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Abstract Predator-prey models are the building blocks of
the ecosystems as biomasses are grown out of their resource
masses. Different relationships exist between these models as
different interacting species compete, metamorphosis occurs
and migrate strategically aiming for resources to sustain
their struggle to exist. To numerically investigate these
assumptions, ordinary differential equations are formulated,
and a variety of methods are used to obtain and compare
approximate solutions against exact solutions, although most
numerical methods often require heavy computations that
are time-consuming. In this paper, the traditional differential
transform (DTM) method is implemented to obtain a
nu-merical approximate solution to prey-predator models.
The solution obtained with DTM is convergent locally
within a small domain. The multi-step differential
transform method (MSDTM) is a technique that improves
DTM in the sense that it increases its interval of
convergence of the series expansion. One predator-one
prey and two-predator-one prey models are considered
with a quadratic term which signifies other food sources for
its feeding. The result obtained numerically and graphically
showspoint DTM diverges. The advantage of the new
algorithm is that the obtained series solution converges for
wide time regions and the solutions obtained from DTM
and MSDTM are compared with so-lutions obtained
using the classical Runge-Kutta method of order four.
The results demonstrated is that MSDTM

computes fast, is reliable and gives good results compared to
the solutions obtained using the classical Runge-Kutta method.

Keywords Differential Transformation Method, Multi-step
Differential Transform Method, Runge-Kutta Method, System
of ODE, Mathematica®, Mathcad®, Maple®.

1 Introduction

The purpose of this paper is to exclusively employ the ap-
proach of differential transform method (DTM), multi-step dif-
ferential transformation method (MSDTM), and Runge-Kutta
method (RKM to obtain numerical approximation to systems
of first order differential equations exact solution can’t be pro-
vided. This approach is a comparative analysis of predator-
prey models that is re-modified and model real-life situa-
tions. As known that ODEs (linear and non-linear) are used
to model realistic situation by researchers in different fields
such as Biology (interaction between organism, bacteria and
parasites[1], [2], [3]), Chemistry (chemical kinetics, rate of
chemical reactions [4],[5]), Engineering (suspension systems,
electric circuit, oscillations and vibrations [6], [7], [8]), An-
nular habitat ([9],[10]) and parameters estimation of predator-
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prey models([11],). A variety of methods by which we either
obtain an exact or approximate solution are available by com-
putation to obtain solution to systems of differential equations
[12]. The DTM procedure is one of the many numerical meth-
ods for systems of ODEs [13],[14], which uses polynomial for
approximation to obtain the exact solution representation that
is differentiable. An extension of DTM is that the MSDTM
procedure [15], [16], [17] is subdivided into intervals of equal
step size, and while Runge-Kutta obtains numerical computa-
tion for comparative analysis.

2 Differential Transformation Method

The DTM technique uses the form of polynomial as the ap-
proximation to exact solution where the technique uses higher
order Taylor series expansion method [18]. The differential
transform method is an iterative procedure for obtaining Tay-
lor series solution of differential equation [8], it’s known that
Taylor series method undergo heavy computational procedure
for higher orders and this DTM technique can be used to ob-
tain numerical and analytical solutions for linear and nonlinear
ordinary differential equations for a small domain.

The DTM of a function y;(t) at point ¢, can be expressed as

1 [dr
Yikz-yit] : (1)
( ) k! |:dtk- ( ) t:t07

where y; (t) represents the original function, Y;(k) is the trans-
formed function and i—i is the derivative with respect to ¢, such
thatk = 0,1,2,3,.. ..

By employing the differential inverse transform, Y;(k) is ob-
tained as:

Y; (k) (t — to)F, 2

M8

yi(t) =

b
Il

0

for implementation purpose, y;(t) is expressed as an infinite
series and represented as

Y; (k) (t — to)F, 3)

WE

yi(t) ~
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where N is the convergence of natural values.
Combining both Equation (1) and Equation (2), we obtain:

w=>1 [d -<t>] (t = to)* @
Yi o k! dtk Yi b, 0 .

The following basic properties of DTM are studied according
to [19],[20],[21],[22]. Properties of DTM as seen in Table 1:

The properties of the DTM are used to execute the DTM pro-
cedure in Mathematica. This implies that the differential trans-
form method is derived from Taylor series expansion which
locally converges to the exact solution or the approximate solu-
tion obtained from other numerical methods. By doing this, the
error increases at some value iteratively during the procedure
of execution with the algorithm. From the numerical values
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obtained in the Mathematica®, it shows that DTM obtains ac-
curate approximation at a small region around the initial point.
To improve this outcome of the numerical approximation, its
imperative to improve the method by employing the multi-step
differential transform method.

3 Multi-step differential transform

method

Despite the fact that DTM provides approximate solutions to
nonlinear problems with respect to convergent series with ap-
proximate computational components. There exist some lim-
itations and this is due to the convergence within a small re-
gion which results in to slow convergent rate. To overcome
this limitation, the proposed multi-step differential transform
method [23], [24],[18] in this section, we developed the MS-
DTM to obtain a better numerical approximation for the so-
lutions to system of differential (nonlinear) equations but not
to predator-prey systems (with logistic terms; one prey, one
predator and two prey and one predator). This procedure de-
tails on the concept of intervalising the domain i.e dividing the
interval into M sub-intervals [t,,—1,t,] 2 m=1,2,..., M
of equal step size represented as h = % which is equivalent to
t,m = mh. To executes this, we apply the DTM to an arbitrary
nonlinear ODE over an interval to obtain approximate solution
represented as

N
yi(t) =D but® : te[0,t], (5)

k=0
and initial conditions is y ) (0) =
dp,V £E=0,1,2,...,p— 1. The initial conditions
yr(ff)(tm_l) = y,(jf)_l(tm_l) will be used over each sub-

interval and the differential transform method will be applied
to the arbitrary nonlinear ODE and replace ¢ by t,,,—1 in Equa-
tion (1). The algorithm in Mathematica®repeats the process
and generates a sequence of numerical approximate solution of
ym/(t), where m = 1,2,... M for the solution of y(t), such

that Y, (1) = Sn_o Yo (y) (t = tn—1)", ¢ € [tm_1,tm).

4 Classical Runge-Kutta Method

The fourth-order Runge-Kutta method is implemented for
obtaining approximate solutions of ODEs which are devel-
oped by mathematicians named duo C. Runge (1856-1927) and
M.W Kutta (1867-1944), [25]. The Runge-Kutta method as a
numerical method is used for comparative analysis to obtaining
numerical approximation for the system of nonlinear differen-
tial equation [14] such as predator-prey model and applicable
to economical models [26]. In this paper, the built-in function
of the fourth order classical Runge-Kutta method is considered
to obtain an approximate solution for an initial value problem
(IVP) [27], to implement this method of solution, z(¢) and y(t)
represent the predator-prey population of the IVP over the time
interval t € [a, b]. The time interval is subdivided into n equal
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Table 1. Basic properties of DTM

Original Function Transformed Function
y(®) = u(t) £ o(t) Y (k) = U(k) £ V(k),
y(t) = cu(t) Y (k) = cU(k),
y(t) = Tut) Y(k)= S Uk tn) = k+ Dk +2)... (k+n)Uk+n),
y(t) = u(t)v(t) Y (k) = Soh i, Uk V (k= k1),
y(t) =t Y (k) = 6(k — n) when §(k — n) :{ (1) i;ﬁ ,
y(t) = e, Y(k) = AT

h—
intervals and the step size is represented as h = w where
n
h denote the step size.
We consider a system of first order ODE,
o' = f(t.zy)  xz(to) = yo, (6)
y = fta,y) o ylte) = o (7

To obtain the solution through the built-in function of Mathe-
matica® 12.2.0, the algorithm is implemented for the numer-
ical solution of x(t) and y(t).

5 Methodology

In this section, we consider a nonlinear system of ordinary
differential equations, a competitive one prey, one predator
model and two prey and one predator model. In implement-
ing, differential transformation method, multi-step differential
method and fourth order classical Runge-Kutta method, this
methods will be investigated by an algorithm in Mathemat-
ica®and its built-in functions. The approximate solution of
these methods would be obtained and compared by the built-in
functions of Mathematica®, and Maple®. This procedure is
employed to investigate the comparative analysis of the solu-
tion obtained approximately and method used in obtaining the
solution.

6 Formulation of predator-prey models

An example of a predator-prey model is Lotka-Volterra
equations [28] which is a pair of first order, nonlinear systems
of differential equation and mostly used to model the dynamics
of biological and chemical systems in which prey and predator
is defined to interact within a habitat or community. Proposed
independently by Alfred Lotka [29] and Vita Volterra [30], and
later modeled as systems of ODE. In this paper, we consider
a system with a quadratic term that defines the system to have
other sources of income/feeding which affects their carrying
capacity.

6.1 One Predator and one Prey

Consider the the competitive predator-prey model with a
quadratic term that details other source of feeding

®)
€))

' = a1z — asx® — asxy,
! P p—

Yy = —aqy + aszy,
2(0) =2, y(0) = 1.

where z(t) and y(¢) are the prey and predator population, and
ai, az, as, a4, as are non-negative coefficients.Biological inter-
pretation of the parameters in the Table 2

For the model in Equation (8) and Equation (9), the solutions
are computed using the DTM, MSDTM, and Runge-Kutta
method. These computation values obtained are predicated us-
ing computer algebraic software: (Mathematica®12.2, Math-
cad®and Maple®). From the basic properties of the DTM, see
Table 1, consider a1 = a3 = a4 = a5 = 1 and as = 0.1, then
the transformation is obtained as

k
(k+ DX (k+1) =X (k) = 0.1 > X (k)X (k — k1)
k1=0
k
= X(k)Y (k= k),

k1=0

(10)

k
(k+1D)Y(k+1)=-Y(k)+ > X(k)Y(k—k). (1)
k1=0

Employing the differential inverse transform, the series expan-
sion solution obtained in Equation (3) cab obtained as a repre-
sentation in the series solution for predator-prey population

z(t) =2 — 0.400000000(t) — 0.9200000000(t)?
+ 0.05066666667(t)* + 0.4065333333(t)*

+ 0.1021600000(%)® — 0.1434053334(¢)%,  (12)
y(t) =1+ (t) + 0.3000000000(%)*

— 0.3400000000(t)® — 0.3323333333(1)*

—0.00302666668(t)° + 0.1611000000(¢)®  (13)

Due to the numerical values, the first ten points are given while
the graphical representation for each algorithm procedure is
shown. From the graph of Figure 1, it shows the outcome
of MSDTM and CRK4 are unidentifiable which validates MS-
DTM has one of many numerical methods that gives fast and
effective numerical approximate solution to the One predator
and one prey model among many other nonlinear differen-
tial equations as that of the result obtained using the classical
Runge-Kutta model algorithm in Mathematica®12.2.
Comparative solution of one predator and one prey model in
Table 3 implemented using the proposed methods.

6.2 One Predator and Two Prey

The model discussed describes the competitive activity be-
tween two prey and one predator population which is detailed
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Table 2. Biological definition of parameters

Parameters Definition
a1 Growth rate of the prey
a2 Competition for other means of feeding between the prey and predator
as,as Prey(predator) density reduces due to the interaction between the predator(prey)
aq Mortality rate of the predator

Table 3. Numerical approximation of DTM,MSDTM, Classical Runge-Kutta Method, & Error analysis

Dataset DTM MSDTM/CRK4 —Error—

a(t) y(t) x(t) y(t) x(t) | y(®)
0 2 1 2 1
0.1 1.95089 | 1.10263 | 1.95089 | 1.10263 | 0 0
0.2 1.88428 | 1.20876 | 1.88428 | 1.20876 | 0 0
0.3 1.80198 | 1.31525 | 1.80199 | 1.31525 | 1.0 x 10~ ° 0
0.4 1.70675 | 1.41844 | 1.70678 | 1.41844 | 3.0 x 10~ ° 0
0.5 1.60193 | 1.51445 | 1.60213 | 1.51447 | 2.0 x 10— % 2.0 x 10°°
0.6 1.49088 | 1.5995 1.4919 1.59967 | 1.02 x 10—3 1.7 x 10~ 4
0.7 1.37602 | 1.67005 | 1.37993 | 1.67095 | 3.91 x 103 9.0 x 10~%
0.8 1.2573 1.72243 | 1.26972 | 1.72607 | 1.242 x 10=2 | 3.64 x 10~ 3
0.9 1.1301 1.75133 | 1.16415 | 1.76383 | 3.405 x 10— 2 | 1.25 x 10~ 2
1 0.98222 | 1.74661 | 1.06536 | 1.78408 | 3.14 x 10~ 2 3.747 x 102

by Bazykin [31]. The following model will be considered tial transform method to obtain as:
based on the population of Buffalo, Lion, and hippopotamus

k
density. (k+DX(k+1) =a1 X (k) —ap ¥ X(k1)X(k — k1)
k1=0
k k
z(t) = a17 — agx® — aszy + asxz, (14) —as Z X (k)Y (k— k1) + ay Z X (k1) Z(k — ki),
y(t) = —b1y + aszy — agy® + boyz, (15) k1=0 k1=0
2(t) = b3z + byxz — bsyz — arz?, (16) A7)

k
x(0) =2,y(0) =z(0) =1,
(0) =2,y(0) = z(0) (k+ DY (k+1) = —b1Y (k) +as > X(k1)Y (k — ki)
where z,y,and z are the Buffaloes, Lion and hip- =0

popotamus population, and the biological terms stated as K k
ai,as,as, aq, by, as, ag, ba, bs, by, bs, and a7. Biological defi- a6 Z Y(k)Y (k= k1) + b2 Z Y(k1)Z(k = k1),

nition of each term represented on the Equation (14) - Equation k=0 k=0
(16) are presented in Table 4: (18)
The model in Equation (14) to Equation (16) have the follow- k
ing assumption: (k+1)Z(k+1) =bsZ(k) + by Y X(k1)z(k — kn)
k1=0
* The coefficients that are non-negative are independent of k k
time. —bs Y Y(k)Z(k—ki)—ar Y Z(k1)Z(k — ky).
k1=0 k1=0
» The prey population is affected by other food source and (19)

not the predator alone. Applying the differential inverse transform, we obtain the

following series expansion solution for each population of
x(t),y(t), and z(t) as

This section deals with the comparative analysis between () = 2 4 0.4000000000(¢) 4 0.9700000000(t) + 0.6473333336(¢)?

DTM, MSDTM algorithm, and Classical Runge-Kutta method 0.5862583335(£)% + 0.3778320001(£)° -+ 0.2555052808 ()6
built-in function in Mathematica. The graphical representation +0. (t)" +0. (t)° +0. (t)°,

shows the divergence in the DTM and (MSDTM, CRK4) and (20)

the first ten points were chosen among the numerical values  ¥() = 1 — 0.1000000000(%) + 0.9750000000(¢)? + 0.5073333333(t)*
generated with Mathematica®, Maple®, and Mathcad®, soft- +0.7402458335()* + 0.6275393334(£)° + 0.6047169736(£)°,

ware are presented due to space for the purpose of this paper, 1)

this points obtained shows how the MSDTM gives a better re- N 3
sult and less computation. Taking the biological term to be 2(t) = 1+ 1.900000000(#) + 1.960000000(¢)" + 1.370666667 (t)
ay = ag = 0.1,a3 = 0.2,a4 = 0.5,a5 = 0.05,= ag = + 0.7082250002(¢)* + 0.2314674999(¢)® — 0.05173495809(¢)°.
0.2,a7 = 0.1, b1, ba, b3, by, b5 = 1, implementing the differen- 22)

¢ Predation is not taken into full consideration.
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Table 4. Biological definition of parameters
Parameters Definition
a1,bs Prey population growth
b1 Predator population growth
a2, ae, a7 The prey are affected by other food sources by the predator
as,aq,as,ba, by, bs Interaction between the two preys and one predator
20+
7 -
\ of
150
5 -
— DTMx(t) — DTM_x(t)
1.0F
DTM_y(t) DTM_y(t)
a DTM_z(t)
05} S
1 -
2 4 6 8 10 ‘ ‘ ‘ ‘ .
2 4 6 8 10
(a)
(@)
20k
\\‘ 100 A
\\, ’:"\\ | \
sl X /SN~ st [ MSDTM_x(t
/\ \ / X — MSDTM_x(t) [\
/\ \ Y, A\ . |\ N CRKA4_x(t)
/\ \ / \ . CRK4_x(t 6r [ |\ [\
ol o\ \ / ) \ ® o\ [\ " MSDTM_y(t)
\ . Y, / \. MSDTM_y(t) /AN [\ /N e CRK4y()
\ « / N CRK4_y(t) AN\ 2N\ / \
o N < _ AN\ /AN f~ \ MSDTM_z(t)
- ~— SV NN / AN N
IR U/ N N N CRK4_z(t)
I B e e ‘
2 4 6 8 10
(®) (b)

Figure 1. Graphical representation of z(t), y(¢):(a) DTM plot and (b) MS-
DTM and CRK4

Graphical representation in Figure 2 shows the numerical solu-
tion of the method. It depicts the differential transform method
doesn’t give a good result as it’s seen numerically from Table 5,
how at some point of ¢, DTM begins to diverge which led to the
dysfunctional graph obtained. It’s imperative to know from the
graph that DTM converges locally within the range of its ini-
tial point. To validate this for the benefit of this paper, only the
first ten points were taken to show numerically the comparative
analysis of the approximate solution of the methods.

The Table 5 shows numerically the approximate solution com-
paratively two-one prey-predator model.

7 Discussion and Conclusion

In this work, we carefully propose a multi-step differen-
tial transform method against the differential transform method
and classical Runge-Kutta, which is a reliable modification of
DTM that improves the convergence of the series expansion
solution. This method provides immediate computation and
less energy consumption to obtain numerical approximate so-
lution to the prey-predator models that do not have an exact
solution. Applying the multi-step DTM to the prey-predator

Figure 2. Graphical representation of z(t), y(t), z(¢) : (a) DTM plot (b) MS-
DTM and CRK4

models of samples 1&2, it can be observed that MSDTM gives
a better approximation result against the CRK4 or the same re-
sults. From the graph of Figure 1 and Figure 2 seen, the images
are unidentifiable which can be seen as well in the numerical
values in the Table 3 and Table 5. From both tables Table 3 and
Table 5, it shows that MSDTM gives an accurate approximate
solution in comparison to CRK4, the absolute error for MS-
DTM against CRK4 was not presented because graphically its
unidentifiable and numerically the same. From Table 3, it can
be deduced that the values of DTM against MSDTM or CRK4,
at a small domain it approximate the solution well but diverges
as the domain becomes large.
The DTM, which result is predicated on the Taylor series ex-
pansion, the numerical values as well as graphical representa-
tion shows it diverges in the large domain due to its local con-
verges in a small domain. Therefore the proposed method is
efficient and an accurate method that provides analytical solu-
tions to non-linear systems of differential equations in biology
and chemistry. Figure 1 and Figure 2 of systems of ODEs show
the solution obtained using the DTM has a small interval of
convergence while the solution obtained using MSDTM which
is compared with CRK4 has wide of intervals of convergence.
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Table 5. Numerical approximation of DTM,MSDTM,& Classical Runge-Kutta Method

DTM MSDTM/CRK4 Error
z() y(t) 2(t) z(t) y(®) () z(t) | y(®) | ()

0 2 1 1 2 1 1
0.1 | 2.05041 | 1.00034 | 1.21104 | 2.05041 | 1.00034 | 1.21104 | 0 0 0
0.2 | 2.12505 | 1.02448 | 1.47057 | 2.12506 | 1.02449 | 1.47057 | 1.0 x 10~ ° 1.0 x 10— ° 0
0.3 | 2.23063 | 1.07941 | 1.78967 | 2.23066 | 1.07956 | 1.7896 3.0 x 10~? 1.5 x 10—° 7.0 x 107°
04 | 237655 | 1.17632 | 2.18161 | 2.37678 | 1.17754 | 2.18095 | 2.3 x 10— % 5.99 x 10~ 1 6.6 x 107
0.5 | 2.57586 | 1.33249 | 2.66202 | 2.5769 1.33902 | 2.65814 | 1.04 x 103 | 6.53 x 103 3.88 x 10~3
0.6 | 2.84631 | 1.57353 | 3.24904 | 2.84959 | 1.59992 | 3.23161 | 3.28 x 10~ 2 | 2.639 x 102 | 1.743 x 10~ 2
0.7 | 3.21167 | 1.93611 | 3.9634 3.21855 | 2.02381 | 3.89791 | 6.88 x 10~3 | 8.77 x 102 6.5 x 1072
0.8 | 3.70318 | 2.47111 | 4.82856 | 3.70727 | 2.72068 | 4.61256 | 4.09 x 10=3 | 2.49 x 10~ T 2.16 x 10~ 1
0.9 | 436119 | 3.2472 5.87067 | 431639 | 3.85783 | 523432 | 4.48 x 10=2 | 6.1 x 10~ L 6.3 x 1071
1 5.23702 | 435484 | 7.11862 | 4.96545 | 5.58343 | 5.46656 | 8.8 x 10— T 1.2 x 10° 1.65 x 109

This validates the algorithm proposed increases the interval of
convergence for the series solution and the accuracy of the pro-
posed algorithm can be accurate if the h becomes smaller and
sub-interval k becomes larger. The proposed method MSDTM
can be seen to be a reliable, accurate, and fast method com-
pared with the classical RK4 built-in function in Mathemat-
ica® for a one prey one predator, and two prey one predator
model with a quadratic term which signifies other sources of
feeding. It can be concluded that MSDTM can be applied to
other nonlinear systems of differential equations to obtain the
same or better results with other existing methods.
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