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Abstract Studies on Casson fluid are essential in the
development of the manufacturing and engineering fields
since it is widely used there. Meanwhile, fractional
derivative has been known to be a constructive paradox
that can be beneficial in the future. In this study, the
development fractional derivative on Casson fluid flow is
investigated. A fractional Casson fluid model with effect of
thermal radiation is derived together with momentum and
energy equations. The Caputo definition of fractional
derivative is used in the mathematical formulation. Casson
fluid with constant wall temperature over an oscillating
plate in the presence of thermal radiation is considered.
Solutions were obtained by using Laplace transform and
are presented in the form of Wright function. Graphical
analysis on velocity and temperature profiles was
conducted with variations in parametric values such as
fractional parameter, Grashof number, Prandtl number and
radiation parameter. Numerical computations were carried
out to investigate behaviours of skin friction and Nusselt
number. It is found that when the fractional parameter is
increased, the velocity and temperature profiles will also
increase. Existence of fractional parameter in both velocity
and temperature profiles shows the transitional
phenomenon of both profiles from an unsteady state to
steady state, providing a new perspective on Casson fluid
flow. An increment in both profiles is also observed when
the thermal radiation parameter is increased. The present

results are also validated with published results, and it is
found that they are in agreement with each other.

Keywords Casson Fluid, Caputo Derivative, Thermal
Radiation, Wright Function

1. Introduction

The concept of fractional calculus first surfaced when
L’Hospital wrote a letter to Leibniz, who invented the
x notation, asking the outcome if n is 1/2 [1].

Since then, Bernoulli [2], Wallis [3], Euler [4], Laplace [5],
Lacroix [6] and Fourier [7] have mentioned fractional
calculus in their writings. Riemann, Heaviside, Abel and
Liouville developed the fundamental applications and
theory of fractional calculus [8-11]. Fractional has proven
to be more accurate compared to conventional ordered
derivative models [1213]. Debnath [14] wrote a review on
applications of fractional calculus in fields of engineering
and science. Some applications can be found in dynamical
systems in control theory, viscoelasticity, electrochemistry
and model of neurons in biology. Over time, many
definitions of fractional integral and derivative have been
developed and applied. Dalir [15] and De Oliveira [16] did
an extensive review on the applications of different
definitions of fractional calculus in different fields of
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engineering and science. Caputo derivative is one of the
many definitions for fractional derivatives. Solving a
fractional model with the Caputo derivative will result in a
special Wright function. The Wright function was first
introduced by Wright in the 1940s [17-18]. It has been
widely used to solve fractional ordered partial difference
problem.

The non-Newtonian fluid is a complicated fluid to
comprehend. Due to its physical properties, researchers are
having a challenge for solving non-Newtonian fluid
problems. There is yet a comprehensive model that has all
the properties of a non-Newtonian fluid. Nevertheless,
since the fluid has gain popularity in the manufacturing and
processing industry, scientists are still trying to develop
new models until now. One such model would be the
Casson fluid model. It was introduced by Casson [19] in
1959 for a rheological data of pigment oil suspensions in
printing ink. A Casson fluid is defined as a shear-thinning
liquid that has infinite viscosity at zero rates of shear [20].
To date, the Casson model is considered to be one of the
best rheological models. In comparison, a viscoplastic
model would be less accurate at high and low shear rates.
Not only that, Casson fluid is one of the least complex
non-Newtonian fluid model to be solved analytically. The
fact that analytical studies on fractional derivatives are
relatively new, a simple model is used to avoid unnecessary
complication while calculating the final solutions. Past
literature on fractional Casson fluid includes Khalid et al.
[21], Khan et al. [22], Ali et al. [12] and Saqib et al. [23].
Studies have shown, analytical solutions from fractional
models are significantly different from the classical models,
providing an advantage to some practical problem [24].

By considering a free convection flow of Casson fluid in
a porous medium, Khalid et al. [21] obtained the exact
solutions using Laplace transform. Khan et al. [22]
extended the study by introducing fractional calculus to the
generalised Casson fluid and considering oscillating
boundary conditions. Again, the solution was obtained
through the Laplace transform. Later, Ali et al. [12]
modified the model to consider a generalised Casson fluid
with an infinite plate instead of a finite plate. Lastly, Saqib
et al. [23] also modified the model by introducing the
presence of first-order chemical reaction and considering
slip effect.

Thermal radiation is defined as electromagnetic
radiation generated from thermal motion of particles in
matter. Fluid flow with presence of thermal radiation can
be observed in many engineering and manufacturing
process. Some of these include nuclear power generators,
jet engines, turbines and many more. Over the years,
investigations radiative heat on boundary fluid flow
includes Prasad et al. [25] investigated the effects of
thermal radiation on an MHD free convective heat and
mass transfer flow of a nanofluid bounded by a
semi-infinite flat plate. Biswas et al. [26] also did a study
investigating the effects of thermal radiation on unsteady
Casson fluid flowing vertically. Meanwhile, Raju et al. [27]
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studied the effects of thermal radiation on an unsteady
MHD conducting fluid over an exponentially accelerated
plate. Other studies on thermal radiation effects on fluid
flow include Reddy et al. [28], Mohan [29] and Ibrahim et
al. [30]. Effects thermal radiation on fluid flow with a
fractional Casson fluid model have not been done.

To the best of authors’ knowledge, an investigation on
analytical study of Caputo fractional derivative for
unsteady Casson fluid flow with thermal radiation effect
has not been done. Therefore, this study aims to extend the
work of Ali et al. [12] by considering thermal radiation
effect in the generalised Casson fluid model with an
oscillating plate in the presence of heat. The fractional
model will be derived based on the Caputo derivative
definition and solved with a Laplace transform. Solutions
will be presented in terms of Wright function. Effects of a
fractional parameter, thermal radiation and various other
parameters will be presented numerically and graphically.
Finally, results are also validated with Ali et al. [12].

2. Problem Definition
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Figure 1. Physical representation

Incompressible Casson fluid with an unsteady
convectional flow over an infinite flat vertical plate. y is
the coordinate measuring normal of the direction of the
plate. The flow is constricted to 0. The plate and the
fluid is at rest at with constant temperature T,,. AS
time progresses, 0 , the oscillation of plate begins
with velocity fH(t)cos(wt). f is the amplitude, while w
is the frequency of plate oscillations and H(t) is the unit
step function. Meanwhile, the temperature of the plate is
increased to T,, and remained constant after that.
Radiation effect is also taken into account such that the
radiative heat flux is applied perpendicularly to the plate.
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The temperature and velocity are dependent on variable y
and t. A physical representation of fluid flow is displayed
in Figure 1. Utilising the Boussinesq’s approximation and
considering a one-dimensional and unidirectional flow, the
momentum and energy equation acquired are as follows
[24-26]:

o, aTg,t) _k 621('3)(/)2/,0 _%_ o)
subjected to initial and boundary conditions as such

u(y,0)=0, T(y,0)=T,,

u(0,t) = fH(t)cos(wt), T(0,t)=T,, 3)

U(oo,t) > 0, T(0t) > T,

where u is velocity and  is the temperature of the fluid.
is the parameter for Casson fluid, is kinematic
viscosity, is gravitational acceleration, S is the
thermal expansion coefficient, is fluid deinsity, c,is the
specific heat under constant pressure and is thermal
conductivity.
is the radiative heat flux. Using Rosseland’s
approximation and differentiating ¢q, in terms of y,
equation (2) becomes [20], [27-30]:

ATy FT) (180T )T
Po o e

where o is the Stefan-Boltzman constant and k* is the
mean absorption coefficient.

(4)

To derive a generalised Casson fluid model, equations (1)

and (4) are multiplied by 2 = v/f?.Then, replace 1 and
dt on the left hand side with A* and DF respectively.
Thus, the following fractional model is acquired:

A“DEu(y,t) = Au(l+%j azg;z/,t)

+295: (T-T,), ()

O T (y,t 160T3\o°T
A“DET(y,t)pe, = 2K (32’ ), ;| 2boT. . 6
oy 3k )oy
where
t 1
11 Ly’tzdz'; O<a<l],
ﬂaDtagl)(y,t): 1—‘( _a6) 0 (t_T) (7)
e(y.1). a-1
ot

is the Caputo differential operator of order
the Gamma function.

and I'(.) is
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Incorporating the dimensionless variables displayed
above into equations (5) and (6) will generate [31-34]:

2
prv=2Y[1+1 |1 aro, ®)
0g s
2
PrD7 60 = (1+ N)a—f, )
os
where AT, —T,)/f is the thermal Grashof
number, is the Prandtl number and

k is the thermal radiation parameter. The
dimensionless boundary conditions are as follows

v(£,0)=0, 0(£,0)=0,
v(0,7)=H(zr)cos(wt), 6(0,7)=1, (10)
U(OO,T)—)O, 6’(00,1')—)0.

3. Solutions of Problem

Final analytical solutions are obtained by first applying
Laplace transform on Equations (8) and (9), subjected to
initial conditions (10) to obtain the ordinary differential
equations. Therefore, the final solution of the transformed
equations and boundary conditions are as follows:

\7(51 q) = qz _|q_W2 eXp— g\lﬂoqa
Gr,
+ qafl exp-&\/A,0° (11)
Gr, Prg“
- e - _,
qa+1 Xp 5 N +1
— 1 Prq“
O(&,9)=— - , 12
ca-tonf ). o

with initial and boundary conditions,

V(£,0)=0, 6 (£,0)=0,
Va)= e fa=t @
V (e0,q) =0, 6 («,q) >0,
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where Gry = GrBy/(Pr/(N + 1) — B, ). Finally, Inverse
Laplace equations (11) and (12) will give out the final
solution to the problem as follows:

V(&)= COS(a)T)¢(O,_%,_§ f_g]

(/{1,—1,—5 ﬂ:} (14)
ot 2 T
+Grom - ,
o r
__q{l'_?_r’t\/(N R J
o Pr
6’(5:'[):(0 1!_51_5 W]y (15)

where is the Wright function defined as:

0

(p(a,_a,,):zL

“nil(a-na)

Equations (14) and (15) are bounded by boundary (10).

3.1. Skin Friction & Nusselt Number

Skin friction and Nusselt number in dimensionless form
for the solutions from Equations (14) and (15) are as
follows:

__iav (f,T) (16)
f - 1
B O |,
where is the skin frction and
00(¢,
Nu — _ﬁ , (17)
o& o

is the Nusslet number.

4. Results & Discussions

Graphical results for velocity and temperature profiles as
well numerical results for skin friction and Nusselt number
are generated with the aid Mathcad-15 software.

Accuracy of the model and final solution for velocity
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and temperature profiles is evaluated by comparing the
current results with that of Ali et al. [12]. The comparison
is shown in Figure 2; as observed, current results are in
agreement with published results. To analyse the effects of
time, T on the velocity of fluid, Figure 3 is plotted. From
the figures, it is observed that prolonging time would
increase the fluid velocity near the plate. Prolonging time
would indicate a longer period for fluid to achieve steady
state. To compensate, initial velocity of fluid is usually
higher compared to smaller values of 7. As stated in the
problem definition, an oscillating plate is considered, over
some time velocity of fluid will increase due to boundary
condition stated in Equation (10). Figure 4 analyses the
influence of Casson fluid parameter, g on fluid velocity. It
can be seen that by raising g values, fluid velocity would
decrease. Increasing Casson parameter would cause
plasticity and viscosity of the fluid to increase, thus
deteriorating the velocity of the fluid. Figure 5 displays
profiles for the velocity at different values of Gr. From
observation, it can be seen that increment in values
would also increase fluid velocity at boundary layer
thickness. Increasing Grashof number would increase
buoyancy force on fluid. Since fluid is flowing vertically
along, an increase in buoyancy force creates an uplift for
fluid flow, thus increasing its velocity. It is, however, not
the case for Pr values. By observing Figure 6, it can be
seen that fluid velocity decreases as Pr values were
increased. Thermal diffusivity in fluid will decrease if the
Prandtl number is increased, decreasing kinetic energy
within fluid, thus decreasing fluid velocity. According to
boundary conditions set beforehand in Equation (10), fluid
oscillation is observed between —1 and 1. Figure 7
illustrates the phases of angle, wt. Fluctuations in the
angle phase are observed. It is depicted in Figure 8 that
fluid velocity increases as thermal radiation, N increases.
Kinetic energy withing fluid is increased with an elevated
presence of thermal energy, thus increasing velocity of
fluid.

Figure 9 illustrates the temperature profile with different
values of a, Pr and N. Temperature of fluid decreases as
fractional derivative order, a decreases. Increasing Pr
value would drop the temperature of fluid. Lastly, as the
thermal radiation parameter rises, so would the fluid
temperature.
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Figure 2. Comparison between Ali et al [12] and presentresultat « = 0.2, =1, 1=4, Gr =7, Pr=14, wt=n/8 and N =0
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Figure 3. Different values of a and t for velocity profile with § =1, Gr =7, Pr=14, ot =n/8 and N =1
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Figure 5. Different values of a and Gr for velocity profilewith § =1, 1 =4, Pr=14, wt=n/8 and N =1
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Figure 6. Different values of a and Pr for velocity profilewith =1, 1 =4, Gr =7, wt=n/8 and N =1
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Figure 7. Different values of a and wt for velocity profilewith § =1, 1=4, Gr=7,Pr=14and N =1
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Figure 8. Different values of a and N for velocity profilewith § =1, t =4, Gr =7, Pr= 14 and wt =n/8
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Figure 9. Different values of a, Pr and N for temperature profileat « = 0.2, Pr = 14,and N =1

Table 1.  Nusselt number variations

a Pr T N Nu

0.2 7 4 5 0.871

0.8 7 4 5 0.300

0.2 14 4 5 1.232

0.2 7 8 5 0.813

0.2 7 4 10 0.644

Table 2. Skin friction variations

a B Gr Pr T T N ¢
0.2 0.5 7 14 0.5 T 5 2.206
0.8 0.5 7 14 0.5 T 5 2.469
0.2 15 7 14 0.5 T 5 2.569
0.2 0.5 14 14 0.5 T 5 4.318
0.2 0.5 7 21 0.5 T 5 2.005
0.2 0.5 7 14 1.0 T 5 2.904
0.2 0.5 7 14 0.5 2w 5 2.798
0.2 0.5 7 14 0.5 T 10 2.501

From Equation (16) and (17), the skin friction and
Nusselt number were obtained. Variations of these values
were calculated with different values of «, Pr, t, N, B,
Gr, and wt. As observed, Table 1 displays the variations
of Nusselt number, meanwhile Table 2 displays the
variations of skin friction. It is observed in Table 1 that by
increasing the fractional derivative from 0.2 to 0.8
increases the Nusselt number value. The same

phenomenon is observed when increasing values of t and
N. Nusselt number would decrease only by increasing the
value of Pr. Nusselt number results correspond well to
graphical analysis for temperature profiles displayed in
Figure 9. From Table 2, skin friction would increase if the
values of B, Gr,7, wt, and N. Skin friction would only
decrease by increasing the value of Pr. Skin friction
results also correspond well to graphical analysis on
velocity profile from Figures 2-8.

5. Conclusions

This paper aims to develop a fractional derivative model
for unsteady boundary layer flow of a Casson fluid past an
oscillating vertical plate with constant wall temperature.
The dimensionless governing equations are solved using
the Laplace transform technique. The results for velocity
and temperature are obtained and plotted graphically. The
main conclusion of this study are as follows:

l. Both velocity and temperature profiles show
increasing behaviour when fractional parameter, «a,
is increased.

Il. Velocity increases as values of t, Gr and N
increase. In comparison, as the values of g and Pr
increases, the velocity would decrease.

. The temperature of fluid increases as values of «a
and N increase and decreases as values of Pr
increases.

V. Existence of fractional parameter in both velocity
and temperature profiles shows the transitional
phenomenon of both profiles from an unsteady
state to steady state, providing a new perspective
on Casson fluid flow.
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