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Abstract Carl Johan Malmsten (1846) and David Beirens de Haan (1847) published work containing some interesting in-
tegrals. While no formal derivations of the integrals in his book Nouvelles Tables d’Intégrales Défines are available in current
literature deriving and evaluating such formulae are useful in all aspects of science and engineering whenever such formulae are
used. Formulae in the book of Bierens de Haan are used in connection with certain potential problems where there is the need
to determine the vector potential of two parallel, infinitely long, tubular rectangular conductors carrying cur-rents in opposite
directions. In this current work we supply formal derivations for some of these integrals along with deriving some special cases
as new integrals in order to expand upon the book of Bierens de haan to aid in potential research where these formulae are
applicable. Updating book of integrals is always a useful exercise as it keeps the volume accurate and more useful for potential
readers and researchers. Formal derivations are also useful as they help in verifying the correctness of integrals in such volumes.
The definite integral we derived in this work is given by

/1 p—1-im (:CQim(log(a) +i log(x))k + (log(a) — ilog(x))k)
o (—=2cos(A) +z7P + zP)

dx (1)
in terms of the Lerch function, where the parameters a, k, m, A and p are general complex numbers subject to their restrictions.
This formal derivation is then used to derive the correct version of a definite integral transform along with new formulae. Some

of the results in this work are new.
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1 Introduction

In connection with the log log-integrals published by Malmsten [6] and definite integrals published by Bierens de Haan [5],
the authors have the opportunity to evaluate integrals of the form

/1 p—l—im ($2im(10g(a) + ilog(x))k + (log(a) — ilog(x))k)
. (—2cos(A) + 7P + zP)

dz 2

in terms of the Lerch function, where the parameters a, k, m, A and p are general complex numbers subject to their restrictions.
This aim of this manuscript is to supply formal derivations for interesting integrals and also represent some integrals in terms of
the Lerch function. By representing integrals in terms of the Lerch function, we widen the range of evaluation through analytic
continuity, which in some cases was not present when derived by Malmsten [6] and Bierens de haan [5]. We also derive errata
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for one of the integrals in Malmsten [6] work which is always useful since his work is widely read. Regarding Entry 81 of [6], a
closed formula is given which was also derived by Malmsten [6]. We also supply a table of integrals which makes these formulae
easier to read. The derivations follow the method used by us in [8]. This method involves using a form of the generalized
Cauchy’s integral formula given by

k w
Y 1 ey
—=— [ —dw. 3
k! 2w Jo wht! v )
where C' is in general an open contour in the complex plane where the bilinear concomitant [8] has the same value at the end
points of the contour. This method involves a form of equation (3) and multiplies both sides by a function, and take a definite
integral of both sides. This yields a definite integral in terms of a contour integral. Then we multiply both sides of equation (3)

by another function and take the infinite sum of both sides such that the contour integral of both equations are the same.

2 Definite integral of the contour integral

Using a generalization of Cauchy’s integral formula we form two equations by replacing y by iz + log(a) and multiplying
by e™® to form the first equation followed by replacing = by 1/x and multiplying by e~¥* to obtain the second, subtracting
the two followed by multiplying by then taking the definite integral with respect x € [0, 1] to get

1
z(—2cos(A)+z—P+aP)

/1 p—1l-im ( 2im (log(a) + ilog(x))k + (log(a) — ilog(m))k) d
o 2k! ( 2005(/\) + 2P + 2P) ’
_ / / a®w=* "t cos((m + w) log(z ))dwdaj
2mi 2cos (A) +27P + zP)
4)
// a®w=*1 cos((m + w) log(x))
_ drdw
27 —2cos(A) + x7P + aP)
) 7/ P w—k— 1CSC()\)csch (W) sinh (h_)\)}'ﬂ) .
2mi Jo 2p

from equation (404)(9) in [S] where Re(\) < mand —1 < Re(m + w) < 0. The cut is in the second m + w quadrant starting at
the origin and going vertically to infinity and the contour is on opposite sides of the cut going round the origin with zero radius.
The logarithmic function is given for example in section (4.1) in [3]. We are able to switch the order of integration over w + m
and z using Fubini’s theorem since the integrand is of bounded measure over the space C x [0, 1]. The result quoted is in error.

3 The Lerch function and the Infinite sum of the contour integral

The Lerch function is defined in section (2.2) in [9].

3.1 Infinite sum of the contour integral

In this section we will again use the generalized Cauchy’s integral formula to derive equivalent contour integrals. First we
replace y by y + ¢ and multiply by ™! for the first equation and y by y — ¢ and multiply by e~ for second then subtract these
two equations to get

emt(t + y)k _ e—mt(y _ t)k _ 1
k! 27

/ 2w~k e®Y sinh(t(m + w))dw )
c

Next we replace ¢ by Z=2 and multiply by 1 /2 to get

=2m (,H L )’“ ~z=nm ( VA)’“
e P — Y — € p Yy— — 1 —
D v ) L[ et gy (At w) G ©)
2k! 21 Jo D
Next we replace y by log(a) + mu(2y + 1) to get
(r=2)m T—A k —{m=A)m T—\ k
e (log(a) + 52 2y + 1)) —e <log(a) =52+ mu(2y + 1))
2k! (M

1 w—k—lew(log(a)+7ru(2y+1)) sinh ((ﬂ— B )‘) (m + U))> dw

" 2mi Jo p
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Next we multiply both sides by e™™*(2¥+1) o get

(r=N)m (r=A\)m

k k
ermu(2y+1) <€ 7 (logla) + =22 + ru(2y +1)) —e” 7 (log(a) - T2 + a2y + 1)) )
p p
2%! ®

1 w-"1sinh ((W —A)(m+w)

= 2mi /. » > exp(w(log(a) + mu(2y + 1)) + mmu(2y + 1))dw

Next we take the infinite sum over y € [0, co) simplify in terms of the Lerch function to get

2k_1ﬂ_kukemu+w;pu—1)) (ez(‘n—pz\)m¢) <62mﬂ-u _k prruf)\;plog(a)er) _® <62mﬂu —k p7ru+)\q2Lplog(a)77'r))
) 9 pTU ? ’ PTU
k!
1 — A
= — Z/ w™ "1 sinh r=)m +w) exp(w(log(a) + mu(2y + 1)) + mmu(2y + 1))dw
2mi —Jc D )
L[, ket gy (7= N (m+w)
= — Zw sinh | ~————= | exp(w(log(a) + mu(2y + 1)) + mmu(2y + 1))dw
21 Jo —r p
1 1 . - A
= —— [ Za"w * lesch(mu(m 4 w)) sinh ((77)(m—|—w)) dw
21t Jo 2 D
from equation (1.232.3) in [7]. Next we multiply both sides by —%%f()‘) and replace u by 1/p simplify to get
kol Am o [ 2m=Nm ( 2mx —Atplog(a)+2r 2mx Atplog(a
ok h+1 (1) csc(N)e’s (e S % (e 5* —k, Atplos(a)t ) —<I>(e 55, Atplos )))
D ) ) e ) ) p
k! (10)
1 ma®w =1 csc(A)esch (”(m;w)) sinh ((”_’\)S”er))
- d
211 C p b
from equation (1.232.3) in [7] given by
csch(z) = 226_(2k+1)$, (11)
k=0
where x > 0 and csch(iz) = —i csc(x) from (4.5.10) in [3] and Im(m + w) > 0 in order for the sum to converge.
4 Main Results
4.1 Definite integral in terms of the Lerch function
Theorem 1. Forall a,k,m € C, Re(\) <,
[ o)+ g+ o) o)),
0 2(—2cos(A) +x7P 4 zP)
k+1
= —k—lpk+1 <1) CSC()\)eAzzn (eW‘I) (627;”7 —k, —A+plog(a) + 27r> (12)
P 27
_ofe= g A+ plog(a)
) ) 27_[_

Proof. Since the right-hand sides of equations (4) and (10) are equal we may equate the left-hand sides simplifying the factorials
to get the stated result. O
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4.2 Table of definite integrals

In this section we will look at two definite integrals which are derived as special cases from equation (12). Starting by
deriving two equations by setting @ = 1 and replacing m by —m, followed by taking the difference of these two equations. In a
similar manner we derive two other equations by adding the above equations. After deriving these two sets of equations we add
them and simplify. We will replace m by #m and then again replace m by m — 1 to get

Theorem 2. Forall a,k,m € C,Re(\) <,

' " log" (1 1\ L AGme1) 2icmonx A
0 p

—2cos(A) + 7P 4 P 27
N ( 1)k+1 2i(A— 7r)( m— 1) ( 2i(—m—1)x k1 )\)
2w
2iX(—m—1) 2i(—m—1)m A 2171'(—m 1) 21(—m 1) A
- o kD kol — 2o
FE (P g )+ e (P e 1))
(13)

and when we replace A by A + m we get the second equation

Theorem 3. Forall a,k,m,\ € C,

1 2™ log" (L 1\t L i) (—mo1) i(—m 1)
/ & EI) dz = 2"kt <) csc(mk) esc(N)e ™ 2R e ((—1)’“(13 <e_2 5 ,
o 2cos( D

A)+ax7P 4P
ki, AHF) F(—D)M S (e Mmoo A“T)

2w 2w
B e2i()\+1r)zf—7n—1)(b €2i(_7;_1)7r,—k’ A7 +€2m(—pm—1)q) 621‘(—1:—1)77_]{;’1 B A+
2 2w
(14)

We will use these two theorems to derive the following table of integrals. We will also use the following equations to assist
in simplification of the Lerch function for the given special cases.

Entry (4) in Table below (64:12:7) in [2]

@(171}72”) — C(U?u)+<év7u+1/2) (15)
Equation (64:13:3) in [2]
(v, 2u) = 27"(¢(v,u) — ¢(v,u +1/2)) (16)
The Polylogarithm funcion is given by equation (1.11.14) in [4]
F(z,s) = Z:l(zn/ns) 17)
=2®(z,s,1)

4.2.1 Derivation of entry 81 in [6]

Using equation (14) we set p = 1. Then we form two equations by replacing m by m — 3/2 for the first equation and m — 1/2
for the second equation. We then add these two equations to get

/1 (x4 Dam2log" (1) i (1
o x2+2xcos(A)+1

+e ) k+1 cse(mk) esc(N) i(mk+A+2(A+m)m) ( 2ixm g, ( 721m71'7 7 W; /\)
™
A
+ P ( 721m7r7 k’, + 7T)
27
im(k+2m) ) €2Zmﬂ" k, ™ A + 21)\mq) 2zm71—7 ]C, A+7
2 2
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4.2.2 Derivation of entry 4.271.13 in [7]

Using equation (13) we will derive two equations by first setting m = —1, p = —1 and replacing A by 2a7 and then for
the second equation again using equation (13) and setting m = 0, p = 1 and replacing A by 2am and taking the difference,
simplifying in terms of the Hurwitz zeta function {(v, u) to get

/1 (cos(2ma) — x) log?** (1)
o —2xcos(2ma) + a2 +1

dr = —4F 2% 2 sec(nk) (C(—2k — 1,1 — a) + ((—2k — 1,a)) (19)
from equations (25.14.2) in [1] and (64:13:3) in [2].

4.2.3 Derivation of entry 4.272.1 in [7]

Using equation (14) and setting m = —1, p = 1 and replacing k by ¢ — 1 and A by ¢ simplify to get

1 log? 1(71) 1, . T™—t t+m
z — 94—2,—3imq (1 Q) o4 1l—qg — ) — 1—qg —— 2
/0 o cos(t) 3 ld:c e ( +e ) s csc(7rq) Csc(t) (C < q, 5 ) ¢ ( q, 9 )) (20)

from equations (25.14.2) in [1] and (64:13:3) in [2].

4.2.4 Derivation of entry 4.272.2 in [7]
Using equation (14) and setting ' = 0, p = 1 and replacing k by ¢ — 1 and A by ¢ simplify to get

Uz —1)log?™* (L t t 1
/ (z—Dlog" (5) de =27 1% csc(nq)cese (= ) (¢ (1 —q, trr cos | =(mq+1)
o 2xcos(t)+a2+1 2 27 2
(21)
T—1t\ . 1
—¢|(1—¢q——|sin| =(—mqg+t+m)
27 2
from equation (25.14.2) in [1] and entry (4) in Table below (64:12:7) in [2].

4.2.5 Derivation of entry 63 in [6]

Using equation (14) we first set m = —1, p = 1. Then we take the first partial derivative with respect to k followed by
applying L’Hopital’s rule as k — 0 to the right-hand side simplify to get

/1 log (log (1)) de — 1 csc(A) (Alog(Zw) + mlog (()\ —mT( (%A_ 1)))) (22)

2 + 2z cos(A) + 1 2

from equations (9.533.3) in [7], (25.14.2) in [1] and (64:13:3) in [2].

4.2.6 Derivation of entry 58 in [6]

In this derivation we will form two equations. For the first equation we use equation (14) we set p = 1 and replace m by
m — 1. To form the second equation we simply apply L’Hopital’s rule to the right-hand side and simplify. Then we multiply the
first equation by sin(\) and take the differenec of the two simplify to get

1 .
/ ™ log® ™! 1 sin() - 1 dx
0 x ) \x?2+2xcos(A\)+1 (z+1)2

, , ; i - A ; A
_ _Z'2b—2ﬂ_é CSC(7TS) (26 $i(2(A+m)m—+ms) (621)\771(1) (e—2zm7r, 1—s, 7.[-2) — P <€—21m7r7 1—s, + 7T>
™

2m
_ 2 . . A
+ 617r(2m+s) i) 621m7r’ 1—s, m _ eQzAm‘I) e?zmw’ 1-—s, +m (23)
2m 2m
z7r(2m+s 1) ) 1 ) 1
+— c —2irm® (e‘mm”, 1-—s, 2) +(s=-1)® <6_2”’”T7 2 —s, 2)

; ; 1 ; 1
+ em(2m+s) (Qiﬂm(b (e2zm7\'7 1—s, 2) 4 (S _ 1)@ <€21m7r72 — s, 2))))

This is the Lerch representation for entry 58 in [6].
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4.2.7 Derivation of entry 29 in [6]

Using equation (14) setting p = 1 and replacing m by m — 1 and k by s — 1 multiply both sides by “Fn((s’;) simplify we get

sin(\) 1 ™ logs_1 (l) 25— 28 Y ) . e T— A
T dr = 51(2(A+m)m-+m7s) 21)\771(1) 2imm 1—
T(s) /0 T meos(N) £ = () Sem)e ¢ © TR Ty

o (ezm’ s At 7r> 24)

2

, . — A : : A
+ em—(2m+s) ® te’n’H‘r’ 1— s, ™ _ 621)\m¢) 621m7r7 1_ s, + 7
om 21

4.2.8 Derivation of entry 30 in [6]
Using equation (14) setting p = 1 and replacing m by m — 1 and k£ by s — 1 multiply both sides by % simplify
we get

-1 2572,”3

de — csc(rs) sec (%5) o~ 312+ m)mms) <e2i>\mq) <62im71'71

)
+1) I(s)
T— A\ , A+7
_ —® —2imm 1—
% 2 ) (e ’ % 2w )

+ei7r(2m+s) d [ e2imm 14 T—A _ e2iAm¢. e2imm | _ ¢ Atm
) ) 2’7T b ) 27_('

(25)

1
z

sin(\) sec (%) /1 z™log®  (
T'(s) o (22 4 2xcos(N)

4.2.9 Derivation of entry 31 in [6]

mm

Using equation (14) setting p = 1, m = —1 and replacing k by s—1 and A by 2% multiply both sides by ’121(—;) (1) "0 sec (Z£) sin (
simplify we get

i () s () () og™ () _ w2y (Y () nem

/0 [(s) (2z cos (Z2) + 22 4 1) dz = T(s) € (1+e )<n> csc(ms) sec (7> (C <1_5, " )
m+n

o)

(26)

from equations (25.14.2) in [1] and (64:13:3) in [2].

4.2.10 Derivation of entry 32 in [6]
() see() ()

Using equation (14) setting p = 1, m = —1 and replacing k by s—1 and A by = multiply both sides by T 05)
simplify we get

1 1-s (1178 . (m s s=1(1 s—2 1-s
/ ) sin () see () s () dp = T2 o~ tims (14¢€™) (1) csc(ms) sec (E) (
0 n 2
¢

I(s) (2zcos (X) + a2 +1) I'(s)

from equations (25.14.2) in [1] and (64:13:3) in [2].
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4.2.11 Derivation of entry 33 in [6]

Using equation (14) setting p = 1, m = —1, A = % and replacing k by s — 1 and simplify we get

Ylog” ! (£ 2517 1 2
/ 2g (I)dx: T (C <1s,> C(ls, >)CSC (W—S) (28)
0o T+x+1 V3 3 3 2
and using equation (14) setting p = 1, m = —1, A = 7 and replacing k by s — 1 and simplify we get
1 10 s—1 1 1. . ]_
/0 gx2_|_<f’)dx = 25727 3ims (1 + e”s) m® (C (1 — S, 4) —C <1 — S, i)) cse(ms) (29)

from equations (25.14.2) in [1] and (64:13:3) in [2].

4.2.12 Derivation of entry 36 in [6]

Using equation (14) setting p = 1, m = —1, A = % and replacing k by s — 1 taking the first partial derivative with respect to
s and simplify we get

[losles g ), 2 () (o (1 1) e (1-2)

2?2+zx+1 V3

(elmng) e (0d)) (e (G) o (52))

and using equation (14) setting p = 1, m = —1, A = 7 and replacing k by s — 1 taking the first partial derivative with respect to
s and simplify we get

/01 log (log (j;)lkigs_l (1) dp — _95—3¢—bims s (cot (7;3> I z) (2 (CI (1 —s i) ¢ (1 — Z)) an
n (g (1 _s, i) ¢ (1 _s, i)) <7Tcot (%s) - 210g(27r)>>

from equations (25.14.2) in [1] and (64:13:3) in [2].

4.2.13 Derivation of entry 37 in [6]

Using equation (14) setting p = —1, A = 7/3 and m = —1 then taking the first partial derivative with respect to k then
setting k = —1/2 simplify we get

/01 - _ioj_(:og(\/l)o? < 2! ( >+2§ (; §>+<< (;;)—C (;;)) (10g(47r2)+(—1+2i)7r)>

(32)

and using equation (14) setting p = —1, A = 7/2 and m = —1 then taking the first partial derivative with respect to k then
setting k = —1/2 simplify we get

/01 (leof f)og Sg))(;)dx = %\/% ((C (; i) -¢ (; i)) ((2+ )7 — 2ilog(27)) — 2i (g’ <;D _¢ (; i)))

(33)

from equations (25.14.2) in [1] and (64:13:3) in [2].

4.2.14 Some special cases involving new definite integral forms

Using equation (12) and setting m = 0 and replacing a by e*'°5(®) simplify we get

/01 (log(a)x—( log())* + (log(a) +log(x))* ( i ) -F ks ( % )’““ esc() < ¢ (_ g, AL log(a) + 2 ) ,

—2cos(A) + x~P + zP) 2 2

<<k’)\+i§7lrog(a)>>

from equations (25.14.2) in [1] and (64:13:3) in [2].
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4.3 Example 1
Using equation (34) and applying L’Hopital’s rule to the right-hand side as k¥ — —1 simplify we get

/o1 (log%(a) logz<x))fi_2lcos( e ﬁz‘;@; (W) (—)\—H’plog(a) + 27T> 4o ( A+ iplog(a) ))

21 2T
(35)
from equation (1.11.14) in [4].
4.3.1 Derivation of Table 27 entry (22) in [5]
Using equation (34) and setting k£ = 1 simplify using entry (2) in Table below (64:4:2) in [2] we get
/1 dz _ (m — A) csc(N) 36)
o x(x™P —2cos(\) + zP) 2p

5 Discussion
The work of Malmsten contains definite log log-integrals. The work by Bierens de Haan contains a vast number of definite

integrals. We have been able to derive the correct versions of one these integrals or supply the analytically continued closed
forms. These results will assist readers to have the up to date versions of the solutions to these integrals.

6 Conclusion

In this paper, we have presented a novel method for deriving some interesting definite integrals using contour integration.
The results presented were numerically verified for both real and imaginary and complex values of the parameters in the integrals
using Mathematica by Wolfram
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