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Abstract It has been a century since the Banach fixed point theorem was established, and because of this,
the result is the progenitor in some ways. This seems essential to revisit fixed point theorems in specific and in
light of most of those. Those are numerous and prevalent in mathematics, as we will demonstrate. Fixed point
theorems can be noticed in advanced mathematics, economics, micro-structures, geometry, dynamics, computa-
tional mathematics, and differential equations. ¢-metric space is the broaden and extrapolate the paradigm of
the concept of metric space. The characteristic of a &-metric space, in essence, is to comprehend the topological
features of three points ratherthan two points via the perimeter of a triangle, where the metric indicates the dis-
tance between two points. The domain of ¢, -metric space is significantly larger than that of the class of ¢-metric
space. Hence we utilised this generalized space inorder to obtain common tripled fixed point for three mappings
using rational type contractions in the setting of %,-metric spaces. Recently, Khomadram et al have developed
coupled fixed point theorems in %,-metric spaces via rational type contractions. The main aim of our paper is
to broaden and extrapolate the paradigm of Khomadram’s results into tripled fixed point theorems. Therefore,
examples are offered to support our findings.

Keywords Gb-metric Space, Gb-Cauchy Sequence,Gb-convergent Sequence and Tripled Fixed Point

1 Introduction

”Topological metric space theory” originates from the vast area of non-linear functional analysis. Fixed point
theorem is a qualitative result which concerns with finding conditions on the frame of a non-empty set and the
choice of mapping on that particular set, in order to obtain a fixed point usually. Many problems in problems
in engineering and applied sciences are made usually in the structure of differential and integral equations.Fixed
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point theorems discover many applications in proving the existence of unique solutions for various existed dif-
ferential and integral equations that appear in the study of problems in heat and mass transfer, fluid mechanics,
chemical and electrochemical process, molecular physics and in many other fields.

Initially in 1909, Frechet[10] introduced the notion of metric as a distance function. In 1989, Bakthin[5]

introduced the concept of b-metric space as a generalization of metric space. Mustafa and Sims [20] led to the
enactment of ¢-metric space in 2006 to broaden and extrapolate the paradigm of metric space. In assertion,
understanding the geometric features of three points rather than two points through the use of the perimeter of
a triangle is the characteristic of a ¢-metric space. In 2014, Aghajani et al[2]introduced a %,-metric space as a
different generalization of metric space using the concepts of b-metric space and ¢-metric space.
The goal of this study is to show that unique common tripled fixed point theorems for three mappings via rational
type contractive conditions which are broaden and extrapolate the paradigm of the results of Khomadram et al
[14] in the setting of %,-metric spaces. Metric spaces are the medium where a significant amount of functional
analysis ideas and conclusions are articulated. This article on ¢-metric space appears to skim through the fun-
damentals of the problem so very rapidly. The authors of this paper aim to take a relaxed approach to the theory
of G-metric spaces. The following definitions and propositions are used to derive our main results.

Definition 1.1 ([2]) Let .# be a nonempty set and %, : 4 X # X .# — R and s > 1 be a real number such
that

1) 4% (a,b,c) > 0forall a,b,c € A with4,(a,b,c) =0ifa=b=rc,
(“2) 4%,(a,a,b) > 0forall a,b € A4 with a # b,
(93) %(a,a,b) < % (a,b,c)forall a,b,c € 4 with c # b,

(

(“4) % (a,b,c) =% (a,c,b) =%(b,a,c) =%(c,a,b) =%(b,c,a) = %(c,b,a)
forall a,b,c € A
)

(95) %(a,b,c) < s[%(a,w,w)+ % (w,b,c)] forall a,b,c,w € A
Then the pair (.#,%,) is called a %,-metric space with %,-metric &, on .#. Axioms (¢4) and (¥5) are referred
to as the symmetry and the rectangle inequality (of 4,) respectively.

Given a &,-metric space (.#,%,), define
pz(a,b) =% (a,b,b) + %(a,a,b) forall a,b,c € A . (1.1)

Then it is seen in [2] that py is a b-metric on .# and that the family of all &,-balls { Bg(a,r) : a € 4,7 > 0}
is the base topology, called the &,-metric topology 7(%;,) on .#, where By (a,r) = {b € M : %,(a,b,b) < r}.
Further, it was shown that the %,-metric topology coincides with the metric topology induced by the b-metric pg,
this enables us to convert numerous notions form b-metric to ¢-metric space with ease.

Definition 1.2 ([2]) A %,-metric space (.#,%) is said to be symmetric if %,(a,b,b) = %(b,a,a) for all
a,be .

Definition 1.3 ([2]) A sequence (a,) in a %,-metric space (.#,%,) is said to be ¥j-convergent to a € .# if for
every € > 0 there is a positive integer N such that %,(a,,a¢,a) < eforall §,0 > N.

Proposition 1.1. ([2]) Let (.#,%,) be a %,-metric space.Then the followings are equivallent.
(i) {(as) 224 is 9,-convergent to a
(ii) 9%(ay,ay,a) = 0as o — 0o
(i) %(ag,a,a) — 0aso — oo.

Definition 1.4 ([2]) A sequence (a,) in a ¥-metric space (.#,%,) is said to be %,-Cauchy if for every € > 0
there is a positive integer N such that 4,(z,, z¢,x,) < eforall ,&,n > N.
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Proposition 1.2. ([2]) Let (.#,%,) be a &,-metric space.Then followings are equivallent.
() (as) is %-Cauchy.
(ii) for every e > 0 there is a positive integer N such that %, (a,, ag, a¢) < eforall {,0 > N.

Proposition 1.3. ([2]) Every &,-convergent sequence in a &j,-metric space (.#,%,) is 4,-Cauchy.

Definition 1.5 ([2]) A ¥,-metric space (#,%,) is said to be ¥%,-complete if every ¥,-Cauchy sequence in .#
converges in it.

Proposition 1.4. ([2]) Let(.#,%,) be a %,-metric space.A mapping g : # — # is ,-continuous at a € A if
and only if the sequence{ga,) converges to ga whenever (a,) converges to a.

Proposition 1.5. ([2]) The ¥,-metric %, (a, b, ¢) is jointly continuous in all the three variables a, b and c.

Proposition 1.6. ([2]) If(.#,%,) is a %,-metric space, then it follows that
() if%(a,b,c) =0thena=>b=c;
(i) 9%(a,b,c) < s[%(a,a,b) +%(a,a,c);
(iil) %(a,b,b) < 25%,(b,a,a);
(iv) %(a,b,c) < sl%(a,x,c) + % (x,b,c)] forall a, b, c,x € A .

Samet and Vetro [23] introduced a fixed point of order NV > 3 in the year 2010. The following is the definition
of fixed point of order 3.

Definition 1.6 ([23]) Let .# be a nonempty set. An element (a, b, ¢) in .# x .# x .# s said to be tripled fixed
point of a mapping .7 : A X M X M — M ,if S (a,b,c) = a,#(b,a,c) =band ¥ (c,a,b) =b.
Definition 1.7 ([23]) An element (a, b, ¢) in A4 X .# X #is said to be common tripled fixed point of mappings
ST and Z on M X M x M, if S(a,b,c) = T(a,b,c) = Z(a,b,c) = a,.’(b,a,¢c) = T(b,a,c) =
Z(b,a,c) =band . (c,a,b) = T (c,a,b) = %Z(c,a,b) = c.

In 2011,Berinde and Borcut [6] defined another notion of a tripled fixed point for mappings which are satis-
fying mixed monotone property in partially ordered metric spaces.

2 Main Results

Theorem 2.1 Let (#,%,) be a complete symmetric 4,-metric space with parameter s > 1 and %, T | X :
M X M X M — M be three mappings such that

G(S (2,9, 2), T (N K, Q), Z (v, L, ) 2.1
(1'7)" V) +gb(yvnvb) +gb(za<7 P)
3
G (L (x,y,2), T (MK, Q) Z(v,1,9)) - Gp(x,\, V)
14+ % (x,\,v) +%(y, K, L) + % (2,(, 0) ’
G (S (x,y,2), T (A K, (), Z(v,1,9)) Gy, K, L)
1+ %G (z,\v) + G (y, K, L) + %(2,(, p)
gb(y(x7y7z)7y(A7ﬁ7<)7'@(V7L7 @)) 'gb('zagv @)
14+ % (x,\,v) +%(y, K, L) + G (2,(,0)
G (x,x, S (2,y,2)) - Gz, \, V)
°1+ Gp(x, \,v) + G (y, 5, L) + GD(2,¢, )
Gy(z,x, L (x,y,2)) - Dy, K, L)
14+ % (z, A\ v) +%(y,K5,b0) + %(2,¢, 0)

<K, %

+ Ky

1K,

+ Ky

+K

+ K
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G(z, 2, S (2,y,2))  %(2,( p)
L+ % (2, A\ v) + % (y, 5, 0) +%(2,(, 0)
G (M, T (N K, Q) - Gp(z, N\, v)
1+ gb(xv )‘7 V) + gb(yv Ky L) + gb(za Ca p)
SN, T (N E, Q) %Gy, Ky L)
1+ % (x,\,v) +%(y, K, L) + % (2,(, p)
DA TN E Q) - D(2,¢9)
P14+ %G (@, A v) + %Gy, 5, 0) + %(2,C, )
Gy(v, v, (v, 1, 0)) - Gp(z, \, V)
L+ %y (z, A\ v) + G (y, 5y 1) + Go(2, G, 0)
G (v, v, BV, 1, 0)) - Gy, K, L)
14+ (x,\,v) +%(y, K, L) + %G (2,(, 0)
Gy(v, v, Z(V, L, 9)) - D(2, ¢, )
L+ % (z, A\ v) + G (y, 5, 0) + 9(2, ¢, p)

+ Ky

+Ks

+ Ky

+K

+ Ky

+ Ko

+Kis

forall x,y,z, A\, k,(, v, L, p € M and non negative real numbers K1, Ko, K3, Ky, K5, K¢, K7, Kg,
Ko, K10, K11, Ki2,Kiz with 0 < K; + Ko+ K3 +Ky +3(Ks + K +K7) + Kg + Ko+ K0+ K1 + K2+ K3 < 1.
Then .#,.7 and Z have a unique common tripled fixed point in M .

Proof. Let x0,y0 and zp be any three elements in .#. We construct three sequences ()52 1,(yo )52, and
(25)5%4 in A as follows:

T3p41 = (T3¢, Y34, 238)s Yser1 = 7 (Y3g, 236, T38), 23¢+1 = (234, T3¢, Y34)
T3p42 = T (T3¢+1:Y3p+1> 23¢+1)> Y3p+2 = 7 (Y3p+1, 23641, T3h+1)s 23¢42 = 7 (23415 T3p+1> Y3+1)

T3¢13 = (X362, Y3642, 236+2), Y3¢+3 = L (Y3g+2, 23612, T3p+2), 2343 = Z(23¢12, T3p42, Y3¢+2)
forp =0,1,2,3, ...

Now llSil‘lg (21) with x = T3¢p,Y = Y3¢s2 = Zg¢,>\ = T3¢+1.k = y3¢+1,c = Z23¢p+1-V = T3¢p+2,L = Y3¢+2 and
© = 23¢4+2 , WE get

Go(T3p4+1, T3p+2, T3p+3) = Do (T30, Y31 230), 7 (T3p4+1, Y3015 236+1), Z(T3p+2, Y3p+25 23+2))
<K, G (T34, T3p+1, T3p+2) + D (Y3e, y3§>+1, Ysgr2) + Do (234, 23411, 234+2)
G (7 (39, Ysgs 236)s 7 (T39+1, Ysg+1, 23¢+1)s Z(T39+2, Yss+2, 239+2)) - %o (¥39, T3pt1, Tag42)
1+ % (234, T3p+1, T3p+2) + Db(U3g, Ysp+1, Yse+2) + Do(23, 23041, 239+2)

K, G (7 (38, Ysgs 239)s 7 (T39+1, Ysg+1, 239+1)s Z(T39+2, Yss+2, Z39+2)) - Do (Y3: Y3e+1, Ysg+2)
1+ Gy (234, 3941, T312) + Do(Y3e, Y3pt1, Ysgr2) + Do(2345 23641, 23¢42)
%b(f(a:3¢,y3¢,z3¢), 7($3¢+1,y3¢+1,Z3¢+1),%(x3¢+27y3¢+2,z3¢+2)) 'gb(23¢723¢+1723¢+2)
1+ (230, T3p+1: Tap+2) + Do(Y3p: Ysp+1: Yse+2) + Do(236, 23641, 236+2)

. Gy (39, T39, 7 (239, Y3, 239)) - Db(T39, T3941, T39+2)
L+ %y (236, T3p+1, T3g+2) + Do (Y3gs Y3p+1, Ysot2) + Go(230, 23641, 23¢+2)
Gy (139, T30, 7 (T3, Y3, 236)) * Do(Ysp, Y3g+1, Y3p42)
L+ % (236, 3941, T3¢12) + Do(Y3p, Yspt 1, Yspt2) + Do(236, 23911, 23g+2)
G (239, T39, L (T30, Y3g 239)) - Db(236, 23941, Z39+2)
1+ %y (230, T3p41, T3p+2) + Do (Y3, Yt 1, Ypt2) + Do(2345 23941, 23¢42)
. Go(3¢+1, T3p41, T (L3641, Y311, 236+1)) - Do (T34, T3¢+1, T3p42)
L+ % (236, T3p+1, T3p+2) + Do(Y3p, Yspt1, Yspt+2) + Db(230, 23911, 23¢+2)
LK G (23911, T3+1, T (T3941, Y3015 236+1)) - Db (Y36, Y3o+1, Y3o+2)
L+ 9 (239, 3941, T3g+2) + Do(Y38s Y3pt1, Usgr2) + Do(234, 236415 23¢12)

+ Ky

_|_

+ Ky

+K

+ Ke

+ Ky

+K
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LKy Gy (23611, T3p41, 7 (X341, Y311, 236+1)) - o(236 23641, 23p+2)
1+ Gy (234, 23941, T3+2) + Do (Y3 Y3pt+1, Y3s+2) + Do(234, 23641, 23¢42)
N Gy (X3¢+2, T3p+2, Z(T3p+2, Y3g+2, 23¢+2)) - Do (T30, T3¢41, T3p42)
L+ % (234, T3p+1, T3p+2) + Db(U3p, Ysp+1, Yse+2) + Do(23, 23941, 23¢+2)
Gy(T3p+2, L3pr2, B (L3042, Y3p+2, 236+2)) - D (Y3, Y3o+1, Y3p+2)
1+ G (234, 3441, T3g+2) + Do (Y3er Y3ptr1, Ysgr2) + Do(234, 23641, 23¢42)
Gy (23642, T3p42, Z(T3¢12, Y3pt2, 23¢12)) - Do(23¢, 23641 23p+2)
1+ % (39, T3p4+1, T3g+2) + Do (Y3, Ysp+1, Y3p+2) + Gb(234, 23p+1, 239+2)

+K

+ Ko

+ K3

Go(T365 T39+1, T3+2) + (Y30, Yso+1, Yss+2) + Go(230, 23041, 230+2)
3
LKy G (T39+1, T39+2, T39+3) * Db (T3, L3941, T3p+2)
1+ (230, T3p+1: Tap+2) + Do(Y3s, Ysp+1: Ysp+2) + Do(236, 23641, 236+2)
Go(T3p+1, T3p+2, T39+3) * Db (Y3gs Y3o+1, Ysp+2)
L+ %y (230, T3p41, T30+2) + D (Y36 Ysg+1, Ysp+2) + D (2365 23941, 23¢+2)
\ G (T3p+1, T3+2, T39+3) - o239, 23041, 239+2)
14+ 9 (23¢, T3p+1, T3¢4+2) + Do (U3¢, Y3415 Ysp+2) + Db(236, 239415 23p+2)
. Do (T30: T3¢ T3g+1) - Do(¥38, T3g41, T3p+2)
L+ 9 (23p, 3941, T3g+2) + Do(Y38: Y3pt1, Usgr2) + Do(23, 236415 23¢12)
%(xw, T3¢, T3p41) ° %(y3¢7 Y3p+15 Y3g+2)
L+ 9y (239, 3941, T3g+2) + Do(Y36s Y3pt1, Ysgr2) + Do(234, 23441, 23¢12)
G (230, T3p, Tag+1) - Gb(230, 23641, 239+2)
1+ (230, T3p+1: Tap+2) + Do(Y3s, Yspt1: Yse+2) + Do(236, 236+1, 236+2)
G (T39+1, T3p+1, T3p+2) - Do(T39, L3941, T3p+2)
L+ %y (236, T3p+1, T3g+2) + Do (Y3gs Y3p+1, Yso+2) + Go(230, 23641, 23¢+2)
0 %(13¢+1, T3¢p+1, I3¢+2) '%(y3¢7 Y3gp+1, y3¢+2)
L+ % (236, 3941, T3¢12) + Do(Y3p, Yspt1, Ysptr2) + Do(23, 23911, 23¢+2)
G (23041, T3g+1, T3p+2) - o236, Z30+1, 23¢+2)
14+ % (239, 3641, T3p42) + Do (Ysg, Y3pt1, Yzet+2) + Do(23¢, 239415 23¢42)
Gy (L3042, T3+2, T39+3) - Do(T30, 3911, T3pt2)
L+ %(234, T3p+1, T3p+2) + Do(U3g, Ysp+1, Yse+2) + Do(23, 23041, 239+2)
gb($3¢+2, L3p+25 $3¢+3) : gb(y&ba Y3¢p+1, y3¢+2)
L+ G(230, 3941, T3p+2) + Do(Y3g: Ysp+1: Yse+2) + Do(23, 23p+1, Z36+2)
Go(T3p12, T3p+2, T39+3) - Do(234, 23911, 234+2)
L+ %(230, T3p+15 Tap+2) + Do(Y3s Ysp+1: Yse+2) + Do(236, 23p+1, Z3p+2)

:KI

+Ks

+K

+K

+ K

+ K7

+Ks

+K

+ Ko

+ K1

+ Kia

+ Kis

Gy (T3¢, 3941, T3p+2) + Do (Y36, Ysp 11, Ysgr2) + Go(234, 23941, 23042)
3
+ Ko% (23641, T3p+2, T36+3) + Ks@ (23641, L3412, T3943) + Kabo (23411, 3942, T36+3)
+ K59 (230, ©34, T3p+1) + K6 (T3¢, T34, T3p+1) + K9 (239, T34, T3p+1)
+ Ks%p (239+1, T3p+1, Tapt+2) + Ko@h (3941, T36+1, T3+2) + K109 (23441, T3p+1, T3p+2)

<K

+ K119 (23942, T3p+2, T3p+3) + K129 (23942, T3p+2, T3+3) + K139 (23042, L3442, T3943)

Since % (T3¢, T34, T3p+1) < Go(T38, T3p1+1, T3p12)> Do(T3¢41, T3¢11, T3g42) < Do(T3¢, T3g+1, T3p42) and
Gy (T3p+2, T3+2, T3p+3) < Dp(T3¢41, T3p+2, T34+3), We have

Gy (T34, T3p+1, T3p12) + Do(Y3g, Y3pt1, Ysp+2) + Go(23, 23641, 23¢+2)
3

Gy (23p+1,T3¢+2, T3p43) < Ky
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+ (Ko + K3 + Ky) - G (23041, T3p42, T3g43) + (Ks + Ko + K7) - G (234, T3p+1, T3+2)
+ (Ks + Ko + Ki0 + K11 + Kiz + Ki3) - G (23641, T3g+2; T34+3)

so that

g( . )< %+K5+K6+K7
X X .
bUESHLT8042, T3043) = T (K, + K + Ky + Kg + Ko + Kyo + K11 + Ky + Ki3)]
Ky
4, 3 :
b(T39: T36+1,¥30+2) ¥ RO TR TR, + Ke 7 Ko £ Koo 7 Kur 7 Ko 7 Kool
Ky
3

%, , , + .
b(yag Yoo+, ¥30+2) + TR, TG TR, + Ks 7 Ko + Koo + Kt 7 Kz 7 Kua)l

Gy (23, 23941, 234+2) 2.2)

Similarly,

9 ) < B+ Ks + Ks + Ky
b\Y3¢+1,Y3¢+25Y39+3) = [1—(K2+K3+K4+K8+Kg+K10+K11+K12+K13)]

Ky

% ) Y , + 3 .
(Y30, Yss+1, Yss+2) 11— (Ks + K3+ Ky +Ks+Kg + Kig + Ki1 + Kyo + Ky3)]
Ky

G (T34, , + 3 .
(T3, Tap+1, T39+2) 11— (Ke + K3+ Ky +Ks 4+ Kg + Kig + Ki1 + Kyz + Ky3)]

G (230 23415 23p+2) (2.3)
and

B+ Ks +Ks + Ky

£/ ; : < }
(230178542, 23643 1— (Ko +Ks+ Ky + Kg + Ky + Kig + K11 + Ky + Ki3)]

Ky
3

Ko + K3 + Ka + Ks + Ko + Kio + Ki1 + Ki2 + Ki3)]
K2+K3+K4+K8+K9+K10+K11+K12+K13)]

G (Y3 Y3p+1, Y3p+2) (2.4)
Adding (2.2),(2.3) and (2.4),we have

G (23, 23941, 230+2) + =

G (239, L3p+1, T3gp42) + |

Gy (2364103042, T36+3) + Do (Y3o+1, Y3o+2> U3e+3) + Db (230+1, 23042, 23¢+3)
§ Ky + 3(Ks + K + Kr) '
T 11— (Ko + K3+ Ky +Kg + Ko + Kyg + Ky + Ky + Kys)

(Do (738, T3p+15 T3p+2) + Do (Y3gs Yso+1, Yse+2) + Go(230, 23941, 239+2)]-

or
G (394123942, L36+3) + Do (Y3pt1, Ysp+2, Y3e+3) T Gb(230+1, 23042, 23¢+3)
< ¢ Gy (230, g1, T3p+2) + D(Y3p, Ysor1, Ysgt2) + Do(23¢, 23041, 23442)]).  (2.5)
K 3(K K K L. .
where ¢ = 1+ 3(Ks + K + Kr) and 0 < ¢ < 1 in view of choice of

1— (Ko +Ks + Ky + Kg + Ko + Kio + Ky + Ko +Ky3)
KlaK27K?wK4)K57K63K77K87K9aK10aK117K12 and Kl?)'
Also, it can be proved that

%(I3¢+273«"3¢+37 3?3¢+4) + %(ysawrm Y3¢p+3, y3¢+4) =+ %(23¢+27 23¢+35 Z3<z>+4)
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< [Go(23g415 T3p+2, T3943) + Do(U3p+1, YU3p+2, Y3p+3) + Do(23641, 23642, 23943)]-
<P Gy (T36, T3641, Tagt2) + Do (Y30, Ysot1, Yssr2) + Do(236s 236415 23642)]-

Proceeding like this, we get

gb<x0'7xo'+l7 x0+2) + gb(yo'y Yo+1, y0+2) + gb(zo'y Zo+1, Zo’+2)
C: [gb(xafla To, l'cH»l) + g%J(yafla Yo, ya+1) + gqb(z(rfh Zoy Za’+1)]'
S 02 : [gb(xa—% To—1, xa) + gb(ya—% Yo—1, ya) + gb(zo—% Zo—1, ZO')]'

< - [Gy(xo, 71, 22) + G (Yo, Y1, y2) + %o(20, 21, 22)] where o = 3¢ + 2.

Let Ay = % (20, Zot1, Tot2) + % (Yo, Yot15Yot2) + % (26, 2041, Zo+2). Then the above inequality becomes
as A, <Ay < AAy_5< ... <Ay foro €N

Suppose & > o. Now using repeated application of rectangle inequality of &,-metric and the inequalityA, <
c® Ao, we have

G (2o mg, Te) + Go(Yor, Y Ye) + G20, 265 2¢) <8[9 (T, Tot1, Tat1) + Go(Totr, Te, T¢)]
+ 8[% (Yo, Yo+ 1, Yot+1) + Do(Yot1, Y, Ye )| + 8[G (20, Zo115 204+1) + Go(2041, 2¢, 2¢)]
<SG (%03 Tot1, Tot1) + Do(Yor Yot1:Yor1) + Go(20 2041, Zo41))]
+ 8% (To 11, Tot2, Tor2) + Do (Yot 1, Yor2, Yor2) + Do(2041, 2012, 20 12)]
o8 T Gy (et weo1, ) + Go(Ye—10 Y1, Ye) + Dol2e—1, 21, 2¢)]
=50y + 8 Apy1 + 83 Ngyo+ -+ SE_JAg_l
<[se” 4 82T 4 4 5579 A

1
<s¢? - ——Agforé >0
1—-c

or

1
G (x5, xe, 2¢) + G (Yor Ve, Ye) + (26, 26, 2¢) < 5.6 - 1fAO for £ > o. (2.6)

Since0<c< 1, - 0aso — 0.

Now applying limit as 0 — oo with £ > o in the inequality (2.6), we have

Gy (20, x¢,0¢) + %Yo, Ve, Ye) + Do(20, 2¢,2¢) < 0 which follows that (x,)5%1,(ys)o2; and (z,)o2, are
%,—cauchy sequences in .Z .

Since (4 ,%,) is a complete &,-metric space, there exist z,y, z € .4 such that z, — x,y, — y and 2z, — z as
o — 00.

Now we prove that (z,y, z) is a tripled fixed point of .,.7 and Z.

Again using (2.1) with = 24,y = Ys,2 = 25,0 = ¢,k = y,( = 2,V =z,0. = y and p = z, we get

%(a:,Y(x,y,z),Y(a:,y,z)) SS[%b(ﬂf,xg+1,ajg+1)+%b(Ig_H,y(l',y,Z),y(l’,y,z))} 2.7
gb(xowxux) + gb(ya'vya y) + gb(zaa 2 Z)

3
%b( (IEU7I’ ’l}) y(l’a,y y) y(zoaz Z)) ($U,$,$)

<% (2, To41,Toy1) + 5 [Kl

e G (0 00) + Doy 5,9) + Dol 2, 2)

+K3gb(y(x07x ,T), y(ymy Y), (ZU,Z Z)) (Yo, v, b)
1+ % (26, 2,2) + %Yoy, y) + %(20, 2, 2)

+K4gb(y($g,l‘,$),y(yg,y,y) (ZU,Z Z)) Dy (20, W, C)
L+ % (20, 2,7) + % (Yo, Y5 Y) + %Go(20, 2, 2)

L Ks G (2o, Toy S (Toy Yoy 26)) * G (0, T, T)

1 + gb(-rowxa I‘) + gb(yoa y>y) + gb(ZU,Z7 Z)
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G (T, T, S (s Yos 20)) * Go(Yos Y5 V)

L+ % (20, 2,7) + %Yo, ¥, y) +gb(zmz7z)
G (To,Toy L (Toy Yoy 26)) * G20, 2, 2)
1+ % (20, 2,2) + %Yo, y,y) + % (20, 2, 2)
Gy (x,2,5(x,y,2))  %(zs, 2, 1)

1 Jrgb(Im‘T I) +gb(ymy7 ) Jrgb(zmzaz)
G(z,2,5(2,y,2)) %Yo, y,y)

L+ % (20, 2,7) + % (Yo, ¥, Y) +gb(zmz7z)
Y (x,x,S(x,y,2)) %(25, 2, 2)

L+ % (v, 2,2) + % (Yo, Y5 y) + D(20, 2, 2)
G (x,2,S(x,y,2)) % (25,x,2)

1 Jrgb(xmx l’) Jr%b(ymy, ) +§§b(ZG,Z,Z)
G(z,2,5(2,y,2)) % (Yo, Y, y)
1+ gb(xmm $) +gb(yo7yv ) ""_gb(zmzﬂz)
% (
)

+ K¢

+ K7

+ Kg

+ Ky

+ Ko

+ K11

+ Ky

G (x,x,8(x,y,2)) - 9(25, 2, 2)
L+ % (v, 7,7) + % (Yo, ¥, Y) + D20, 2, 2)
Since z, — 2,y — y and 2z, — z, from the inequality(2.7) it follows that 4, (z, 7 (z,y, 2), (2, y, 2)) =
0 which implies that . (x,y, z) = x and also . (y, z, 2) = ¥, L (2, x,y) = z.
Similarly, it can be shown that 7 (x,y,2) = z, I (y,z,2) =y, T (z,z,y) = 2, %(x,y,2) = 2, Z(y,x,2) =y
and Z(z,z,y) = z.
That is (x, y, z) is a common tripled fixed point of .#,.7 and %.
Uniqueness:
Suppose (I, m, n) is another common tripled fixed point of .%#,.7 and Z.
That is, Z(I,m,n) = T({,m,n) = Z(,m,n) = [,7(m,l,n) = T(m,l,n) = Z(m,l,n) = m and
L (n,l,m) =T (n,l,m) =Z(n,l,m)=n
Using inequality(2.1),we have
G (x,1,1) =% (S (x,y,2), 7 (,m,n), Z(l,m,n))
G (x,1,1) + G (y,m,m) + %(z,n,n)
3
G (S (x,y,2), T(,m,n), Z(l,m,n)) - G(x,1,1)
14+ % (x, 1) +%(y,m,m) + %(z,n,n)
G (S (x,y,2), T(l,m,n), Z(l,m,n)) - %(y,m,m)
1+ % (x,l,1) + % (y,m,m) + %(z,n,n)
G (S (x,y,2), T(,m,n), Z(,m,n) - %(z,n,n)
1+ % (x,L,1) + % (y,m,m) + %(z,n,n)
G (x, 2, S (2,y,2))  G(x,1,1)
14+ % (x,1,]) + % (y,m,m) +%(z,n,n)
G (x,x, S (2,y,2)) - %(y,m,m)
14+ %(x, 1) + % (y,m,m) +%(z,n,n)
G (x,x, S (x,y,2)) G(z,n,n)
1+ % (z,1,1) + % (y,m,m) + % (z,n,n)
G (1,1, 7(,m,n)) - %(x,1,1)
1+ % (z,1,1) + % (y,m,m) + %(z,n,n)
< (1,1, 7 (l,m,n)) - %(y,m,m)
1+ % (z,[,1) + % (y,m,m) + % (z,n,n)
% (1,1, 7(I,m,n)) - %(z,n,n)
14+ % (z,1,1) + % (y,m,m) + % (z,n,n)

+ Kis

<K

+ Ky

+ K3

+ Ky

+ Ks

+ Ks

+ Ky

+ Kg

+ Ky

+ Ko
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G(L1L, 2L, m,n)) G (x,1,1)
14+ % (z,L,1) + % (y,m,m) + %(z,n,n)
(L1, Z(,m,n)) % (y,m,m)
14+ %(x,L,1) + % (y,m,m) + %(z,n,n)
G (1,1, Z(1,m,n)) - G(z,n,n)
1+ % (x,,1) + % (y,m,m) + %(z,n,n)

+ K1

+ Ky

+ Kis

G (x,1,1) + % (y,m,m) + %(z,n,n) LK, Gy (x,1,1) - G (2,1,1)
3 14+ % (z,[,l) +%(y,m,m) + %(z,n,n)
Gy (x,1,1) - G (y, m,m)
14+ %(x,,1) + % (y,m,m) + %(z,n,n)
G (x,1,1) - G (2,n,m)
1+ % (x,,1) + % (y,m,m) + %(z,n,n)
Gy (x,x,2) - G (2,1,1)
°1+ Gy (z,1,1) + % (y,m,m) + %(z,n,n)

:Kl

+K;

+ Ky

+K

Yy (z, x,2) - G (y, m,m)
14+ % (x,,1) + % (y,m,m) + %(z,n,n)
Yy (x, 2, ) - G (2,m,n)
1+ % (x,,1) + % (y,m,m) + %(z,n,n)
gb(l,l,l) ~§%($,l,l)
81+ Gy (z,1,1) + % (y,m,m) + %(z,n,n)
% (L, 1L1D) - % (y,m,m)
1+ G (x,1,1) + G (y,m,m) + %(z,n,n)
<G (1, 1,1) - % (z,n,n)
14+ % (x,[,]) + % (y,m,m) + %(z,n,n)
gb(l,l,l) ~gb(l’,l,l)
1+ %z, 1) +%(y,m,m) +%(z,n,n)
4 (1, 1,1) - % (y,m,m)
1+ % (z,1,1) + % (y,m,m) + % (z,n,n)
G (1,1,1) - % (z,n,n)
14+ % (x, 1) + % (y,m,m) + %(z,n,n)

+ K

+ K5

+K

+K

+ Kio

+ Ky

+ Kio

+ K3

which implies

gb(xu l7 l) + gb(y7m7m) + gb(27n7n)

(‘jb(l'7l,l) SKI 3

+ (K + Ks + Ka)% (.1,1) 2.8)

Similarly

D(y, m,m) +G(z,n,n) + % (x,1,1)
3

% (y,m,m) <Ky + (K + K3 + Ky)% (y, m,m) (2.9)

and

gb(zﬂ%n) + gb(x7 l7 Z) + gb(ya m7m)

Yy (z,m,n) <Ky 3

+ (KQ + K3 + K4)§%(z, n, n) (2.10)

Adding (2.8),(2.9) and (2.10), we get

gb(‘T,lal) +gb(y>m7m) +gb(z,nvn) S (Kl +K2 + KS + K4)[gb($,l,l)
+gb(y7m7m) —|—§fb(z,n,n)]



844 Unique Common Tripled Fixed Point for Three Mappings in %,-metric Spaces

or
(1 - Kl - K2 - KB - K4)gb($7lal) +gb(y7m7m) +gb(z7n7n) S 0 (211)

Since K; + Ky + K3 + K4 < 1, we have 9(z,1,1) + % (y, m,m) + %(z,n,n) = 0 which implies that
r=Il,y=mandz =n.
Thus, (x,y, z) is a unique common tripled fixed point of .%,.7 and Z. O

Example 2.1. Let .# = [0,1]. Define &, : 4 x M x M — [0,00) by %(c, B,7) = (Ja =B + |8 —~| +
|y — a|)?, where s = 2. Clearly, (.#,%,) is a complete ¥,-metric space.

Let Y(m,y,z) — 2174y2262+20’y()\,ﬂ’<) _ 3)\761?239@‘%*30 and

‘%(Vabap) = % f0r$7yaZ7AaH7C7V7L7pe M.

Now

gb(y(xvy’z)7y()‘,"i’c%‘%(y’% p)) = (|($,y,2) - ()‘7H?C)| + |()‘,’€7<) - (Va Ly p)l

) — (2,9,2)])

2c—4y+624+20  3A—6k4+9¢+30 + 3A—6£4+9¢+30  4vr—8:4+12p+40
24 36 36 48

-

+ 4v—814+12p+40  22—4y+62+20 )2
48 24

< (slle = A+ A v+l =l +§lly = &l + Ik = o[ + .= y]]
+ 4z = ¢l +1C—pl+lp—2))

< (ille =N+ 13 = vl + v =l + lly = £+ |5 =] + e = yl]
2
+ iz =+ 1¢C— ol + o —2[)
<Ez=MN+A=v|+lv—a)*+(y—&sl+|s—|+]c—y])?

+ (12 = ¢+ 1¢— ol + | — 21)7]
(2, \, V) + % (y, K, L) +9(2,(, 0)]

3

16
_ 9. [gb(wv)‘vy)""gb(yaﬂvL)J"gb(zaCa@)]
16 3

<K, Gy (z, A\, v) + %b(y?,)n, O+ %(2,¢p)

G (L (x,y,2), T (MK, Q) Z(v,1,90)) Gz, \, V)
L+ % (z, A\ v) + Dy, 5,0) + G(2, ¢, p)
gb(y(zvyaz)vy(AﬂivC)v%(VvLa W)) '%b(yv ﬁvL)
L+ % (2, A\, v) + % (y, 5,0) + 9(2,(, 0)
%(ﬂ(m,y,z),y()x,/i,@)%(%t, @)) 'gb(27C7 @)
14+ (x,\,v) +%(y, K, L) + G (2,(, 0)

G (x,x, S (2,y,2)) Gz, \, V)

L4+ % (z, A\ v) + G (y, £, 1) + 9(2,C p)
G (v, x, S (x,y,2)) - G(y, Ky )

1+ %G (z,\ V) + % (y, K, b) + G(2,¢, p)
G(z, 2, S (2,9,2))  %(2,( p)

L+ % (2, A\ v) +%(y, K, 1) + %(2,(, 0)
G(M AN, T (N K, Q) -Gz, \ V)
ST+ G () + Gy, k0 0) + G2, C, 0)
G(MA, T (N K,Q) %y, Ky L)
14+ % (2, A\ V) +%(y,5,0) + (2, ¢, p)

+ Ky

+K;

+ Ky

+ Ks

+Kg

+ K7

+K

+ Ky
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DA\ TN Q) - D(2,¢p)

L+ %G (z, A\ v) + G (y, K, 1) + (2, ¢ p)
Gy (v, v, Z(v, 1, 0)) - Gp(z, A\, V)

L+ %Gy (x, A\, v) + % (Y, K, 1) + (2, ()
G (v, v, (v, 1,0)) - %y, K, L)

14+ % (x,\,v) +%(y, K, L) + %G(2,(, 0)
Go(v, v, Z(V, L, 0)) - D(2,C )

P14 Gy, A ) + Gy, 5,0) + %(2,C,0)

+ Ko

+ Ky

+ Kia

+K

whereK1 = 9/16 anng :Kg =K4 =... =K13 =0

845

so that 0 < K +K2+K3+K4—|—3(K5 +K6—|—K7) + Ks + Ko + Ky0 + Ky1 + Ky2 + Ky3 < 1. Thus all
the conditions of Theorem 2.1 are satisfied. Therefore, .,.7 and Z have a unique common coupled fixed point,

namely (1,1, 1).

Corollary 2.1. Let (.#,%,) be a complete symmetric &;-metric space with parameter s > 1 and .7 : . # X

M X M — M be amapping such that

gb(y('xay)'z)’y(/\”%?C)’y(Vva @))

gb(xa )‘7 V) + %b(y, K, L) + ggb(za Ca p)
3
gb(y(x7yaz)7y()‘vﬁa<7

<K

(w1, 90)) Gz, A\, v)

K
T 1+gb(xa )‘7V)+gb(ya /€7L)+gb(2:,€7 @)

54
gb(y(zvyaz)vy(Aaﬁag 7‘5ﬂ(1/a Ly p)) 'gb(yv’ivb)

)

+Ks )
1+ % (2, \v) + %G (y, ko 0) + % (2,, 0)

)

gb(y(x7y7z)7y()‘7ﬁ:7< 7«7(Vab»@))‘gb(zv<7@)

K
M T G 0) T Gy, m ) + %G )

Gy (x,x, S (x,y,2)) G(x, \, V)
"1+ Gy, M ) + Gy, 5,0) + Go(2,C, )
Gy (x,x, S (x,y,2)) G(y, Ky 1)
T+ %G, \v) + %o(y, 5. 0) + % (2, 9)
G(z, 2, S (2,y,2))  G(2,( p)
T+ Gy(x, N, ) + G (y, &y L) + %(2,¢, 0)
G (M, L (N K, Q) -Gz, A\, v)
1+ % (2, A\ v) + %y, 5, 0) + %(2,(, )
G(M A, L (N K, Q) -Gy, K, t)
L+ %Gy (z, A\ v) + Gy, £, 1) + %2, C, )
gb(/\)‘ﬂy()‘ﬂ%ag)) 'gb(Z7C7 @)

L+ % (2, A\ v) +%(y, K, 1) + %(2,(, )
G (v, v, L (1, 0)) - Dz, \, V)
U1+ G, A v) + Gy, 5, 0) + %Go(2,C, )
G (v, v, L (1, 0)) - Gy, Ky L)
1+ %G (x, \ V) + %G (y, K, ) + %(2,(, p)
gb(% V7L§ﬂ(7/7b7 @)) 'gb(z7<7 @)

L+ % (2, A\ v) +%(y, K, 1) + % (2,¢, )

+K

+K

+K

+ Ksg

+ Ko

+ Ko

+K

+ Kio

+ Kis

forall z,y, z, \,k,(, v, t, p € .# and non negative real numbers K1, Ko, K3, Ky, K5, K¢, K7, Kg,

2.12)

Ko, Kig, K11, Ki2,Ki3 with 0 < Ky + Ko +K3 + Ky +3(Ks + K +Kr7) + Ks + Ko + Ko+ K1 + Ko+ K3 < 1.

Then . has a unique tripled fixed point in .# X A X M .
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Theorem 2.2 Let (A ,%,) be a complete symmetric %,-metric space with parameter s > 1 and S, T | % :
M X M X M — M be three mappings such that

(2.13)

B (0,,2), T 0,0, Bl ) < o AN TIN5 ) 2l 0)

Gy (x,x, S (2,y,2)) DN\, T(\ K, Q))
X 1+ s[%(m,x, y()""@ C)) +gb<>‘a )"y(xay7z)) +gb(x’)\7y) +gb(y7"€7[’) + gb('zv<7 p)]
G0N, T (NE Q) -%(v,v, Z (v, L, 0))
14+ 8% (v, v, T(A\, K, Q) + G (AN, Z (v, 1, 0)) + G (2, A V) + G (Y, Ky L) + (2, 0)]
G (v, v, (v, 1, 0))  G(x, 2,7 (2,y, 2))
+X41 + s[gb(’/v v, y(x,yv Z)) + gb(xa :U,%(l/, Ly @)) + gb(ma )‘a V) + gb(ya K, L) + %b(za Ca @)}

+

+X3

forallx,y,z, \,k,(,v, 1,0 € M and non negative real numbers x1, X2, X3 and x4 with0 < x1+Xx2+Xx3+x4 <
1.
Then ., 7 and X have a unique common tripled fixed point in M < M X M .

Proof. Let x0,y0 and zp be any three elements in .#. We construct three sequences (24)52 1,(yo )52, and
(25)5% 4 in A as follows:

T3¢4+1 = L (T34, Y3, 23¢)s Y3g+1 = L (U3g: 236, T3¢)s 23¢+1 = L (234, T3¢, Y39)
T3¢12 = T (L3641, Y3p+1, 23641)> Y3p+2 = 7 (Y3¢+1, 23641, T3p+1), 23642 = 7 (23641, T3p41, Y3+1)

T3p4+3 = %(x3¢+2,y3¢+2, Z3¢+2)7 Y3p+3 = %(y3¢+27 Z3¢+27$3¢+2), 23¢p+3 = %(23¢+27$3¢+2,y3¢+2)
forp =0,1,2,3,...

Now using (2.13) with ¥ = 34, = Y34,2 = 234X = T3¢+1,K = Y3+1,§ = 23¢+1,V = T3¢p42,0 = Y34+2 and
§ = 23442, We get

G (S (236, Y3gs 230)s T (T3641, Y3p+1, 236+1)s Z(T39+2, Y3p+2, 23¢+2))

< G (36, T3gt+1, T3g+2) + D (Y3, y3§+1, Yspt2) + Do (23¢, 23641, 23¢+2)

N G (230, T3¢, (T30, Y3e, 236)) - Do(X39415 T30+1 T (36415 Y341 23¢+1))

2

1+ 5[9 (230, 3¢5 T (T3¢415 Y3p+15 23¢+1)) + Do(T3p+1, T3g41, 7 (T3¢, Y34, 234))
+ %Gy (234, T3¢11, T3¢ 12) + Do (Y3, Y3p+1, Yspt2) + Db(230, 23611, 23¢+2)]

+

, G (230415 3641, T (3641, Ysdt15 23041)) - Db(T30+2, T3p+2, R(T3942, Y3p+2, 23+2))
1+ 5[% (23¢42: T39+2, T (230415 Y3p+15 23¢4+1)) + Do(X36+1, L3641, R(T3¢42, Y3pt25 23¢42))
+ % (234, T3¢11, T3 12) + Do (Y3, Y3p+1,b) + Do (236, 23641, 23p+2)]

+X

» Gy (23042, T3p12, Z (L3642, Ysp+2: 236+2)) - (T30, T3¢, L (236, Y3e, 234))
L+ (% (23442, T3pt+2, (T30, Y3y 238)) + Do(T30, T3g, Z(T3p+2, Y3p+2, 236+2))
+ Gy (238, T3p41, T3¢42) + Do (U3¢, Ysg+1, Ysgr2) + D234, 23641, 236+2)]

+

X Gy (238, 3941, T3p42) + Do(U3g, Yspt1, Yspr2) + Do(239, 23641, 23¢+2)
3

G (230, T3¢, T3p+1) - Do(T3641, T3p41, T3p+2)
1+ s[% (239, T3¢, T3p+2) + Do(T39+1, T39+1, L39+1) + Db (T3¢, T3g4+1, L34+2)
+ G (Y3 Yspt1, Ysgt2) + Do(23¢: 23641, 23+2)]

+X2

.~ Gy (L3641, T3611, T3p+2) - Db (T30+2, L3442, T3943)
1+ s[%(23¢+2, 3942, T3p+2) + Db (X341, T36+1, T36+3) + Db (T34, L3641, T3p+2)
+ G (Y3 Y3p1, Ysgt2) + Do(23¢: 23641, 2342)]

+
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\ Gy (T3p+2, T3p42, T394+3) - Dp(T3¢, T34, T3p+1)
1+ 5[9 (23942, T3p+2, T3¢+1) + Do (T34, T3, T39+3) + Do(T3¢, L3441, T3p42)
+ G (Y3ps Yspt1, Yset2) + Do (23¢, 23641, 23+2)]

X

Gy (T30, 39415 T3p+2) + Db(Y3p, Yso+1, Usg+2) + D234, 23041, 234+2)
3
Go(T30: T39+15 T3+2) - Do(T38+1, T3p+2, T3p+3)
L+ s[4 (739, T3¢, T3p12) + Do (T3¢, T3g11, T3p12) + o (Y3p, Y361, Y3pt2)
+ 9Do(234, 23941, 239+2)]

<xi

+X2

» G (236, L3941, T3+2) - D (3941, L3425 L36+3)
1+ 5[% (23941, 3941, T3¢43) + Do(T3¢, T3g41, T3p+2) + Do(Y3gs Y3g+1, Y3g+2)
+ Gb(230, 23p+1, 23p+2)]

+

. Gy (23641, T3+2> T3¢+3) - Db(T3¢, L3415 T3p+2)
1+ 5[9 (23942, T3p+2, T3¢+1) + Do(X34, T3, T39+3) + Do(T3¢, T34+1, T3p42)
+ G (Y3ps Yspt1, Yset2) + Do (23¢, 23641, 23¢+2)]

+X

Gy (238, 3941, T3p12) + Do(U3g, Yspt1, Yspr2) + Do(23, 23641, 23¢42)

<Xxi 3
+(x2 + X3+ X4) - Db(T3p41, T3p42, T3643)
So that,
%

G (23941, L3442, T3p43) < [ NG (239, T3g4+1, T3g42) + G (Y3g, Ysgt1, Ysptz) (2.14)

I —(x2+ x3+ x4)]
+ Gy (236, 2341, 239+2)

Similarly,
X1
Gy (Y3p+1, Y3o+2, Y3p43) < TG jX:} )] . [gb($3¢7$3¢+1; T3p+2) + D (Y3gs Yspt1, Yspt2) (2.15)

+ Gy (234, 23641, 239+2)

and

wofx

Gy (23941, 23p425 23¢13) < [ 7 . [%b(m3¢,x3¢+1,x3¢+2) + % (Y3, Y3611, Ysp+2) (2.16)

I—(x2+x3+ x4
+ Gy (236, 23641, 239+2)]

Adding (2.14),(2.15) and (2.16),we have

Gy (2364103042, ©36+3) + Do (Y3041, Y3o+2> U3e+3) + Db (236+1, 23042, 23¢+3)
< X1

1—(x2+ x3+ X4

+ Gy (236, 23941, 239+2)] -

il (G (236, L3911, T3g+2) + Do (Y36, Yspt 1, Y3o+2)

or

Gy (T3¢+1,T3¢+25 T3p+3) + Db (Y3p+1, Y3p+2: U3s+3) + Do (23641, 234425 236+3) (2.17)
< - (G (236, 3641, T3p4+2) + Do (Y36, Usgr1, Ysgr2) + Do(234, 23941, 23942)]-
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X1

. [1— (x2 + x3 + Xx4)]
Also, it can be proved that

where h = and 0 < h < 1 in view of choice of x1, x2, x3 and x4.

Gy (X3¢42,T3¢+3, T3¢+4) + Do (Y3p+2> Y3p+3, Yspt+4) + Do(23¢42, 2343, 234+4)
< h - [ (23411, T3p42: T36+3) + Db(Yspt1, Yset2: Yse+3) + Db(23641, 23642, 236+3)]-
< h? [ Gy (39, 23641, T3g42) + Do (Y3g Ysg 15 Yser2) + Do(236, 23041, 23p42)].

Proceeding like this, we get

G (TosTo+1, To12) + G (Yo Yot1, Yotr2) + Do(20, 2041, Zo12)
<h (9 (To-1,T0; Tot1) + Do(Yo—15 Yo, Yot1) + G201, 20, 20 41)]-
SB[ G (To—2, o1, T0) + Go(Yo—2, Yo1,Yo ) + Do(20—2, 201, %5)].
< h? - [G(x0, 21, 22) + D (Yo, y1,Y2) + % (20, 21, 22)], where 0 = 3¢ + 2.

Let Ay = % (2o, Tot1,Tot2) + % (Yo, Yoit1s Yot2) + (20, Zo+1, Zo+2)- Then the above inequality becomes
as A, < hA,_1 < h?A, 5 <..<h’Agforc e N

Suppose £ > o. Now using repeated application of rectangle inequality of ¢, -metric and the inequalityA, <
h?Ag, we have

Gy (o mg, Te) + Do (Yo, Yes Ve) + Go(2a, 265 2¢) <8[9 (T, Tot1, Toy1) + G (Totr, Te, T¢)]
+ 8% (Yos Yot 1, Yo+1) T G (Yot 1, Yes Vo) + 8[G (205 20415 2041) + Do(2041, 2¢, 2¢)]
<8 (20, Tor 1, Toy1) + Do (Yos Yot1,Yor1) + Do(20, 2041, 2041)]
+ 5°[G(To 41, ot 2, Tor2) + % (Yot 1, Yot2,Yotr2) + Do (20415 202, Zo12)]
o ST G (T 1, Tem 1, Tm) + Go(Ye—1, Ye—10Ye) + Dolze—1, 2e—1, 2¢)]
=sA\, + 32AJ+1 + sSAUH 4+t sE*UAg,l
<[sh + s*h7 T . 4 s£TORETA,

1
<sgh® . —
<sh 1—hA0 for{ >0

or
1
gb(l'[hl'g,l'g) +gb(yayy57y5) +£¢b(zmz§7z§) < s.h" - mAO for§ > 0. (218)

Since 0 < h < 1,h? — 0as o — oo.

Now applying limit as o — oo with £ > ¢ in the inequality (2.18), we have

Gy (20,2, 2¢) + %Yo, Ve, Ye) + Do(26, 2¢,2¢) < 0 which follows that (x,)5%1,(y,)o2; and (z,)52, are
%,—Cauchy sequences in ./Z .

Since (.# ,%,) is a complete ¥,-metric space, there exist =, y, z € .4 such that x, — z,y, — y and z, — 2.
Now we prove that (z, y, z) is a tripled fixed point of .#,.7 and Z.

Again using (2.13) with z = 25,y = Y5,2 = 25,A =2,k = y,( = 2,V = x,L. = y and p = 2z, we get

gb(m,Y(x,y,z),y(x,y,z)) SS[gb(xa‘roJrlaxO'Jrl)+gb(xUJrhy(xa:%z)ay(xai%z))] (219)

gb(m07x7x) + gb(y07yay) + gb(zoa 2, Z)]
3

< 89y (%, Toy1, Toyr) + S[Xl
(2.20)

Gy (Tos Ty L (T, Yo 20)) - G (2,2, S (2, 2))
X2 1+ s[% (x5, 25, L (2,y, 2)) + D(x, 2, L (T0, Yo, 20)) + D(T6, T, x)
+ %b(yaaya y) + gb(zﬂ’ 2, Z)]

+
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%b(x7 Zz, Y(x, Y, Z)) ) gb(x’ €z, y(im Y, Z))

14 sl (x, z, L (x,y,2)) + G (z, 2, (2,9, 2)) + % (20, z, x)

+ gb(yOV Y, y) + gb('z(ﬂ Z, Z)]

Gz, 2,7 (2,9, 2)) (20, To, L (%5, Yo, %5))
X41 + 5[% (2,2, S (o, Yos 26)) + Go(To, oy L (2, y, 2)) + G (206, T, )
+ g41)(3/07 Y, y) + ggb(za'a 2, Z)]

Since x, = z,y, — y and z, — z, from the inequality(2.19) it follows that
(1= sx3)%(z, L (x,y,2),7(x,y,z)) < 0 which implies .7 (x, y, 2) = .
Similarly, it can be shown that .7 (y, x, 2) = y, (2, x,y) = 2, T(x,y,2) = x, T (y,x,2) =y, T (z,2,y) =
2 B2,y 2) = v, By, 2,2) = y and £ (2,3, ) = 2
That is (z,y, z) is a common tripled fixed point of .#,.7 and Z.
Uniqueness:
Suppose (I, m,n) is another common tripled fixed point of .,.7 and Z.
That is, Z(I,m,n) = T({,m,n) = Z(I,m,n) = [,7(m,l,n) = T(m,l,n) = Z(m,l,n) = m and
L, l,m) =T (n,l,m)=Z(n,l,m)=n
Using inequality(2.13),we have

G (x,1,1) =% (S (2,9, 2), 7 (,m,n), Z(l,m,n))

gb(xv lvl) + gb(y’mam) + gb(zana 'fl)
<x1 3

+X

+

G (x, 2, S (x,y,2)) %1, T(,m,n))

1+ s[%(x,z, Z({,m,n)) + %1, 7 (x,y,2) + G(x,,1) + % (y,m,m) + %(z,n,n))
41,1, T, m,n)) - %(,1,%Z(1,m,n))

1+ s[4, 1, T(1,m,n)) + %1, 2(1,m,n)) + %z, 1) + %(y,m,m) +%(z,n,n))
G (1,1, Z(1,m,n)) - G(x,z, S (x,y,2))

X437 +s[% (1,1, S (z,y,2)) + Gp(x, 2, Z(L,m,n)) + G (x,1,1) + G (y,m,m) + %(z,n,n)]

+X2

+X3

+

= gb(mal7l)+gb(y7m7m)+gb(27n7n)
— X1
3

Gy (x,z,2) - %1, 1,1)
T s (@, 2,0) + %, 1, 2) + G2, 1, 1) + Doy, m, m) + Gy(z,n, )]
Gy, 1,1) - (1, 1,1)
1+ s% LD+ %1, + (2,1, + % (y, m,m) + % (z,n,n))
4% (L1 -Gy (x, 2, )
1+s% L) + % (x,2,1) + G(x,1,1) + G (y,m,m) + % (z,n,n)]

+

+X3

+X4

which implies
%b(ac, lv l) + gqb(yv m, m) + S41)('27 n, TL)

Gy (x,1,1) < x1 3 (2.21)
Similarly
Gy, m) < xa Gy (z,1,1) + % (y, 7;1, m) +%(z,n,n) 2.22)
and
G(zmn) < xa Gy (x,1,1) + %(y,;mm) + % (z,n,n) (223)
Adding (2.21),(2.22) and (2.23), we get
(1 =x)% (2, 1,1) + G (y, m,m) +%(z,n,n) <0 (2.24)

Since x1 < 1, we have %, (z,1,1) + % (y, m,m) + % (z,n,n) = 0 which implies that x = [,y = m and z = n.
Thus, (z,y, z) is a unique common tripled fixed point of .¥,.7 and Z in A X M X M . O
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Corollary 2.2. Let (.#,%,) be a complete symmetric ¥,-metric space with parameter s > 1 and . : .# X
M X M — # be a mapping such that

G (L (2,9, 2), LN\ K, ), L (v, 1,9)) (2.25)
Gy(z, A\ v) + %y, K, 0) + % (2,C, )
3
Gy (z,x, L (x,y,2)) - DM\, L (N K, ()

X237 + s5[% (x, 2, S (N K, Q) + G (M, L(x,y,2) + G(z, \,v) + D (y, K, L) + D (2,(, 9))

G(MAN L (N K Q) -G (v, v, L (v, L, 0))
X 1+ s[% (v, v, (N K, Q) + %M, L (v, 1, 0) + Go(x, A\ v) + G (y, ko t) + % (2, ¢, p))

G (v, v, L (W1, 0)) Gz, z, S (2,y,2))
X4 +s5[% (v, v, L (2,y,2) + G(x,2, S (v, 1, 0) + Gz, \, V) + G (y, K, 1) + D (2, p)]

<xi

+

_|_

forall z,y, z, \, k, (, v, ¢, p € X and non negative real numbers X1, X2, x3 and x4 with0 < x1+x2+x3+xa <
1.
Then .7 has a unique tripled fixed point in A4 x 4 x # .

The following example illustrates the Corollary 2.2

Example 2.2. Let .# = [0,1]. Define 4, : M x M x M — [0,00) by %(c, B,7) = (Ja — B + |8 —~| +
|y — a|)?, where s = 2. Clearly, (.#,%,) is a complete %,-metric space.
_ a+25+43
Let 7 (a, 8,7) = 45 for a, 8,7 € M.
Now

gb(y(‘%yaz)ﬂsﬂ()"’%a C)Ngﬂ(V,Lv @))) = (ly(wvyaz) - y()‘v"@C)' + ‘y()""ﬁC) - y(y’b’ @)‘

2
+ |y(l/7 Ly @) - y(xv Y, Z)| )
z4+2y+3z  A4+2k43¢ A2643¢  v42143p v+2143p  x42y+3z 2
18 + 18 18 + ‘ 18 18 | )

= (

< (wslle =M+ A —vl+ v =l + 5lly = &l + Ik — o[+ e = y]]
+ 3z =l +1¢ = pl +1p - 211)°

(Rl = A+ A = v] + v —2f] + Ly — &l + |5 — o + o — y]
+ 3z = ¢l +1¢ = pl +1p - 2I1)°

Sz = A+ A= vl + v = 2l)? + (jy — 5] + 5 — o] + e — y])?
+ (12 = ¢+ 1¢ =l + lp — 2)?]

= 1172[5%7(1'7 >‘, l/) + %b(y, R, L) + gb(zv Ca p)]
. [%(%Aay)-&-%(?QH»L)-F%(Z@KJ)]

18

IN

IA

-1
4

< E%(x,)\,l/)—i—E%(y,ﬁ,L)—l—gb(z,Q p)
= X1 3

Y (z,x, S (x,y,2)) DM\, L (\E, ()

X2 1+ S[gb(xamvy()‘ﬂﬁvg)) + %()\,)\,Y(x,y,z)) —|—gb(x,/\,1/) +gb(y7"€ab) + % (2, ¢, @)]
G (AN L (N E Q) G, v, L (V1 0))

X 1+ s[% (v, v, (N K,Q) + %M A, L (v, 1, 0) + Go(x, N\ V) + G (y, k1) +%(2,C, p))
G (v, v, L (V,1,90))  G(x,z, S (x,y,2))

X4 +5[% (v, v, L (2,y,2)) + Gz, 2, S (v, 1, 0) + Gz, \, V) + G (y, 5, 1) + (2, C, p)]

+

_|_

where x1 = 1/4 and x2 = 0,x3 = 0, x4 = Osuch that 0 < x7 + X2 + X3 + X4 < 1. Hence all the conditions
of Corollary 2.2 are satisfied. Thus, .% has a unique tripled fixed point (0,0,0) in 4 X # X A .
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