectangular metric space.

Theorem 2.9. [15] Let (X, p) be a partial rectangular metric
space and

pr(x, y) = 2p(x, y)− p(x, x)− p(y, y)

for all x, y ∈ X . Then, it yields:
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1. (X, pr) is a rectangular metric space.

2. The sequence {xn} converges in x in (X, p) if and only if
{xn} converges in x in (X, pr).

3. The sequence {xn} is Cauchy in (X, p) if and only if {xn}
is Cauchy in (X, pr).

Definition 2.10. [19] The sequences {xn} and {yn} in
a rectangular metric space (X, d) are called equivalent if

lim
n→+∞

d(xn, yn) = 0.

Definition 2.11. [19] The sequences {xn} and {yn} in a par-
tial rectangular metric space (X, p) are called equivalent if

lim
n→+∞

p(xn, yn) exists and it is finite.

Definition 2.12. [19] The sequences {xn} and {yn} in a par-
tial rectangular metric space (X, p) (rectangular metric space
(X, d)) are equivalent Cauchy if they are Cauchy and equiva-
lent in (X, p) ((X, d)).

In [20] is given the following Lemma.

Lemma 2.13. Let (X, p) be a partial metric space. A sequence
{xn} is a Cauchy sequence in partial metric space (X, p) if
and only if it accomplishes the following condition:
For each ε > 0, there exists n0 ∈ N such that p(xn, xm) −
p(xn, xn) < ε whenever n0 < n < m.

In [21] are defined the altering distance between the points
as the following definition.

Definition 2.14. A function ϕ : R+ → R+ is called an altering
distance function if:

1. ϕ is continuous and non-decreasing.

2. ϕ(t) = 0 if and only if t = 0.

3. ϕ(t) > Mtµ for every t > 0, where M > 0, µ > 0 are
constants.

Definition 2.15. A function ϕ : R+ → R+ is called an ultra-
altering distance function if:

1. ϕ is non-decreasing;

2. ϕ(t) > 0 if t > 0 and ϕ(0) = 0;

3. ϕ(t) < t, for every t ∈ R+.

The set of ultra-altering distance functions is denoted by Φ.

3 Main Results
Let (X, p) be a partial rectangular metric space and (X, pr)

the rectangular metric space induced by (X, p).

Lemma 3.1. Let (X, p) be a partial rectangular metric space.
A sequence {xn} is a Cauchy sequence in partial rectangu-
lar metric space (X, p), if and only if it satisfies the following
condition:

For each ε > 0, there is n0 ∈ N such that

p(xn, xm)− p(xn, xn) < ε, whenever n0 < n < m (*)

The proof of the Theorem is similarly with Lemma 1.9 in
[20].

Theorem 3.2. If the sequences {xn} and {yn} are equivalent
Cauchy in (X, pr), then they are equivalent Cauchy in (X, p).

Proof: Since (xn) and (yn) are equivalent Cauchy in
(X, pr), there is that lim

n→∞
pr(xn, yn) = 0.

From the above result, it is

lim
n→+∞

pr(xn, yn) =

= lim
n→+∞

(2p(xn, yn)− p(xn, xn)− p(yn, yn)) = 0 (3.1)

Since p(xn, xn) ≤ p(xn, yn) and p(yn, yn) ≤ p(xn, yn), it
results

lim
n→+∞

(p(xn, yn)− p(xn, xn)) = 0

and
lim

n→+∞
(p(xn, yn)− p(yn, yn)) = 0 (3.2)

By theorem 2.9, since the sequences (xn) and (yn) are
Cauchy in (X, pr), they are Cauchy and in (X, p).

Let prove that they are and equivalent in (X, p).
By the lemma 3.1, since (xn) and (yn) are Cauchy in (X, p),

they satisfy the condition (*). So, in the same way as in
the proof of lemma 1.9 in [2], we can proof that sequences
{p(xn, xn)} and {p(yn, yn)} converge according to Euclidean
metric on R+.

Define lim
n→+∞

p(xn, xn) = a and lim
n→+∞

p(yn, yn) = b.

Note that |p (x, x)− p (y, y)| ≤ pr (x, y) for all x, y ∈ X .
Thus, for x = xn and y = yn

|p (xn, xn)− p (yn, yn)| ≤ pr (xn, yn)

By the equivalence of the sequences (xn) and (yn) in (X, pr),
we have lim

n→+∞
pr (xn, yn) = 0 and so

lim
n→+∞

p(xn, xn) = lim
n→+∞

p(yn, yn) = a = b. (3.3)

From (3.2) and (3.3), we have

lim
n→+∞

p(xn, yn) = lim
n→+∞

p(xn, xn) = lim
n→+∞

p(yn, yn) = a

So, the sequences (xn) and (yn) are equivalent in (X, p). Since
they are Cauchy sequences in (X, p), we conclude that se-
quences (xn) and (yn) are equivalent Cauchy in (X, p). �
The following Example shows that the converse of Theorem
3.2 does not hold.

Example 3.3. Let X = [0, a] and b ≥ a ≥ 3 and

p(x, y) =


x, x = y;
3b+x+y

2 , x, y ∈ {1, 2}, x 6= y;
b+x+y

2 , otherwise

Then p is a partial rectangular metric but not a partial metric
by [19].
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Take the sequences xn = 1 for n > 1 and yn = 1 + 1
n for

n > 2.
These sequences are Cauchy, because p(xn, xm) =

p(1, 1) = 1 and

p(yn, ym) =
b+ yn + ym

2
=

=
b

2
+

1

2
+

1

2n
+

1

2
+

1

2m
→ b

2
+ 1,

(n,m→ +∞)

In addition, they are equivalent Cauchy in (X, p) because

lim
n→+∞

p(xn, yn) = lim
n→+∞

(
b

2
+

1

2
+

1

2
+

1

2n

)
=
b

2
+ 1

Even though the sequences {xn} and {yn} are Cauchy in
(X, pr), by definition 2.10, they are not equivalent Cauchy in
(X, pr) because

lim
n→+∞

p(xn, xn) = 1,

lim
n→+∞

p(yn, yn) = lim
n→+∞

(
b

2
+

1

2
+

1

2n
+

1

2
+

1

2n

)
=

b

2
+ 1

and

lim
n→+∞

pr(xn, yn) = lim
n→+∞

[2p(xn, yn)− p(xn, xn)− p(yn, yn)]

= lim
n→+∞

[
2p

(
1, 1 +

1

n

)
− p(1, 1)− p

(
1 +

1

n
, 1 +

1

n

)]
= b 6= 0

Remark 3.4. If the sequences {xn} and {yn} are equivalent
Cauchy in partial rectangular metric space (X, p), and

lim
n→+∞

p(xn, xn) = lim
n→+∞

p(yn, yn) = lim
n→+∞

p(xn, yn)

then the sequences {xn} and {yn} are equivalent Cauchy in
(X, pr).

Let {xn} and {yn} be two sequences in the partial rectangu-
lar metric space (X, p).

Define δi,j = sup{p(xn, xn), p(ym, ym), p(xn, ym)|n ≥
i,m ≥ j}.

Theorem 3.5. If {xn} and {yn} are two bounded sequences
in the partial rectangular metric space (X, p), where

lim
n→+∞

p(xn, xn+1) = lim
n→+∞

p(yn, yn+1) = 0

and satisfy one of the following conditions:

1. For each ε > 0, there exist δ > 0, r ∈ N and ε0 ∈ (0, ε)
such that

ϕ(δi,j) ≤ ε+ δ

implies
p(xi+r, yj+r) ≤ ε0,

where ϕ ∈ Φ and i, j ∈ N.

2. For each ε > 0, there exist δ > 0, r ∈ N such that

ε ≤ ψ(δi,j)− ϕ(δi,j) < ε+ δ

implies
ψ(δi+r,j+r) < ε

where ϕ,ψ ∈ Φ, ψ is continuous, ϕ is lower semi contin-
uous function and i, j ∈ N,

then they are equivalent Cauchy.

Proof. Firstly, let prove theorem when the first condition is
hold.
Let {xn} and {yn} be two bounded sequences in the partial
rectangular metric space (X, p). Define

an = δn,n = sup{p(xi, xi), p(yi, yi), p(xi, yj)|i ≥ n, j ≥ n}
< +∞

since the sequence {xn} and {yn} are bounded.
The sequence {an} is decreasing and positive. Hence, it

converges and

lim
n→+∞

an = inf{an|n ∈ N} = a ≥ 0

Now we prove a = 0. Suppose that a > 0. From the condition
1), for ε = a, there is δ > 0, r ∈ N, ε0 ∈ (0, a) such that
ϕ(δi,j) ≤ a + δ implies p(xi+r, yj+r) ≤ ε0 < a, whenever
i, j ∈ N.

For this δ > 0 and also from the fact that a = inf{an|n ∈
N}, there exists P ∈ N such that for n > P, we have an <
a+ δ.

For i ≥ P, j ≥ P , we have δi,j ≤ δp,p = ap < a+ δ.
For i ≥ P, j ≥ P , by the properties of function ϕ and con-

dition 1), we have

ϕ(δi,j) ≤ ϕ(a+ δ) < a+ δ,

implies
p(xi+r, yj+r) ≤ ε0 < a

But, it is obvious that k = i + r ≥ P + r > P , l = j + r ≥
P + r > P and p(xk, yl) ≤ ε0 < a. So,

ap = δP,P = sup{p(xk, xk), p(yl, yl), p(xk, yl)|k ≥ P, l ≥ P}
≤ ε0 < a = inf{an|n ∈ N}

which is a contradiction. Thus a = 0.
Since 0 ≤ p(xn, yn) ≤ an and lim

n→+∞
an = 0 hold, then

lim
n→+∞

p(xn, yn) = 0 (3.4)

which shows that the sequences {xn} and {yn} are equivalent
in (X, p).

Now we notice that sequences {xn} and {yn} are Cauchy in
(X, p).

For every i, j ∈ N, 0 ≤ p(xi, yj) ≤ amin{i,j} and conse-
quently it is implied

lim
i,j→+∞

p(xi, yj) = 0 (3.5)
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Since p(xn, xn) ≤ p(xn, yn), p(yn, yn) ≤ p(xn, yn) and
lim

n→+∞
p(xn, yn) = 0, then

lim
n→+∞

p(xn, xn) = 0 and lim
n→+∞

p(yn, yn) = 0 (3.6)

If for every n ∈ N, xn = xn+1 then the sequence {xn}n∈N
is constant. Consequently, xn = x for each n ∈ N and

lim
n,m→+∞

p(xn, xm) = p(x, x).

Since lim
n→+∞

p(xn, xn) = 0 = p(x, x) =

lim
n,m→+∞

p(xn, xm), the sequence {xn}n∈N is Cauchy.

Using the same method, it can be proved that if for every
n ∈ N, yn = yn+1, then the sequence {yn}n∈N is Cauchy.

If the sequences {xn}n∈N and {yn}n∈N are not constant,
then for k ∈ N, there exits n > k such that xn 6= xn+1 and
yn 6= yn+1.

As a result, for n > k,m ∈ N

p(xn, xm) ≤ p(xn, yn) + p(yn, yn+1) + p(yn+1, xm)

− p(yn, yn)− p(yn+1, yn+1)

p(yn, ym) ≤ p(yn, xn) + p(xn, xn+1) + p(xn+1, ym)

− p(xn, xn)− p(xn+1, xn+1)

By (3.4), (3.5), (3.6) and the condition in theorem, we have

lim
m,n→+∞

p(xn, xm) = 0 and lim
m,n→+∞

p(yn, ym) = 0

Consequently, the sequences {xn} and {yn} are Cauchy in
(X, p). �

Secondly, we prove the theorem when the second condi-
tion is hold. Let {xn}, {yn} be two bounded sequences ne
(X, p). Using the same method as we prove the theorem
for condition 1), is proved that the sequence {an} is con-
vergent and lim

n→+∞
an = a ≥ 0, where an = δn,n =

sup{p(xi, xi), p(yj , yj), p(xi, yj)|i ≥ n, j ≥ n} < +∞.
Let us show a = 0. Suppose that a > 0. From the condition

2), we have for ε = a > 0, there exist δ > 0, r ∈ N such that
a < ψ(δi,j)− ϕ(δi,j) ≤ a+ δ ⇒ ψ(δi+r,j+r) < a, whenever
i, j ∈ N. Then for i, j ∈ N,

ψ(δi+r,j+r) < a < ψ(δi,j)− ϕ(δi,j) ≤ a+ δ (3.7)

Since lim
n→+∞

an = lim
n→+∞

δn,n = a, we have that for ev-

ery i, j ∈ N, δmax{i,j} ≤ δi,j ≤ δmin{i,j}. Knowing
that lim

n→+∞
δmax{i,j} = lim

n→+∞
δmin{i,j} = a, we have that

lim
n→+∞

δi,j = a.

Now it is clear that lim
i,j→+∞

δi,j = a. So, for r ∈ N even

lim
i,j→+∞

δi+r,j+r = a.

From the continuity of the function ψ, and from the lower
semi continuity of the function ϕ taking the limit in (3.7) we
have ψ(a) ≤ ψ(a) − ϕ(a). Thus ϕ(a) = 0 and from the
properties of the function ϕ, we have a = 0. So, lim

n→+∞
an =

lim
n→+∞

δn,n = 0. Hence lim
n→+∞

p(xn, yn) = 0. Consequently

{xn} and {yn} are equivalent. �

Using the same method in the proof of theorem for condition
1) {xn} and {yn} are Cauchy in (X, p).

Remark 3.6. Fulfilling the conditions 1) and 2) ensures that
{xn} and {yn} are equivalent. Adding the condition that

lim
n→+∞

p(xn, xn+1) = 0 and lim
n→+∞

p(yn, yn+1) = 0, there

is assured that {xn} and {yn} are Cauchy.

Remark 3.7. The proof of theorem 3.5, emphases that if the
sequences {xn} and {yn} fulfill the conditions of the theorem
they are 0−equivalent and 0−Cauchy.

Remark 3.8. Generally, the converse of the theorem is not
true. This means that there exist equivalent Cauchy sequences
in (X, p), which cannot fulfill any of the conditions in the the-
orem. This can be seen in example 3.3. There is shown that
the sequences xn = 1 and yn = 1 + 1

n , for n ≥ 2 are
equivalent Cauchy in (X, p). On the other hand, these se-
quences do not satisfy any of conditions 1) and 2), because
otherwise lim

n→+∞
p(xn, yn) = 0, while lim

n→+∞
p(xn, yn) =

b 6= 0. Similarly, these sequences do not accomplish even
the condition 2). lim

n→+∞
p(xn, xn+1) = lim

n→+∞
p(yn, yn+1) =

0 , while lim
n→+∞

p(xn, xn+1) = p(1, 1) = 1 6= 0 and

lim
n→+∞

p(yn, yn+1) = b
2 + 1 6= 0.

Remark 3.9. The conditions 1 and 2 of theorem 3.5, do not im-
ply that the sequences {xn, }n∈N and {yn, }n∈N are bounded.

Indeed. For every pair of sequences {xn, }n∈N and
{yn, }n∈N such that δi,j = +∞, the condition 1 and 2 of
theorem 3.5 are completed because for each ε > 0, for ev-
ery choice of δ > 0, r ∈ N, ε0 ∈]0, ε[, there do not exists any
pair i, j ∈ N, such that ϕ(δi,j) < δi,j ≤ ε+ δ or

ε ≤ ψ(δi,j)− ϕ(δi,j) ≤ ψ(δi,j) < δi,j < ε+ δ

Let {xn} be a sequence in a partial rectangular metric space
(X, p). Define

δi,j = max{p(xn, xn), p(xn, xm)|n ≥ i,m ≥ j}

for i, j ∈ N.

Theorem 3.10. If the sequence {xn} in a partial rectangular
metric space (X, p) is bounded, where lim

n→+∞
p(xn, xn+1) =

a and it satisfies one of the following conditions:

1. For each ε > 0, there is a δ > 0, r ∈ N and ε0 ∈ (0, ε)
such that

ϕ(δi,j) ≤ ε+ δ implies p(xi+r, xj+r) ≤ ε0

where ϕ ∈ Φ and i, j ∈ N.

2. For each ε > 0, there exist δ > 0, r ∈ N, such that

ε ≤ ψ(δi,j)−ϕ(δi,j) < ε+δ implies ψ(δi+r,j+r) < ε

where ϕ,ψ ∈ Φ, ψ is continuous, ϕ is lower semi contin-
uous function and i, j ∈ N,

then it is a Cauchy sequence.
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Proof. Substituting yj = xj in theorem 3.5 we can prove the
theorem and that

lim
n→+∞

p(xn, xm) = lim
n→+∞

p(xn, xn) = 0

. �

Remark 3.11. The converse of theorem 3.10 is not true. This
means that there exist Cauchy sequences in (X, p), which can-
not fulfill none of the conditions of theorem 3.5. As example,
we can see again the sequence xn = 1 + 1

n for n ≥ 2 in the
space (X, p) of the example 3.3 in which is shown that the se-
quence {xn} is a Cauchy sequence in (X, p).

But, this sequence cannot satisfy any of conditions 1) and 2)
because otherwise

lim
n→+∞

p(xn, xm) = lim
n→+∞

p(xn, xn) = 0

while

lim
n→+∞

p(xn, xm) = lim
n→+∞

p(xn, xn) =
b

2
+ 1 6= 0

4 Fixed point theorem in a partial rect-
angular metric space

Meir and Keeler [22] have given the following theorem on
fixed points for a contractive function in metric space.

Theorem 4.1. [22] Let (X, d) be a metric space and T : X →
X a function which satisfies the contractive condition:

For every ε > 0, there exists δ > 0 such that

ε ≤ d(x, y) < ε+ δ implies d(Tx, Ty) < ε

Many researchers have generalized Meir-Keeler contraction
and have proved it in different metric spaces.

The following theorem which is given as an application of
the obtained results in the above paragraphs, is a generalization
of Meir-Keeler contraction in partial rectangular metric space.

Theorem 4.2. [22] Let (X, d) be a complete metric space and
T : X → X be a function. If T satisfies the following condi-
tion:

If for a given ε > 0, there exists δ > 0 such that, for any
x, y ∈ X

ε ≤ d(x, y) < ε+ δ ⇒ d(Tx, Ty) < ε

then it has a unique fixed point in X .

Definition 4.3. Let (X, p) be a partial rectangular metric space
and T : X → X a self-mapping on X . The orbit of x of
function T is defined by

O(x) = {x, Tx, T 2x, · · · , Tnx · · · }

and

δi,j(O(x) ∪O(y)) = sup{p(Tmx, Tnx), p(Tmy, T ky),

p(T ky, T qy)|m,n ≥ i, k, q ≥ j}

for i, j ∈ N and x, y ∈ X .

Definition 4.4. [20] Let (X, p) be a partial rectangular metric
space. T : X → X is called orbitally continuous if

lim
i,j→+∞

p(Tnix, Tnjx) = lim
i→+∞

p(Tnix, z) = p(z, z)

implies

lim
i,j→+∞

p(TTnix, TTnjx) = lim
i→+∞

p(TTnix, Tz)

= p(Tz, Tz), for each x ∈ X

Equivalently, T is orbitally continuous if Tnix → z for
ni → +∞ with respect to pr and Tni+1x → Tz with respect
to pr for each x ∈ X as ni → +∞.

Theorem 4.5. Let (X, p) be a complete partial rectangular
metric space and T : X → X orbitally continuous. If T satis-
fies one of the following conditions:

1. For each x, y ∈ X such that the sequences {Tnx} and
{Tny} are bounded, and for every ε > 0, there exist δ >
0, r ∈ N and ε0 ∈ (0, ε) such that

ϕ(δi,j(O(x) ∪O(y))) ≤ ε+ δ

implies
p(T i+rx, T j+ry) ≤ ε0,

where ϕ ∈ Φ and i, j ∈ N

2. For each x, y ∈ X such that the sequences {Tnx} and
{Tny} are bounded, and for every ε > 0, there exist δ >
0, r ∈ N such that

ε ≤ ψ(δi,j(O(x)∪O(y)))−ϕ(δi,j(O(x)∪O(y))) < ε+δ

implies
ψ(δi+r,j+r(O(x) ∪O(y))) < ε,

where ϕ,ψ ∈ Φ, ψ is continuous, ϕ is lower semi contin-
uous function and i, j ∈ N,

then T has a unique fixed point u ∈ X , and for each x ∈ X ,
lim

n→+∞
Tnx = u.

Proof. Take x ∈ X . Let {xn} be an iterative sequence de-
fined by xn+1 = Txn, for each n ∈ N. If there exists n0 ∈ N,
which is xn0

= xn0+1, then xn0
is fixed point of T .

Assume then that xn 6= xn+1 for each n ∈ N. Substituting
x = xn and y = xn+1 in the definition 4.3, we have

δi,j(O(xn) ∪O(xn+1)) = sup{p(Tmxn, T txn),

p(T kxn+1, T
qxn+1), p(Tmxn, T

kxn+1)|
m, t ≥ i, k, q ≥ j}

= sup{p(Tm+nx, p(T t+nx),

p(T k+n+1x, T q+n+1x),

p(Tm+nx, T k+n+1x)|m, t ≥ i, k, q ≥ j}
= δi+n,j+n+1(O(x))

Also, p(T i+rxn, T j+rxn+1) = p(xn+i+r, xn+j+r+1).
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If T satisfies the condition 1) in the theorem for x = xn and
y = xn+1, we have that there is ϕ ∈ Φ such as for each ε > 0,
there are δ > 0, r ∈ N and ε0 ∈ (0, ε) which satisfy

ϕ(δi,j(O(x) ∪O(y))) = ϕ(δi+n,j+n+1(O(x))) ≤ ε+ δ

implies

p(T i+rx, T j+ry) = p(xn+i+r, xn+j+r+1) ≤ ε0

where i, j ∈ N.
Eventually, it can be seen that the sequence {xn} fulfills

the condition 1) in the theorem 3.10, thus {xn} is Cauchy se-
quence.

Suppose that T satisfies the condition 2). Therefore, for
x = xn and y = xn+1 there exist ϕ,ψ ∈ Φ in which ψ is
continuous, ϕ is lower semi continuous and for every ε > 0,
exist δ > 0, r ∈ N such that

ε ≤ ψ(δi,j(O(x) ∪O(y)))− ϕ(δi,j(O(x) ∪O(y)))

= ψ(δi+n,j+n+1(O(x)))− ϕ(δi+n,j+n+1(O(x)))

< ε+ δ

implying

ψ(δi+r,j+r(O(x) ∪O(y))) = ψ(δi+n,j+n+1(O(x))) < ε

Consequently, {xn} satisfies the conditions 2) of theorem 3.10,
therefore {xn} is Cauchy sequence and lim

n,m→+∞
p(xn, xm) =

lim
n→+∞

p(xn, xn) = 0. Since (X, p) is complete we deduce

that {xn} converges to some u ∈ X and

lim
n,m→+∞

p(xn, xm) = lim
n→+∞

p(xn, xn) = p(u, u) = 0

Due to theorem 2.9 we have that the sequence {xn} con-
verges to u and with respect rectangular metric pr so

lim
n→+∞

pr(xn, u) = 0.

Since the function T is orbitally continuous we deduce that

lim
n→+∞

pr(Txn, Tu) = lim
n→+∞

pr(xn+1, Tu) = pr(u, Tu) = 0

So Tu = u. Therefore, u is a fixed point of T in X .
Furthermore, let’s prove that for every y 6= x and yn = Tny

converges to u.
The sequence yn = Tny completes the conditions

1), 2) in theorem, so it is Cauchy sequence in (X, p) and
lim

n,m→+∞
p(yn, ym) = lim

n→+∞
p(yn, yn) = 0. Since (X, p)

is complete it deduces that {yn} converges to some v ∈ X
and lim

n,m→+∞
p(yn, ym) = lim

n→+∞
p(yn, yn) = p(v, v) =

0. The sequences {xn} and {yn} satisfy the condition
of theorem 3.5, therefore they are equivalent Cauchy se-
quence and lim

n→+∞
p(xn, yn) = 0. By lemma 2.8, there is

lim
n→+∞

p(xn, yn) = p(u, v) = 0, and by theorem 2.9 there

is lim
n→+∞

pr(xn, yn) = pr(u, v) = 0 which implies that u = v,

and the fixed point of T is unique. �
Below, there is given an example which verifies that theorem

4.5 is applicable.

Example 4.6. Let X = { 1n : n ∈ N∪{0, 3}}. Define the map
p : X ×X → R+ such that

p(x, y) =

 x, x = y
4, x, y ∈ {1, 3}
max{x, y}, otherwise.

The function p(x, y) is not a partial metric because

p(1, 3) = 4 > p

(
1,

1

n

)
+ p

(
1

n
, 3

)
− p

(
1

n
,

1

n

)
= 1 + 3− 1

n
= 4− 1

n
.

Furthermore, it is not a rectangular metric since p(x, x) = x 6=
0, for every x 6= 0.

However, p(x, y) is a partial rectangular metric because it
accomplishes the conditions of the definition 4 [19].

Let T : X → X be a function defined by

Tx =


0, x = 0
1

n+1 , x = 1
n , n ∈ N

1, x = 3

The function T satisfies the condition (1) of the theorem 4.5,
where ϕ(t) = t

2 .
Below, it is shown that ϕ ∈ Φ.

1. For all t > 0, ϕ(t) = t/2 < t and ϕ(0) = 0,

2. ϕ is a non-decreasing function.

In addition, the function T satisfies the contractive condition
(1) of the theorem 4.5.

Indeed, for each x ∈ X,O(x) is bounded because X is
bounded.

For x = 0, it is yielded O(0) = {0}.
For x = 1

n , n ∈ N, O(x) = { 1n ,
1

n+1 , . . .}.
For x = 3, O(3) = {3, 1, 12 , . . . ,

1
n , . . .}.

Let consider the following cases.
Case 1: x = 3, y = 1

n , n ∈ N

O(3) ∪O(
1

n
) = {3, 1, 1

2
,

1

3
, . . . ,

1

n
,

1

n+ 1
, . . .}

δij

(
O(3) ∪O(

1

n
)

)
= max

{
1

i
,

1

j

}
, 2 < i < j

For 0 < ε ≤ 1
2 , there exist k ∈ N, k ≥ 2, r > 2, such

that 1
k+1 < ε ≤ 1

k , δ = 1
k−1 − ε, ε0 = 1

k+1 , i, j ∈ N and
min{i, j} > max{k − 1, 2}, where

δij

(
O(3) ∪O(

1

n
)

)
= max{1

i
,

1

n
} =

1

min{i, j}
.

ϕ(δij(O(3) ∪O(
1

n
) = ϕ(

1

min{i, j}
=

1

2 min{i, j}

<
1

2 max{k − 1, 2}
<

1

k − 1

=
1

k − 1
− ε+ ε = δ + ε.
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We have that p(T i+r3, T j+r 1
n ) = max{ 1

i+r ,
1
j+r} =

1
min{i,j}+r <

1
k−1+r <

1
k+1 = ε0.

If ε > 1
2 , then there exist δ = 1

4 , r > 2, ε0 = 3
8 < ε, i, j ∈

N, where i, j > 2, such that

ϕ(δij(O(3) ∪O(
1

n
)) =

max{ 1i ,
1
j }

2
<

1

4
< ε+ δ,

and

p

(
T i+r3, T j+r

1

n

)
= max

{
1

i+ r
,

1

j + r

}
=

1

4
<

3

8
<= ε0.

Case 2: For x = 1
n , y = 1

m , n,m ∈ N, we have

δij(O(
1

n
) ∪O(

1

m
)) = max{ 1

n+ i
,

1

m+ j
}.

For 0 < ε < 1
2 , there exists k ∈ N, such that 1

k+1 < ε ≤ 1
k .

Using the same method as in Case 1, for δ = 1
k−1 − ε, ε0 =

1
k+1 , i, j ∈ N, such that min{i, j} > max{k − 1, 2}, and r >
2, the condition (1) of theorem 4.5, is completed.

Furthermore, for ε > 1
2 , the function T satisfies the condi-

tion (1) of theorem 4.5.
Case 3: For x = 0, y = 3 we have

δij(O(0) ∪O(3)) = max{1

i
, 0} =

1

i
for i > 2, j ∈ N.

The condition (1) of theorem 4.5 is accomplished in this case,
too. Therefore, the function T satisfies the condition (1) of
theorem 4.5, for all x, y ∈ X , and it has a unique fixed point
x = 0, T0 = 0.

5 Conclusions

In this paper, we have obtained some results on equivalent
Cauchy sequences and Cauchy sequences in a partial rectan-
gular metric space. The highlight of the paper are theorem
3.5 and theorem 3.10, where there are given some sufficient
conditions, under which two sequences are equivalent Cauchy
sequences and a sequence is Cauchy sequence in a partial
rectangular metric space. As application of these two crucial
results, is theorem 4.5, where there is proved the existence and
uniqueness of a fixed point for a function that accomplishes
one of two contractive conditions which are the generalizations
of the Meir-Keeler contraction in partial metric space.
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metric and asymmetric, Scientific Publications of the State Uni-
versity of Novi Pazar, Ser. A: Appl. Inform. and Mech. Vol. 9,
No. 1, 37-46.
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Sen, On a common Jungck type fixed point in ex-
tended rectangular b-metric spaces, Axims, Vol. 9, No. 4,
doi.org/10.3390/axioms9010004.
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