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Abstract Carl Johan Malmsten (1846) and David Beirens de Haan (1847) published work containing some interesting in-
tegrals. While no formal derivations of the integrals in his book Nouvelles Tables d’Intégrales Défines are available in current
literature deriving and evaluating such formulae are useful in all aspects of science and engineering whenever such formulae are
used. Formulae in the book of Bierens de Haan are used in connection with certain potential problems where there is the need
to determine the vector potential of two parallel, infinitely long, tubular rectangular conductors carrying cur-rents in opposite
directions. In this current work we supply formal derivations for some of these integrals along with deriving some special cases
as new integrals in order to expand upon the book of Bierens de haan to aid in potential research where these formulae are
applicable. Updating book of integrals is always a useful exercise as it keeps the volume accurate and more useful for potential
readers and researchers. Formal derivations are also useful as they help in verifying the correctness of integrals in such volumes.
The definite integral we derived in this work is given by∫ 1

0

x−1−im (x2im(log(a) + i log(x))k + (log(a)− i log(x))k
)

(−2 cos(λ) + x−p + xp)
dx (1)

in terms of the Lerch function, where the parameters a, k,m, λ and p are general complex numbers subject to their restrictions.
This formal derivation is then used to derive the correct version of a definite integral transform along with new formulae. Some
of the results in this work are new.

Keywords Entries of Malmsten and Bierens de Haan, Logarithmic Integrals, Lerch Function

1 Introduction
In connection with the log log-integrals published by Malmsten [6] and definite integrals published by Bierens de Haan [5],

the authors have the opportunity to evaluate integrals of the form∫ 1

0

x−1−im (x2im(log(a) + i log(x))k + (log(a)− i log(x))k
)

(−2 cos(λ) + x−p + xp)
dx (2)

in terms of the Lerch function, where the parameters a, k,m, λ and p are general complex numbers subject to their restrictions.
This aim of this manuscript is to supply formal derivations for interesting integrals and also represent some integrals in terms of
the Lerch function. By representing integrals in terms of the Lerch function, we widen the range of evaluation through analytic
continuity, which in some cases was not present when derived by Malmsten [6] and Bierens de haan [5]. We also derive errata
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for one of the integrals in Malmsten [6] work which is always useful since his work is widely read. Regarding Entry 81 of [6], a
closed formula is given which was also derived by Malmsten [6]. We also supply a table of integrals which makes these formulae
easier to read. The derivations follow the method used by us in [8]. This method involves using a form of the generalized
Cauchy’s integral formula given by

yk

k!
=

1

2πi

∫
C

ewy

wk+1
dw. (3)

where C is in general an open contour in the complex plane where the bilinear concomitant [8] has the same value at the end
points of the contour. This method involves a form of equation (3) and multiplies both sides by a function, and take a definite
integral of both sides. This yields a definite integral in terms of a contour integral. Then we multiply both sides of equation (3)
by another function and take the infinite sum of both sides such that the contour integral of both equations are the same.

2 Definite integral of the contour integral
Using a generalization of Cauchy’s integral formula we form two equations by replacing y by ix + log(a) and multiplying

by emxi to form the first equation followed by replacing x by 1/x and multiplying by e−imx to obtain the second, subtracting
the two followed by multiplying by 1

x(−2 cos(λ)+x−p+xp) then taking the definite integral with respect x ∈ [0, 1] to get

(4)

∫ 1

0

x−1−im (x2im(log(a) + i log(x))k + (log(a)− i log(x))k
)

2k! (−2 cos(λ) + x−p + xp)
dx

=
1

2πi

∫ 1

0

∫
C

aww−k−1 cos((m+ w) log(x))

x (−2 cos(λ) + x−p + xp)
dwdx

=
1

2πi

∫
C

∫ 1

0

aww−k−1 cos((m+ w) log(x))

x (−2 cos(λ) + x−p + xp)
dxdw

=
1

2πi

∫
C

πaww−k−1 csc(λ)csch
(
π(m+w)

p

)
sinh

(
(π−λ)(m+w)

p

)
2p

dw

from equation (404)(9) in [5] where Re(λ) < π and −1 < Re(m+ w) < 0. The cut is in the second m + w quadrant starting at
the origin and going vertically to infinity and the contour is on opposite sides of the cut going round the origin with zero radius.
The logarithmic function is given for example in section (4.1) in [3]. We are able to switch the order of integration over w + m
and x using Fubini’s theorem since the integrand is of bounded measure over the space C× [0, 1]. The result quoted is in error.

3 The Lerch function and the Infinite sum of the contour integral
The Lerch function is defined in section (2.2) in [9].

3.1 Infinite sum of the contour integral
In this section we will again use the generalized Cauchy’s integral formula to derive equivalent contour integrals. First we

replace y by y + t and multiply by emt for the first equation and y by y − t and multiply by e−mt for second then subtract these
two equations to get

(5)
emt(t+ y)k − e−mt(y − t)k

k!
=

1

2πi

∫
C

2w−k−1ewy sinh(t(m+ w))dw

Next we replace t by π−λ
p and multiply by 1/2 to get

(6)
e

(π−λ)m
p

(
π−λ
p + y

)k
− e−

(π−λ)m
p

(
y − π−λ

p

)k
2k!

=
1

2πi

∫
C

w−k−1ewy sinh

(
(π − λ)(m+ w)

p

)
dw

Next we replace y by log(a) + πu(2y + 1) to get

(7)

e
(π−λ)m

p

(
log(a) + π−λ

p + πu(2y + 1)
)k
− e−

(π−λ)m
p

(
log(a)− π−λ

p + πu(2y + 1)
)k

2k!

=
1

2πi

∫
C

w−k−1ew(log(a)+πu(2y+1)) sinh

(
(π − λ)(m+ w)

p

)
dw
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Next we multiply both sides by eπmu(2y+1) to get

(8)

eπmu(2y+1)

(
e

(π−λ)m
p

(
log(a) + π−λ

p + πu(2y + 1)
)k
− e−

(π−λ)m
p

(
log(a)− π−λ

p + πu(2y + 1)
)k)

2k!

=
1

2πi

∫
C

w−k−1 sinh

(
(π − λ)(m+ w)

p

)
exp(w(log(a) + πu(2y + 1)) + πmu(2y + 1))dw

Next we take the infinite sum over y ∈ [0,∞) simplify in terms of the Lerch function to get

(9)

2k−1πkuke
m(λ+π(pu−1))

p

(
e

2(π−λ)m
p Φ

(
e2mπu,−k, pπu−λ+p log(a)+π

2pπu

)
− Φ

(
e2mπu,−k, pπu+λ+p log(a)−π

2pπu

))
k!

=
1

2πi

∞∑
y=0

∫
C

w−k−1 sinh

(
(π − λ)(m+ w)

p

)
exp(w(log(a) + πu(2y + 1)) + πmu(2y + 1))dw

=
1

2πi

∫
C

∞∑
y=0

w−k−1 sinh

(
(π − λ)(m+ w)

p

)
exp(w(log(a) + πu(2y + 1)) + πmu(2y + 1))dw

= − 1

2πi

∫
C

1

2
aww−k−1csch(πu(m+ w)) sinh

(
(π − λ)(m+ w)

p

)
dw

from equation (1.232.3) in [7]. Next we multiply both sides by − 2π csc(λ)
p and replace u by 1/p simplify to get

(10)
−

2kπk+1
(

1
p

)k+1

csc(λ)e
λm
p

(
e

2(π−λ)m
p Φ

(
e

2mπ
p ,−k, −λ+p log(a)+2π

2π

)
− Φ

(
e

2mπ
p ,−k, λ+p log(a)

2π

))
k!

=
1

2πi

∫
C

πaww−k−1 csc(λ)csch
(
π(m+w)

p

)
sinh

(
(π−λ)(m+w)

p

)
p

dw

from equation (1.232.3) in [7] given by

(11)csch(x) = 2
∞∑
k=0

e−(2k+1)x,

where x > 0 and csch(ix) = −i csc(x) from (4.5.10) in [3] and Im(m+ w) > 0 in order for the sum to converge.

4 Main Results

4.1 Definite integral in terms of the Lerch function

Theorem 1. For all a, k,m ∈ C, Re(λ) < π,

(12)

∫ 1

0

x−1−im (x2im(log(a) + i log(x))k + (log(a)− i log(x))k
)

2 (−2 cos(λ) + x−p + xp)
dx

= −2k−1πk+1

(
1

p

)k+1

csc(λ)e
λm
p

(
e

2(π−λ)m
p Φ

(
e

2mπ
p ,−k, −λ+ p log(a) + 2π

2π

)
− Φ

(
e

2mπ
p ,−k, λ+ p log(a)

2π

))
Proof. Since the right-hand sides of equations (4) and (10) are equal we may equate the left-hand sides simplifying the factorials
to get the stated result.



Mathematics and Statistics 9(5): 816-824, 2021 819

4.2 Table of definite integrals
In this section we will look at two definite integrals which are derived as special cases from equation (12). Starting by

deriving two equations by setting a = 1 and replacing m by −m, followed by taking the difference of these two equations. In a
similar manner we derive two other equations by adding the above equations. After deriving these two sets of equations we add
them and simplify. We will replace m by im and then again replace m by m− 1 to get

Theorem 2. For all a, k,m ∈ C ,Re(λ) < π,∫ 1

0

xm logk
(

1
x

)
−2 cos(λ) + x−p + xp

dx = −i2k−1πk+1

(
1

p

)k+1

csc(πk) csc(λ)e−
1
2 iπk−

iλ(−m−1)
p

(
(−1)kΦ

(
e−

2i(−m−1)π
p ,−k, λ

2π

)
+ (−1)k+1e

2i(λ−π)(−m−1)
p Φ

(
e−

2i(−m−1)π
p ,−k, 1− λ

2π

)
− e

2iλ(−m−1)
p Φ

(
e

2i(−m−1)π
p ,−k, λ

2π

)
+ e

2iπ(−m−1)
p Φ

(
e

2i(−m−1)π
p ,−k, 1− λ

2π

))
(13)

and when we replace λ by λ+ π we get the second equation

Theorem 3. For all a, k,m, λ ∈ C,∫ 1

0

xm logk
(

1
x

)
2 cos(λ) + x−p + xp

dx = i2k−1πk+1

(
1

p

)k+1

csc(πk) csc(λ)e−
1
2 iπk−

i(λ+π)(−m−1)
p

(
(−1)kΦ

(
e−

2i(−m−1)π
p ,

−k, λ+ π

2π

)
+ (−1)k+1e

2iλ(−m−1)
p Φ

(
e−

2i(−m−1)π
p ,−k, 1− λ+ π

2π

)
− e

2i(λ+π)(−m−1)
p Φ

(
e

2i(−m−1)π
p ,−k, λ+ π

2π

)
+ e

2iπ(−m−1)
p Φ

(
e

2i(−m−1)π
p ,−k, 1− λ+ π

2π

))
(14)

We will use these two theorems to derive the following table of integrals. We will also use the following equations to assist
in simplification of the Lerch function for the given special cases.

Entry (4) in Table below (64:12:7) in [2]

(15)Φ(1, v, 2u) =
ζ(v, u) + ζ(v, u+ 1/2)

2

Equation (64:13:3) in [2]
(16)η(v, 2u) = 2−v(ζ(v, u)− ζ(v, u+ 1/2))

The Polylogarithm funcion is given by equation (1.11.14) in [4]

(17)F (z, s) =

∞∑
n=1

(zn/ns)

= zΦ(z, s, 1)

4.2.1 Derivation of entry 81 in [6]

Using equation (14) we set p = 1. Then we form two equations by replacingm bym−3/2 for the first equation andm−1/2
for the second equation. We then add these two equations to get∫ 1

0

(x+ 1)xm−
1
2 logk

(
1
x

)
x2 + 2x cos(λ) + 1

dx = 2k−1
(
−1

+ eiλ
)
πk+1 csc(πk) csc(λ)e−

1
2 i(πk+λ+2(λ+π)m)

(
e2iλmΦ

(
−e−2imπ,−k, π − λ

2π

)
+ Φ

(
−e−2imπ,−k, λ+ π

2π

)
− eiπ(k+2m)

(
Φ

(
−e2imπ,−k, π − λ

2π

)
+ e2iλmΦ

(
−e2imπ,−k, λ+ π

2π

)))
(18)
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4.2.2 Derivation of entry 4.271.13 in [7]

Using equation (13) we will derive two equations by first setting m = −1, p = −1 and replacing λ by 2aπ and then for
the second equation again using equation (13) and setting m = 0, p = 1 and replacing λ by 2aπ and taking the difference,
simplifying in terms of the Hurwitz zeta function ζ(v, u) to get

(19)
∫ 1

0

(cos(2πa)− x) log2k+1
(

1
x

)
−2x cos(2πa) + x2 + 1

dx = −4kπ2k+2 sec(πk)(ζ(−2k − 1, 1− a) + ζ(−2k − 1, a))

from equations (25.14.2) in [1] and (64:13:3) in [2].

4.2.3 Derivation of entry 4.272.1 in [7]

Using equation (14) and setting m = −1, p = 1 and replacing k by q − 1 and λ by t simplify to get

(20)
∫ 1

0

logq−1
(

1
x

)
2x cos(t) + x2 + 1

dx = 2q−2e−
1
2 iπq

(
1 + eiπq

)
πq csc(πq) csc(t)

(
ζ

(
1− q, π − t

2π

)
− ζ

(
1− q, t+ π

2π

))
from equations (25.14.2) in [1] and (64:13:3) in [2].

4.2.4 Derivation of entry 4.272.2 in [7]

Using equation (14) and setting m = 0, p = 1 and replacing k by q − 1 and λ by t simplify to get

(21)

∫ 1

0

(x− 1) logq−1
(

1
x

)
2x cos(t) + x2 + 1

dx = 2q−1πq csc(πq) csc

(
t

2

)(
ζ

(
1− q, t+ π

2π

)
cos

(
1

2
(πq + t)

)
− ζ

(
1− q, π − t

2π

)
sin

(
1

2
(−πq + t+ π)

))
from equation (25.14.2) in [1] and entry (4) in Table below (64:12:7) in [2].

4.2.5 Derivation of entry 63 in [6]

Using equation (14) we first set m = −1, p = 1. Then we take the first partial derivative with respect to k followed by
applying L’Hopital’s rule as k → 0 to the right-hand side simplify to get

(22)
∫ 1

0

log
(
log
(

1
x

))
x2 + 2x cos(λ) + 1

dx =
1

2
csc(λ)

(
λ log(2π) + π log

(
(λ− π)Γ

(
1
2

(
λ
π − 1

))
(−λ− π)Γ

(
−λ+π

2π

) ))
from equations (9.533.3) in [7], (25.14.2) in [1] and (64:13:3) in [2].

4.2.6 Derivation of entry 58 in [6]

In this derivation we will form two equations. For the first equation we use equation (14) we set p = 1 and replace m by
m− 1. To form the second equation we simply apply L’Hopital’s rule to the right-hand side and simplify. Then we multiply the
first equation by sin(λ) and take the differenec of the two simplify to get

(23)

∫ 1

0

xm logs−1

(
1

x

)(
sin(λ)

x2 + 2x cos(λ) + 1
− 1

(x+ 1)2

)
dx

= −i2s−2πs csc(πs)

(
ie−

1
2 i(2(λ+π)m+πs)

(
e2iλmΦ

(
e−2imπ, 1− s, π − λ

2π

)
− Φ

(
e−2imπ, 1− s, λ+ π

2π

)
+ eiπ(2m+s)

(
Φ

(
e2imπ, 1− s, π − λ

2π

)
− e2iλmΦ

(
e2imπ, 1− s, λ+ π

2π

)))
+
e−

1
2 iπ(2m+s−1)

π

(
−2iπmΦ

(
e−2imπ, 1− s, 1

2

)
+ (s− 1)Φ

(
e−2imπ, 2− s, 1

2

)
+ eiπ(2m+s)

(
2iπmΦ

(
e2imπ, 1− s, 1

2

)
+ (s− 1)Φ

(
e2imπ, 2− s, 1

2

))))
This is the Lerch representation for entry 58 in [6].
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4.2.7 Derivation of entry 29 in [6]

Using equation (14) setting p = 1 and replacing m by m− 1 and k by s− 1 multiply both sides by sin(λ)
Γ(s) simplify we get

(24)

sin(λ)

Γ(s)

∫ 1

0

xm logs−1
(

1
x

)
(x2 + 2x cos(λ) + 1)

dx =
2s−2πs

Γ(s)
csc(πs)e−

1
2 i(2(λ+π)m+πs)

(
e2iλmΦ

(
e−2imπ, 1− s, π − λ

2π

)
− Φ

(
e−2imπ, 1− s, λ+ π

2π

)
+ eiπ(2m+s)

(
Φ

(
e2imπ, 1− s, π − λ

2π

)
− e2iλmΦ

(
e2imπ, 1− s, λ+ π

2π

)))

4.2.8 Derivation of entry 30 in [6]

Using equation (14) setting p = 1 and replacing m by m − 1 and k by s − 1 multiply both sides by
sin(λ) sec(πs2 )

Γ(s) simplify
we get

sin(λ) sec
(
πs
2

)
Γ(s)

∫ 1

0

xm logs−1
(

1
x

)
(x2 + 2x cos(λ) + 1)

dx =
2s−2πs

Γ(s)
csc(πs) sec

(πs
2

)
e−

1
2 i(2(λ+π)m+πs)

(
e2iλmΦ

(
e−2imπ, 1

− s, π − λ
2π

)
− Φ

(
e−2imπ, 1− s, λ+ π

2π

)
+ eiπ(2m+s)

(
Φ

(
e2imπ, 1− s, π − λ

2π

)
− e2iλmΦ

(
e2imπ, 1− s, λ+ π

2π

)))
(25)

4.2.9 Derivation of entry 31 in [6]

Using equation (14) setting p = 1,m = −1 and replacing k by s−1 and λ by mπ
n multiply both sides by π1−s

Γ(s)

(
1
n

)1−s
sec
(
πs
2

)
sin
(
πm
n

)
simplify we get

∫ 1

0

π1−s ( 1
n

)1−s
sec
(
πs
2

)
sin
(
πm
n

)
logs−1

(
1
x

)
Γ(s)

(
2x cos

(
πm
n

)
+ x2 + 1

) dx=
π2s−2

Γ(s)
e−

1
2 iπs

(
1+eiπs

)( 1

n

)1−s

csc(πs) sec
(πs

2

)(
ζ

(
1−s, n−m

2n

)
− ζ

(
1− s, m+ n

2n

))
(26)

from equations (25.14.2) in [1] and (64:13:3) in [2].

4.2.10 Derivation of entry 32 in [6]

Using equation (14) setting p = 1,m = −1 and replacing k by s−1 and λ by π
n multiply both sides by

π1−s( 1
n )

1−s
sec(πs2 ) sin(πmn )
Γ(s)

simplify we get

∫ 1

0

π1−s ( 1
n

)1−s
sin
(
π
n

)
sec
(
πs
2

)
logs−1

(
1
x

)
Γ(s)

(
2x cos

(
π
n

)
+ x2 + 1

) dx =
π2s−2

Γ(s)
e−

1
2 iπs

(
1 + eiπs

)( 1

n

)1−s

csc(πs) sec
(πs

2

)(
ζ

(
1− s, n− 1

2n

)
− ζ

(
1− s, n+ 1

2n

))
(27)

from equations (25.14.2) in [1] and (64:13:3) in [2].
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4.2.11 Derivation of entry 33 in [6]

Using equation (14) setting p = 1, m = −1, λ = π
3 and replacing k by s− 1 and simplify we get

(28)
∫ 1

0

logs−1
(

1
x

)
x2 + x+ 1

dx =
2s−1πs√

3

(
ζ

(
1− s, 1

3

)
− ζ

(
1− s, 2

3

))
csc
(πs

2

)
and using equation (14) setting p = 1, m = −1, λ = π

2 and replacing k by s− 1 and simplify we get

(29)
∫ 1

0

logs−1
(

1
x

)
x2 + 1

dx = 2s−2e−
1
2 iπs

(
1 + eiπs

)
πs
(
ζ

(
1− s, 1

4

)
− ζ

(
1− s, 3

4

))
csc(πs)

from equations (25.14.2) in [1] and (64:13:3) in [2].

4.2.12 Derivation of entry 36 in [6]

Using equation (14) setting p = 1, m = −1, λ = π
3 and replacing k by s− 1 taking the first partial derivative with respect to

s and simplify we get

(30)

∫ 1

0

log
(
log
(

1
x

))
logs−1

(
1
x

)
x2 + x+ 1

dx = −
2s−2πs csc

(
πs
2

)
√

3

(
2ζ ′
(

1− s, 1

3

)
− 2ζ ′

(
1− s, 2

3

)
+

(
ζ

(
1− s, 1

3

)
− ζ

(
1− s, 2

3

))(
π cot

(πs
2

)
+ log

(
1

4π2

)))
and using equation (14) setting p = 1, m = −1, λ = π

2 and replacing k by s− 1 taking the first partial derivative with respect to
s and simplify we get

(31)

∫ 1

0

log
(
log
(

1
x

))
logs−1

(
1
x

)
x2 + 1

dx = −2s−3e−
1
2 iπsπs

(
cot
(πs

2

)
+ i
)(

2

(
ζ ′
(

1− s, 1

4

)
− ζ ′

(
1− s, 3

4

))
+

(
ζ

(
1− s, 1

4

)
− ζ

(
1− s, 3

4

))(
π cot

(πs
2

)
− 2 log(2π)

))
from equations (25.14.2) in [1] and (64:13:3) in [2].

4.2.13 Derivation of entry 37 in [6]

Using equation (14) setting p = −1, λ = π/3 and m = −1 then taking the first partial derivative with respect to k then
setting k = −1/2 simplify we get∫ 1

0

log
(
log
(

1
x

))
(x2 + x+ 1)

√
log
(

1
x

)dx=
1

2
i

√
π

3

(
−2ζ ′

(
1

2
,

1

3

)
+2ζ ′

(
1

2
,

2

3

)
+

(
ζ

(
1

2
,

1

3

)
−ζ
(

1

2
,

2

3

))(
log
(
4π2
)
+(−1+2i)π

))
(32)

and using equation (14) setting p = −1, λ = π/2 and m = −1 then taking the first partial derivative with respect to k then
setting k = −1/2 simplify we get∫ 1

0

log
(
log
(

1
x

))
(x2 + 1)

√
log
(

1
x

)dx =
1

4

√
π

((
ζ

(
1

2
,

3

4

)
− ζ

(
1

2
,

1

4

))
((2 + i)π − 2i log(2π))− 2i

(
ζ ′
(

1

2
,

1

4

)
− ζ ′

(
1

2
,

3

4

)))
(33)

from equations (25.14.2) in [1] and (64:13:3) in [2].

4.2.14 Some special cases involving new definite integral forms

Using equation (12) and setting m = 0 and replacing a by ei log(a) simplify we get

(34)

∫ 1

0

(log(a)− log(x))k + (log(a) + log(x))k

x (−2 cos(λ) + x−p + xp)
dx = −

(
i

2

)−k
πk+1

(
1

p

)k+1

csc(λ)

(
ζ

(
−k, −λ+ ip log(a) + 2π

2π

)
− ζ

(
−k, λ+ ip log(a)

2π

))
from equations (25.14.2) in [1] and (64:13:3) in [2].
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4.3 Example 1
Using equation (34) and applying L’Hopital’s rule to the right-hand side as k → −1 simplify we get∫ 1

0

xp−1(
log2(a)− log2(x)

)
(−2 cos(λ)xp + x2p + 1)

dx =
i csc(λ)

4 log(a)

(
ψ(0)

(
−λ+ ip log(a) + 2π

2π

)
− ψ(0)

(
λ+ ip log(a)

2π

))
(35)

from equation (1.11.14) in [4].

4.3.1 Derivation of Table 27 entry (22) in [5]

Using equation (34) and setting k = 1 simplify using entry (2) in Table below (64:4:2) in [2] we get

(36)
∫ 1

0

dx

x (x−p − 2 cos(λ) + xp)
=

(π − λ) csc(λ)

2p

5 Discussion
The work of Malmsten contains definite log log-integrals. The work by Bierens de Haan contains a vast number of definite

integrals. We have been able to derive the correct versions of one these integrals or supply the analytically continued closed
forms. These results will assist readers to have the up to date versions of the solutions to these integrals.

6 Conclusion
In this paper, we have presented a novel method for deriving some interesting definite integrals using contour integration.

The results presented were numerically verified for both real and imaginary and complex values of the parameters in the integrals
using Mathematica by Wolfram
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