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Abstract Unbounded (and bounded) Toeplitz operators (TO) with rational symbols are analysed in detail showing that they
are densely defined closed and have finite dimensional kernels and deficiency spaces. The latter spaces as well as the domains,
ranges, spectral and Fredholm points are determined. In particular, in the symmetric case, i.e., for a real rational symbol the
deficiency spaces and indices are explicitly available. — The concluding section gives a brief overview on the research on un-
bounded TO in order to locate the present contribution. Regarding properties of unbounded TO in general, it furnishes some
new results recalling the close relationship to Wiener-Hopf operators and, in case of semiboundedness, to singular operators
of Hilbert transformation type. Specific symbols considered in the literature admit further analysis. Some conclusions are
drawn for semibounded integrable and real square-integrable symbols. There is an approach to semibounded TO, which starts
from closable semibounded forms related to a Toeplitz matrix. The Friedrichs extension of the TO associated with such a form
is studied. Finally, analytic TO and Toeplitz-like operators are briefly examined, which in general differ from the TO treated here.
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1 Introduction

Toeplitz matrices and bounded Toeplitz operators are thoroughly studied for a long time [!], and there are also important
early results on unbounded Toeplitz operators as [2] and [3] regarding their spectral representation in case of real semibounded
integrable symbols. More recently there is an increasing interest in unbounded Toeplitz and Toeplitz-like operators. So see
e.g. [4], [5] for analytic Toeplitz operators and their domains and in particular for analytic Toeplitz operators with rational sym-
bols, [6] for closable quadratic forms for semibounded Toeplitz operators, and [7] for a kind of Toeplitz operators with rational
symbols. For a brief overview on unbounded Toeplitz operators and some further details see sec. 3.

Future research will aim to extend classical result on bounded Toeplitz operators to the unbounded case. Here the class of
Toeplitz operators with rational symbol is particularly useful as being relatively easy to handle.

In general unbounded Toeplitz operators can be approached like unbounded Wiener-Hopf operators in [8] making use of
analogous methods and tools, in particular coming from complex function theory. Moreover, in the Hilbert space case, there
is a well-known isomorphism connecting Wiener-Hopf and Toeplitz operators. The present article uses this connection and is
essentially an application of the results in [8] on Wiener-Hopf operators with rational symbols. Hence the proofs will be brief.

Let the torus T be endowed with the normalized Lebesgue measure \. The Hardy space H?(T) is the subspace of L*(T)
with orthonormal basis e,,(z) := 2", n € No. Let Pyz(r) : L*(T) — H?(T) denote the orthogonal projection. Its adjoint
Pipa ) is the identical injection of H 2(T) into L?(T). For measurable w : T — C, M (w) denotes the multiplication operator by

win L*(T).
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(1) Definition. The Toeplitz operator (TO) T, in H?(T) with symbol w is defined by
Tw = PH2(T)M(CU> P;_}Q(T)

So T, is the trace (compression) of the multiplication operator M (w) on the Hardy space just as the well-studied TO for a
bounded symbol. As mentioned some properties of unbounded TO for general symbols are listed in sec. 3.

2 Rational Symbols

TO for rational symbols w = % |1r with complex polynomials R # 0, S # 0 permit the following more detailed analysis.
Important is the case of poles on the unit circle, i.e., of zeros of S on T, due to which 7, is unbounded. The analysis concerns the
domains, ranges, kernels, and deficiency spaces and determines the Fredholm points and various parts of the spectrum. Recall
that a densely defined closed operator between Banach spaces with finite dimensional kernel and cokernel is called a Fredholm
operator if its range is closed (cf. [9]).

Mostly we will omit |, which indicates the restriction on T. By definition a polynomial with a negative degree is the null

function.
Let the polynomials R, S have no common zeros. Write S = s S;,, Se., where the zeros of the polynomials s, Sv'm, and S,
are the zeros of S with modulus = 1, < 1, and > 1, respectively. Put also Sgz := 5 Ses, S5, := 5.Siy. Finally, let S denote the

polynomial, whose zeros are 1/b with the same multiplicity as b, where b # 0 is a zero of S. So the zeros of S,y are 1 /b for b
zero of S with 0 < |b] < 1. Analogous notations concern R.

(2) Theorem. Let w = % be a rational function with polynomials R and S without common zeros. Then T, is densely
defined and closed and

() domT,, = s H*(T) and ranT,, = Py>(r) (55— H*(T))

(b) kerT,, = {Sa t/Res ¢ t polynomial with degt < deg S;, — deg Rﬁ}

v

(¢) (ran Tw)L = {gex t/Rey o t polynomial with degt < deg R;,, — deg Sm}
(d) the following statements are equivalent:

(1) T, is a Fredholm Operator
(2) ranT,, closed

(3) R has no zeros on T, i.e., w has no zeros

Proof. The proof consists in transferring the assertions to Hilbert space isomorphic Wiener-Hopf operators and applying [8,
sec. 3]. Indeed, as recalled in [8, (2.3)], there is the well-known relation

T,=T"'M;(woO)T (2.1

where I' : H?(T) — H?(R), (Tu)(x) := mu(c (z)) is the Hilbert space isomorphism based on the Cayley transformation
C(z) = %’ and M (k) = Py )M (k) Pppa gy is the Wiener-Hopf operator in /7 2(R) for the measurable symbol x : R — C
with Pp2(g) : L*(R) — H?(R) the orthogonal projection and its adjoint P2 gy the identical injection of H 2(R) into L?(R).
We treat the case that 1 is not a zero of R S. The general case follows analogously using for convenience the transformation
e' @ C in place of C with e!“ not a zero of R S.

For x := w o C withw = R/S one readily finds k = P/Q with polynomials P, ) without common zeros given by

) P(2):=a(z+iym>On=mH TR (2 = C7ay))

(i) Q(2) :=b(z +i)ymx{Om=nI T (2= C~(by))

with constant factors a # 0, b # 0. Here (a;), (by) are the zeros of R and S, respectively.
Exemplarily we show (c). First note (ranT,)~ = I'"!(ran M (x))*. By [8, 3.2(c)], (ran M+(I€))L = {(Q</I3<) T
7 polynomial with degr < deg P~ — deg @~ } As to the notation, given a polynomial Y, then the zeros of the polynomial Y5
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(Y- ) are the zeros of Y in the upper (lower) half-plane, and the coefficients of Y are the complex conjugates ones of Y. One has
to evaluate the right-hand side of

I (Q</P)7)(2) = 2v7(1 = 2) 1 ((Q</P<) 1) (C7(2))

Now P (C~Y(z)) = @110, <1y (C7H(2) +C7H(@y)), since C~1(a;) = —~C~'(a;). Note C~'(2) + C~1(a;) = ﬁiaj (1—
2)"1(1—a;z). Hence P (C~1(2)) = A(1—z)~ 48 Rin R, with A # 0. Similarly Q< (C~'(2)) = B (1—2)~ 485 S, with
B +# 0. Furthermore, for | < deg P~ —deg Q> —1 = deg R;;, —deg S;, —1 and deg r = [ one finds 7 (C~1(2)) = (1—2z)~'t(z).
Here t is a polynomial with ¢(1) # 0 and degt = | — pu, where 0 < p < [ is the multiplicity of the zero — i of r. Putting these
results together proves (c).
As to the proof of (d), note that deg P = deg @ and that P has no real zero if and only if R has no zero on T. Apply [8,
3.2(d)]. O
Clearly, T, is bounded if and only if S has no zeros on T. For bounded TO recall the book [1]. From (2) one immediately
obtains

(3) Corollary. Let \ € C and put R* := R + \S. Then referring to T, \ is

(a) a Fredholm point (i.e. T,, — M is a Fredholm operator) iff X\ & w(T); if X is a Fredholm point, then dimker(T,, — A\I) =
max{0,deg S;, —deg R2,}, dimran(T,, — A\I)* = max{0, deg R}, —deg S, }, and ind(T,, — \I) = deg S;,, —deg R},

(b) a regular value (i.e. T,, — A is continuously invertible) iff A ¢ w(T) and deg S;,, < deg Rf‘n
(¢) in the resolvent set iff A € w(T) and deg S, = deg R},
(d) a spectral value iff X € w(T) or deg S;,, # deg R},

(e) in the point spectrum iff deg R% < deg Sin

(f) in the continuous spectrum (i.e. T,, — M\ is injective with dense not closed range) iff A € w(T) and deg Rf‘n < degSin <
deg R™

(g) in the residual spectrum (i.e. T,, — A\ is injective with not dense range) iff deg S;,, < deg Rf‘n

Note that A ~ deg R}, is locally non-decreasing due to the continuity of the roots of a polynomial on its coefficients [10].
On C \ w(T) it is even locally constant, since there R}, = R;\?. Hence, besides ind(7,, — AI), also dim ker(T,, — AI) and

in T

dimran(T,, — A\ )* are constant on the components of C \ w(T).
A densely defined TO is symmetric if and only its symbol is real a.e. (by [8, (2.3),2.14]).

(4) Corollary. Let w be a real-valued rational function, i.e., w(T) C R and w = % with polynomials R, S without common
zeros. Put
R—-iS=pgq

where the zeros of the polynomials p and q have modulus < 1 and > 1, respectively, and put | := deg(R+1S) — degp — deg q.
Then T, is densely defined closed symmetric. For domT,, and ranT,, recall (2)(a). The deficiency indices are

ny = dimran (TUJ - iI)l =degp — deg S;,, mn_ :=dimran (Tw —I—iI)L =1+ degq — deg Sin (2.2)

and the deficiency spaces are

v

1 S?’I' . .
ran (Tw — iI) = {?t : t polynomial with degt < degp — deg Sm} (2.3)

v

€ Sew
ran (7, +1 = t : t polynomial with degt < [+ degq — deg S;,, .
(T 'I) { polynomial with degt < I + deg g dgs} 2.4)
q

Proof. Check that R — i .S has no zeros on T. Note T, —i = T,,, withw, :=pq/S. Since (pq) cx = D ea» the claim regarding
ran(T,, —iI)* and n, follows from (2)(c) and [8, 3.4].
The result about the other deficiency space follows analogously once having shown that R + 1.5 = cz!p ¢ for some ¢ # 0.
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Indeed, since P and () in (2) are real, one has P —i@Q = Q- with the zeros of Q1 and Q) in the upper and lower half-plane,
respectively. Then P 4+ i@ = Q4+ _ replacing the coefficients of ()1 by the complex conjugate ones. The claim follows by
straightforward computation using C'(a@)C'(a) = 1 for a # +1. O

For an example regarding (4) with [ = 1 and deg S;,, = 0, consider w = i(z — a)/(z + a) for a € T. Check that w on T
isreal,and R —iS = —2ia, R+i8 = 2iz. Itfollows ny = 0,n_ = 1, and ran(T,, +iI)* = Ceq. So T,, is unbounded
densely defined closed maximal symmetric not self-adjoint. — Similarly, an example for a bounded self-adjoint 7}, in (4) is
w=(224+1)/z.

Generally, if w is holomorphic on the disc D, then T}, in (4) is self-adjoint only if w is constant. (This follows easily from
ny = n_ = 0, deg S;, = 0.) — Finally there is no unbounded self-adjoint 7, in (4). (Indeed, assume the contrary. Assume
deg(R —iS) = max{deg R, deg S}. Otherwise consider 2w in place of w. Now, deg S;,, = deg S, (since w is real), there is
a zero of S on T (since T, is unbounded), and &k := degp = deg S;,, | + deg g = deg S, (since ny. = n_ = 0), whence the
contradiction 2k — | = degp + degq = deg(R —15) > deg S > 2k + 1.)

3 Remarks

We recall some earlier results on unbounded TO in order to locate the present contribution. The paragraphs (e), (f) below
concern in particular rational symbols.

(a) Some general properties of unbounded TO

The Toeplitz operator T, for measurable symbol w : T — C is Hilbert space isomorphic to the Wiener-Hopf operator M (k)
in H2(R) with symbol k = w o C, which is the trace on the Hardy space H?(R) of the multiplication operator by « in L*(R).
See [8, (2.3)] recalled in (2.1). This isomorphism permits to transfer results on M, (k) in [8, sec. 2] to T,,. Note also that in [11]
one finds a detailed study of the kernel of M (k). Thus one has the following properties.

The domain dom T, = {u € H*(T) : wu € L?(T)} is either trivial or dense. It is dense if and only if In(1 + |w|), or
equivalently In™ |w|, is integrable, and it equals H?(T) if and only if w is essentially bounded or, equivalently, T, is bounded.

For all o« € H*(T) one has (1) T,,Ts = Thw and (2) TXT,, C Tg,. Hence the shift invariance T,, = T>T,, T, holds.

For b > 0, T() := [ 7'M, (e'**) T is the TO with symbol z — exp(bZt}) in H*°(T). One has the invariance T,, =
T(";))TWT((,), which for bounded TO is even characteristic. Up to some technical assumptions this holds true also for unbounded
TO (cf. [8, 2.17]).

If w is not almost constant and if A € C is an eigenvalue of T}, then X is not an eigenvalue of 7,. If w is almost real not
almost constant, then 7}, has no eigenvalues and in particular 7, is injective.

If T, is densely defined, then T, is symmetric if and only if w is almost real.

Let T;, be densely defined symmetric. Then 7, is bounded below if and only if w is real essentially bounded below, and the
maximal lower bound of T;, equals the maximal essential lower bound of w. If T}, is bounded below and not bounded, then the
numerical range {(u, T,,u) : © € dom T, ||u|| = 1} equals |a, oo[ with « the maximal lower bound.

Finally, every densely defined semibounded TO (i.e., w real semibounded and In(1 + |w]|) integrable) has a canonical
representation by a product of a closable operator and its adjoint. Then the Friedrichs extension of the TO is obtained replacing
the operator by its closure. By this factorization one has a rather explicit expression of the former. Moreover, the factorization
determines a Hilbert space isomorphism relating the semibounded TO to a singular integral operator of Hilbert transformation
type. This is shown in [, sec. 5] for the corresponding Wiener-Hopf operator and illustrated by the example of Lalescu’s operator
[8, sec.5.2]. As a further example, the spectral representation of the TO with symbol 14, where A C T is an arc, is explicitly
related to that of the finite Hilbert transformation [12, sec. 3.2.3, 3.3.2].

(b) Semibounded integrable symbols

For integrable symbol w the TO T, is densely defined and, if in addition w is real bounded below, T, is symmetric bounded
below. Note however that e,, € dom 7T, only if w is even square-integrable. Note also that an unbounded rational symbol is
not integrable. Writing w — A > 0 for A € R as the absolute square of an outer function (which corresponds to the above
mentioned factorization) and analyzing the Toeplitz matrix ( fT €nWem d)\)nm, in [2], [3] the spectral representation of the
Friedrichs extension of 7, is deduced. If w is not almost constant, than the latter is absolutely continuous.

One recalls that the Friedrichs extension 7., of T}, is given by T} |domT= np,- Here D, := {u € H 2(T) : 3 u, €
dom T, with ||y, — tm||lew — 0, |Jun — u|| — 0} is the completion of dom T, with respect to the norm || - ||, defined by
2= (u, Tou) + (1 =) [ful®.
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(c) Closable semibounded form related to a Toeplitz matrix

Let (wg)kez be a complex sequence with @y = w_y, such that the sequilinear form s, determined by the Toeplitz matrix
(Wn—m)n,m>0, is bounded below (i.e., s(§, &) = me>0 EWnombm > Yon |€,]? for some v € R and all ¢ € Dy, the dense
subspace of 12(Ny) of all finite sequences). Then by [6, 2.3], the form s is closable if and only if there is a real integrable function
w on T with lower bound 7 so that wy, = [ 2~ *w(z) d \(2), k € Z. Here w is uniquely determined.

Let us identify {?(Ng) with H?(T) by the usual Hilbert space isomorphism & — >° . &nen,. Consider the case that s is
closable. Then by [6, 3.3], the closure of s, still denoted by s, is given by s(u,v) = [ Tvwd X forallu,v € H*(T)NL*(T,A).
Here A := p), where the density p := w + 1 — 7y is > 1 and integrable.

Dy := H*(T) N L*(T, A) is dense in H?(T) (since Dy C Dy) and closed in L?(T, A) (since || - |[o > || - ||). By the theory
of forms [13, 5.5] there is a unique self-adjoint operator R in H?(T) with dom R C Dy and (u, Rv) = (u,v), for all u € Dj,
v € dom R. Moreover, R is determined by dom R = {v € Dy : 30 € H?(T) with (u,v)5s = (u,0) ¥ u € Do} and Rv = 0.
One has R > I and dom R dense in Dy with respect to || - ||». — Obviously T, C R. Hence S := R — (1 —~)I is a self-adjoint
extension of T, with S > ~I.

Note that D,, in (b) is the closure of dom T}, = dom T, with respect to || - ||, whence D,, C Dy. Actually D,, = Dy (cf.
the proof of (b) in [8, 4.3]). Therefore dom S C D,,, which implies that S is the Friedrichs extension T, of T,,.

(d) Real square-integrable symbols

For square-integrable symbol w the domain of 7, contains the dense subspace Dy of polynomials on T so that the matrix
representation ((ey, Tio€m))n.m Of Ti|p, is available. The latter operator is closable since (T, |p,)* D 1., O T is densely
defined. In case that w is real and T, |p, is essentially self-adjoint, [14] provides the spectral representation of its closure. The
main results of [14] for real symbols w regarding the spectral measure require only the integrability of In™ |w|, which we recall
is the necessary and sufficient condition for T}, being densely defined.

(e) Analytic TO

Let M, denote the operator in H?(T) by multiplication with a measurable w on the domain dom M,, := {u € H*(T) :
wu € H?(T)}. Obviously, M,, is closed and is extended by T,,, i.e., M,, C T,,. — Turn to rational w = £ with relatively prime
polynomials. Then dom M, = S;;H 2(T), which is dense only if S has no zeros with modulus < 1. In this case M,, = T,,,
which means (identifying H?(T) with H2(ID) as usual) that T}, is an analytic TO [4], [5, sec. 5] (i.e., the multiplication by w
in H 2(D)), and w belongs to the Smirnow class N* [5, 5.2.]. If the zeros of S have all modulus > 1, then T, belongs to the
well-studied class of bounded analytic TO (see [15] for a survey). — For general real w € NV it is shown in [4] that M, has
both deficiency indices finite only if w is rational. Moreover, all pairs of deficiency indices occur, and M, is self-adjoint only if
w is constant. — As stated above, T}, and M, coincide for rational symbols w holomorphic in D. More generally T, = M,,, if
w is the nontangential limit of an outer function on . Indeed, in this case In |w| is integrable, whence In(1 + |w|) < In2+ In |w|
is integrable so that 7;, is densely defined (see (a)), and [ 1 |, 3.3] applies.

(f) Toeplitz-like operators

Several types of Toeplitz-like operators have been studied in the literature. See [7, part I] for an overview. The oper-
ator T, treated in [7] for rational symbol w reads 7.,g = Pgrf with domT/ = {g € H? : wg = f + pwith f €
LP, p strictly proper rational with all poles on T}. It has rather similar Fredholm properties as T,,. Obviously T,, C T, (for
p = 2). The domain of T, contains all polynomials, which allows to set up the matrix ({(e,,7,€m))n,m. It turns out to have the
form of a Toeplitz matrix. Also the shift invariance 7/, = T.* T/, T/ holds. If w has no poles on T, i.e., w is essentially bounded,
then p = 0 and T}, coincides with the classical Toeplitz operator T,,. Recall that dom T, contains only the polynomials with
factor s (2)(a).
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