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Abstract It is known that the conjugate gradient
method is still a popular method for many researchers who
are focused in solving the large-scale unconstrained
optimization problems and nonlinear equations because the
method avoids the computation and storage of some
matrices so the memory’s requirements of the method are
very small. In this work, a modified Perry conjugate
gradient method which fulfills a global convergence with
standard assumptions is shown and analyzed. The idea of
new method is based on Perry method by using the
equation which is founded via Powell in 1978. The weak
Wolfe-Powell search conditions are used to choose the
optimal line search, under the line search and suitable
conditions, we prove both descent and sufficient descent
conditions. In particular, numerical results show that the
new conjugate gradient method is more effective and
competitive when compared to other of standard conjugate
gradient methods including: - CG- Hestenes and Stiefel
(H/S) method, CG-Perry method, CG- Dai and Yuan (D/Y)
method. The comparison is completed under a group of
standard test problems with various dimensions from the
CUTEst test library and the comparative performances of
the methods are evaluated by total the number of iterations
and the total number of function evaluations.

Keywords Conjugate Gradient, Wolfe Line Search,
Descent and Sufficient Descent Conditions, Analysis of
Convergence

1. Introduction

Conjugate gradient (CG) methods have been used to
solve large-scale unconstrained optimization problem
which is presented as:

min{h(x) : x €R"} Q)

Where h(x) is smooth and twice continuously
differentiable function over R™ , n is a number of
variables for our problem. In general Conjugate gradient
(CG) methods are generate a sequence x; of estimates to
the minimum of h(x), by iterative formula: -

Xip1 = X + Aid; )

However, A; > 0 is a steplength and must be achieved
the following Wolfe—Powell search conditions: -

hGx + Ady) = h(x) < 207 & € (0,2) (3)

Vh(x; + A4d)7d; = §;Vhid; & € (§,1)  (4)
And using a search direction:
d, =—g; i=0
L L ; 5
{ div1 = —Gi+1 + Bid; i21 ®)
where f; is a scalar determines the conjugate gradient
methods (CG-methods), and we denoteVh(x;) which is
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gradient of h(x;) by g;.
At current, the most effective formulas of f; are the
following:

,B-H/S _ giT+1(9i+1 -9
' d{ (gi+1 — 91)
ﬁF/R _ 9i+19i+1
i T
9i 9i
PRP _ g;'r+1(gi+1 B gl)
’ 9! 9i

ﬁ_per‘ry _ giT+1(yi - v;)
' di i)

BP/Y _ 9l+19i+1
' di i

In which, the definition of ,BL.H/S is due to Hestenes and

Stiefe (H/S, 1952) [6], B/"is due to Fletcher and Reeves
(F/R, 1964) [4,5], BFRP is due to Polak-Ribiere-Polyak
(PRP, 1969) [7], BY*"™” is suggested by Perry(1978) [8]

and in (1999) B>/ is established by Dai-Yuan [2]. For
iterative mathematics method the global convergence is
one of requirement for it , and it mean by global
convergence is any sequence generated via the iterative
methods will either achieved after finite steps or consist of
a subsequence which is converged to stationary point of the
problem ( h(x) ) from a given initial
point (xq) , lim;_.(|IVA(x; + 2;d)I) =0) [11]. For
Conjugate gradient the global convergence is investigated
by researchers , Zoutendijk G. in 1970 proved that the
Fletcher and Reeves method is global convergence in case
that the line search is exact [13]. In Polak-Ribire method
global convergence is described by Powell [9] when h (x)
is strongly convex and the line search is also exact, but
after that Powell demonstrated that the Polak-Ribire
strategy with exact line search could circle infinitely
without convergent to a required point. The same result
applies to the Hestenes-Stiefel method.

Many efforts have been made in few recent years to
design new formulas for conjugate gradient method which
are not only satisfied global convergence but also improve
numerical performance for method. Remainder the
conjugate gradient methods have many application in real
life In our work, we found a new formula for CG-method
which is satisfied the global convergence in section 3.3 and
the new formula with weak Wolfe—Powell generate a
descent direction at each iteration in section 3.2.

2. Derivation of the New Conjugacy
Coefficient
In this section, we present a new formula for conjugate
gradient method as a result improve the parameter of
BF™ in (6) by using the equation which is proposed by
Powell in (1978)[10].

883
Since
T
perry __ gi+1(3’i—vi)
bi D) ©)
The equation which is developed by Powell is:
W=y A-0Gui-y) ()
Where, y; = giy1—g; and v; = x4, —X;
Thus, we have the quasi-Newton equation:
Gv; =6; y; )]
Now, suppose that
_ Il
LT V@l D ©)
Where ||.||: R™ - R , is Euclidean norm, and @ isa
machine accuracy, hence, from (8) and (9) we get:
Gv; = ||yl 2 (10)

2Vw (1+1x411D)
So, after putting (10) in (9) we obtain new equation y;™.

yi' = v+ 1= 0) (vl g~ %) @D

yi' = 1= 0) (Il zmiip;) + 6% (12)

The idea of our new formula is based on replacing the
equation y; in Perry formula (3) with the equation y;*,
and getting

- Ne———Yi =,
Gis1 ((1 6) (IIULIIZ\/E(“_ ||xi+1||)) +6y;] 171>

df [(1 —9)<|Ivill

new __

i =

Yi
— i )iy,
Ve (1 + lei+1ll)> y‘]
llvill ) ] r r
1-6 +0lgT. v, — g v
_ [( )(Zﬁ(l TR Gi+1YVi — Ji+1Vi
el

_ [ | .t % | B T,
(1-8) (2&(1 " ||xi+1||>> Oy

IV I YA WP
(“ 6) (2\/5(1 " ||xi+1||)) " 9) goar

llvl ) r
1-0) | ——=—t—— |+ 6)dTy;
(« )<2x/5(1 T llkan) T4
T
_ gi41Vi 13)
Iod (
=057z O
Hence, we get the new parameter conjugacy: -
new _ gLT+13’i_ gLT+1Vi (14)

¢ aly; [lv;

1Y ((1—9)(m)+9)d?3’i
we observe that , if the orthogonal condition is satisfied i.e.
gr.1g; = 0 then the parameter B¢ in (14) become as a
following:

T
new _ i+1(Ji+1-9) _
: alyi

.f;ﬁ”i 15)
Vi T
- mtrefy ) O
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new _ ||.91+1|| g{ﬂ_”i (16)
i aly; ((1_9)( [EA )+9)d’[‘y‘
V@ (1+]|x;41) Lot

So, we obtain the modified Perry Conjugacy Coefficient,
and get new direction:-

dit1 = —gir B d; (17)

3. Algorithm, Descent Property and
Convergence Analysis of New
Method

3.1. The Algorithm of New Conjugate Gradient Method

The New CG-method is summarized below by following
steps:

Step O0: Let i =0, select x, € R™ is an initial point,
neZande>0.

Step 1: Test a criterion for stopping, if |[goll < € then
stop.

else dy = —go = —Vf(x,) go to step (2).

Step2: Do cubic line search to calculate steplength (4; )
with Wolfe line searches (3) and (4),

Step3 : Determine  x;,; = x; + 4;d;, and go to step(4).

Step4: Stop if ||g;+1]l < € and x;,is a minimizer, else
go to step (5)

Step5 : Calculate d;,, =
in (15) or (16).

Step6: If gl 19:] > 0.2 gT1g:i4+1 . thengo to stepl else
i == i+ 1,andgo to Step 2.

—gis1 + Fid; | B; is defined

3.2. Descent and Sufficient Descent Conditions

To ensure that the new algorithm is convergence we
needed to prove the following theorems: -

Theorem3.2.1:- Consider the sequences of {x;,d;, g;}
are generated by New CG- method then the search
direction {d;}satisfies the descent property

di119i+1 <0 (18)
proof: - (prove by induction,)
when =0, dy = —g, , SO

digo < —llgoll*. (19)

Assume the induction hypothesis that for a particular
(i)meaning df g; < 0 istrue forany >0 ,
now we prove (18) is hold at i + 1, from the definition of
new direction we have

diy1 = —9ir1 +

T
gi+1Yi gl+1vl

+ =— —
aTy; I T
i Vi ((1_9)(72J_(1+Il|xl+1||))+9)di yi

Multiply both sides of (20) by g7,, from right to get,

d; (20)

dit19iv1 = —Gi+1Gis1 +
T
oo,
- Tl Vo )% i
(@0l

T
Ji+1Yi
aly;

(21)

gz+1yl dT

= _“gl+1”2 gi+1 —

gl+1"l
llvgl

- (22)
((1—9)(m)+9)d?%

diT9i+1

gl+1yl dT

= _“g1+1”2 Ji+1 —

_ g?ﬂlidi
_ &) T
=0 sz U

Since, A; is parameter greater than zero so:

(23)

diTgi+1

gl+1yl dT

diT+19i+1 = _”gi+1”2 dT Ji+1 —

_ Ai(d{9i+1) (24)
((1—9)(¢)+9)¢T .
2Va(1+lxi41]) i i

it is clear that the first two terms of (24) refer to Hestenes
and Stiefel method generates the descent directions, now
we need to prove that the third term of (24) is less than or
equal to zero.

Noticeably, all of 24; , (dlgis1)? vl
||x; 1 |lare positive and 6 € (0,1) . Noteworthy that

dly; = di (gi+1—9:) > (& — Dd[ g; ..

(& —1) dl gi > 0 therefore dTy; >0 . So, the third
term of (24) is also less than of zero.
In case, when the orthogonal property is satisfy, we see

, and

diy1 = —Gir1 T
||gi+1||2 _ g;'r+1vi
D aof o JeoT )di - (29)
V(1))
Multiply both sides (25) by g7,,, we get
lgisill?
di19iv1 = —llgimll* + dl;y df giv1 —
i Vi

_ Al((ﬁ’i[“ﬂl+1) (26)

((1_9)(2\/_(1+|l|x1+1||))+8)d;ryi
The terms —|lg;111% + ”“;‘T*;” dlg;+1 proved is the

descent property by Dai and Yuan [2] and we proved term

2
li(diTgiu)
o] —
(=0 7mrasteray) U

descent property is satisfied when g7, g; = 0 Hence, we
obtain

< 0) in above . So the

giT+1di+1 <0 27)

the proof is completed by induction.
Theorem 3.2.2: - let the sequences of {x;} and {d;} are
generated by our proposed method of modified CG
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satisfies the descent property for all new CG- method is
also hold the sufficient condition:

df19i+1 < —cllgis1ll?, Vi = Oandc > 0 (28)

Proof

Observably, the Hestenes and Stiefel method generates

91+1y1 dT

descent directions so, the term (—||g;41 1% + i Jiv1)

in (24) is less than or equal to zero, consequently we can
rewrite the (24) as following:-
li(diTgiu)z
((1—9)(¢)+9)¢T .
Ve (it )T
Multiply and divide the right side of (29) by [|g;+4I? .
we obtain

dl118in < = (29)

2
Ai(diTgiH) llgisall?
((1—9)(¢>+9)d%"“9' 12
V@ (1+{|xi4 1) P g
— 2
= —cllgisll

2
c= Ai(d] gix1)
- [l
((1—9)(m)+9)d Villgis1ll?

to theorem (3.2.1), we see > 0 .
Therefore

df118in < = (30)

, and according

diT+19i+1 < _C||gi+1||2 (31)
Therefore, new method satisfied the sufficient descent
condition.

3.3. Global Convergence Analysis for New Method

In order to prove the global convergence of new
nonlinear conjugate gradient methods, under the Wolfe line
search. We will impose the following assumptions and
lemma about the objective function h(x).

Assumptions (3.3.1)

(). Let h(x):R™ >R be twice continuously
differentiable, and the level set Ly ={x:x €
R™, andh(x) < h(X¥)} is closed and bounded.

(ii). In some neighborhood B of L, the gradient of
h(x) is,Vh(x) and satisfying Lipschitz condition,
namely there exists a constant £ > 0 such that:

[[Vh(a) — VhA(b)|| < flla—Db||Vaandb € L; (32)

Noticeably that the { x; } is generating by new
CG-method (14) which is in a bounded and under
assumptions (3.3.1) on h(x), there exists a constant
y > 0 suchthat [|[Vh(X)|| <y,VvX € B.

lemma (3.3.1): let hypotheses (3.3.1) is satisfied and the
A; is taken by the Wolfe conditions(3)and (4), if

Nip1——— =
=
21 a2

(33)
Then,

lim;_, o (inf([[ ;44 1))=0 (34)

885

Theorem (3.3.1)

Let x; be generated by new CG-method (14) and
function h(x) is uniformly convex, if assumptions (3.3.1)
holds then we have

lim; o, (inf(llg;|)) =0 (35)
Proof
From (14), we have
T
new gz+1yl _ i+1Vi
B = 15, o] (36)

T
((1—9)(m>+9)di Vi

Ilvill

Let I'=(1-6) (zﬁ(unxmn)

becomes

)+9 . thus (36)

gH-lyl gl+1di
+ (—A;
dT (=) T raly;

1B | = (37)

we know that the g7, ,d; < dIy; and using triangle and
Cauchy-Schwarz inequalities in  (37) and we obtain

|prev | < llgi+allllyill
i <—

ladiydl T (38)

and return to hypothesis (ii), and using ||g;+11l < v, we
get
new| o _Y_ A
B < ||di||+ r
Taking norm for both sides of new direction in (17):

diall = Nlgiea + B dill (40)

Apply preliminary of triangle inequality in (40), and we
get

(39)

ldisall < Ngiwall + 1B Il (41)
From (38) and (41), we obtain
ldigall < v+ (o + 7 (42)
implies that
Idiall < v + (v + 20 (43)
and [|vill = llx;41 —x; I, suppose M = max({]lx;41 —
xill i xi41 5 X ER™}
M
ldall? <762, =y+(y+3)  (49)
Thus,
Sz > Seiym (45)
which indicates
1
o 2= (46)
By Lemma (3.1.1), we obtain
lim; o, (inf(ll gi+4 1)) =0 (47)


https://www.sciencedirect.com/science/article/pii/S0893965907001218%23fd17
https://www.sciencedirect.com/science/article/pii/S0893965907001218%23fd18

886 A Modified Perry's Conjugate Gradient Method
Based on Powell's Equation for Solving Large-Scale Unconstrained Optimization

Table 1. Comparing performance of the three method s (New formula B2 , B¥*"" and classical Hestenes and Stiefel B./%)
new H/S perry
Test N Bi Bi Bi
NOI- NOF NOI- NOF NOI- NOF
4 32-87 38-108 35-89
100 39-114 40-122 43-105
Powell 500 33-92 41-124 43-105
(3,-1,0,1) 1000 38-105 41-124 45-120
3000 38-104 41-124 46-122
5000 41-122 41-124 46-122
4 27-62 30-68 30-68
100 28-64 30-68 30-68
Wood 500 28-64 30-68 30-68
(-3,-1,-3,-1) 1000 28-64 30-68 30-68
3000 28-64 30-68 30-68
5000 28-64 30-68 30-68
4 30-83 30-83 30-83
100 30-83 30-83 30-83
Rosen 500 30-83 30-83 30-83
(-1.2,1;...) 1000 30-83 30-83 30-83
3000 30-83 30-83 30-83
5000 30-83 30-83 30-83
4 15-33 16-36 16-36
100 16-36 16-36 16-37
Powell 500 16-36 16-36 16-37
0,1,2;..) 1000 16-36 16-36 16-37
3000 16-36 16-36 16-37
5000 16-36 16-36 16-37
4 19-128 22-159 19-128
100 21-154 22-159 21-154
Gcantrel 500 21-154 23-171 21-154
1,2,2,2) 1000 22-167 23-171 22-167
3000 22-167 27-234 22-167
5000 22-167 28-248 22-167
4 12-35 12-35 12-35
100 13-37 13-37 13-37
Cubic 500 13-37 13-37 13-37
(-1.2,1;..) 1000 13-37 13-37 13-37
3000 13-37 13-37 13-37
5000 13-37 13-37 13-37
4 3-11 3-11 3-11
100 14-81 14-81 15-84
Sum 500 21-124 21-124 22-132
2;...) 1000 23-128 23-128 23-125
3000 29-150 27-128 32-168
5000 30-147 31-159 34-178
4 17-36 17-36 17-36
100 483-1091 7678-15360 7735-15474
Doxin 500 565-1255 490-1093 6284-12573
(-1;..) 1000 526-1182 4005-8015 3391-6787
3000 474-1072 6202-12409 515-1129
5000 479-1068 481-1080 6357-12717
4 23-73 28-85 34-133
100 35-121 33-114 46-169
Miele 500 39-141 40-146 52-198
(1,2,2,2) 1000 46-171 46-176 58-229
3000 50-202 54-211 58-229
5000 48-185 54-211 64-261
4 11-24 11-24 11-24
100 49-99 49-99 49-99
Wolfe 500 52-105 52-105 52-105
(-1;...) 1000 61-123 70-141 70-141
3000 134-281 170-351 170-351
5000 153-317 165-348 166-350
4 6-26 8-44 8-46
100 47-171 49-185 51-193
OSP 500 105-314 112-353 107-327
1;.) 1000 154-460 156-473 156-473
3000 196-597 197-602 197-602
5000 256-774 256-774 256-774
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Table 2. Comparing performance profiles of New method B7¢* and Dai and Yuan method 8
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D/Y
i

new D/Y
Test N B b
NOI- NOF NOI- NOF
4 36-96 50-128
100 37-97 51-130
Powell 500 37-97 51-130
(-3,-1,0,1) 1000 37-97 51-130
3000 37-98 52-132
5000 37-98 52-132
4 27-63 28-65
100 27-63 28-65
Wood 500 27-63 29-68
(-3,-1,-3,-1) 1000 27-63 29-68
3000 29-68 29-68
5000 29-68 29-68
4 27-63 27-63
100 28-65 28-65
Rosen 500 28-65 28-65
1000 28-65 28-65
3000 30-69 30-69
5000 30-69 30-69
4 14-85 18- 127
100 28-240 20-153
Gcantrel 500 16-109 23-192
1,2,2,2) 1000 16-109 23-192
3000 17-125 24-205
5000 17-125 24-205
4 13-28 13-28
100 460-994 466-1021
Dixon 500 430-927 503-1085
(-1;..) 1000 451-977 484-1048
3000 432-937 462-1005
5000 456-989 510-1115
4 34-109 36-115
100 38-127 46-156
Miele 500 33-111 53-188
1,2,2,2) 1000 57-207 60-222
3000 46-160 66-257
5000 63-249 66-257
4 11-23 11-23
100 44-89 45-91
Wolfe 500 49-99 48-97
(-1;..) 1000 49-99 52-105
3000 112-237 125-263
5000 132-284 159-327
4 8- 44 8- 44
100 51-173 52 -180
OSP 500 136-427 138- 439
1;..) 1000 187-576 196- 607
3000 387-1308 421-1388
5000 529-1806 555 1857

4. Numerical Results

It is important to take note that the theoretical prove it is
not adequate to show the effectiveness or robust of any
conjugate gradient method. Thus, there would be need to
study the method numerical by evaluate the performance
method on group of test problems and evaluation the
number of iteration or computation time (CPU time).

In this section, is recorded some numerical results by
comparing the suggestion method with classical conjugate
gradient methods. All of the methods are coded in

Fortran95 and stopping the iteration when this statement
llgisall <1075 is true. For testing we used the
well-known nonlinear problems with dimension ranging
between 4 to 5000 [1], all methods are using cubic fit
mothed to find the steplength A; > 0 under conditions (3)
and (4) with & = 0.001 and &, = 0.1.

The following abbreviates in tables meaning:

N:- the number of variable in test problem.

NOI:- the number of iterations.

NOF:- the number of function evaluations.

In table 1, the results show that the performance of the



888

A Modified Perry's Conjugate Gradient Method

Based on Powell's Equation for Solving Large-Scale Unconstrained Optimization

new method is better than the HS and Perry methods based
on the total numbers of function evaluations and its
gradient evaluations.

As a final note, table 2 demonstrations the performance
of new method when the orthogonal condition is available
(gr+1,9gx) =0 . During the numerical experiments
outcome from comparing between New method B7°* and
Dai and Yuan method BiD/Y and see that the new method
is top perform to Dai and Yuan method.

5. Conclusions

In this work, we present a modified Perry’s conjugacy
coefficient for conjugate gradient method. The proposed
new method is apposite for solving large-scale
unconstrained optimization problems because of its lower
storage requirement. Furthermore, and under suitable
conditions we show that the new method is satisfy the
descent, sufficient descent conditions and it is global
convergent also the new method gives auspicious
numerical results.

In future it can be used the new method to train the
neural network in order to improve performance and in the
image processing.
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