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Abstract  The weight enumerator of a code is a
homogeneous polynomial that provides a lot of
information about the code. In this case, for the
development of a code, research on the weight enumerator
is very important. In this study, we focus on the code d; .
Let W+ (x,y) be the weight enumerator of the code df.
Fujii and Oura showed that Wy+ (x,y) is generated by
Wt (x,y) and Wd;4(x,y) . Indeed, we show that
Wyt (x,y) is an element of the polynomial ring
Z[ﬁ] [Waz (x,y), Was, (x,y)]. We know that the weight
enumerator of all self-dual double-even (Type Il) code is
generated by Wys (x,y) and @,,(x,y) = xtyt(xt —yH*
Recall df is a type Il code. Thus, Wy+ (x,y) is an
element of the polynomial ring Z[de x,¥), 92.(x, Y]

and Z[i] [Wag (%), Wgs, (x,y)]. One of the motivations
of this research is to investigate the connection between
these two polynomial rings in representing W+ (x,y). Let
a; and b; be the coefficients of polynomial that represent
Wg+ (x,y) as an element of Z[de x,¥), 924(x,y)] and
Z[i] [de (%, y),Wd;4 (x,y)], respectively. We find that b;
is an element of the polynomial Z [i] [a; ]. In addition, we
also show that there are no weight enumerators of Type Il
code generated by Wat (x,y) and ¢,,(x,y) that can be
written uniquely as isobaric polynomials in five
homogeneous polynomial elements of degrees 8, 24, 24, 24,
24,
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1. Introduction

Let C be a linear code of length n. The weight
enumerator of a linear code C is

WC (X, y) — Z xn—wt(u) ywt(u)_

uec

The weight enumerator plays an important role in the
development of coding theory. In this paper we only
focused on binary self-dual doubly-even (Type II, for
short) codes in genus 1. It is known that the weight
enumerator of all Type Il codes can be written uniquely as
isobaric polynomials in Wyr (x,y) = x° + 14x*y* +y®
and ©24(x,y) = xtyt(x* —yH)* with integer
coefficients [1]-[4]. In this case, it is clear that all weight
enumerators of type Il codes are elements of the ring

Z[de X ¥), ©24(%, y)] . It should be noted that
Wy (x,y) is the weight enumerator of the code d¢ and

©,4(x,y) is not the weight enumerator of a code [5]-[10].

We recall the definition of the code dj . This code is
characterized as:



Mathematics and Statistics 9(5): 648-652, 2021

dy = {(0(1 + B, ag,
+ B, 0z, v, 0y HB, (xn/z): 0, ey Oy B
€ Fz, o + -+ Otn/z = 0}.

We know that the code d;f is a type Il code [11]-[15].
Thus, it is clear that the weight enumerator of the code
dy, Wgar (x,y), is an element of the polynomial ring

Z[de x,y), <p24(x,y)]. In particular, we know that

Wy, (x,y) € Z[Wdér (x,y), (p24(x,y)]. We notice the

coefficient of x2* is zero at ¢,,(x,y), so it can be
written as follows

Was, 69) — (Wee (69))
P24(x,y) = b

for nonzero b. As a result, we claim that all weight
enumerators of Type Il codes can also be generated by
Wyt and Wz, . Since d;} is an element of type Il

codes, all weight enumerators of the code d;} in genus 1
are elements of the polynomial ring C[Wd;,Wd;}].

Indeed, we show that C = Z[i]. Here we have a claim

that the weight enumerator of the code d;} can be
represented as an element of the polynomial ring
Z[Wd;,q)“] and Z[i] [Wd;,WdL]. In theorem 2.1,
we will show how the two rings are related in expressing
Wz (x,y) [16]-[19].

Previously, in genus 2 showed that there exist no
weight enumerators of Type Il code could be written
uniquely as an isobaric polynomial in homogeneous
polynomials of degrees 8, 24, 24, 32, 40. Theorem 2.1 in
this paper shows that, in genus 1, there is also no weight
enumerator of Type Il code that can be written uniquely as
isobaric polynomials in five homogeneous polynomial
elements of degrees 8, 24, 24, 24, 24.

2. Preliminaries

Before proving Lemma 3.1, we first recall a definition
of ring of polynomials. Ring is an algebraic structure
equipped by two binary operations. A polynomial ring
R[x] is a set of polynomials with coefficients in the ring
R.

Definition 2.1 Let R be a ring. A polynomial p(x)
with coefficients in R is an infinite formal sum [20]

ax'=ag+ax+ -+ ax"+ -
i=0
where a; € R and a; = 0 for all but a finite number of
values of i. If for some i > 0 it is true that a; # 0, the
largest such value of i is the degree of p(x). If all

a; = 0, then the degree of p(x) is undefined.

Theorem 2.1. The set R[x] of all polynomials in an
indeterminate x with coefficients in a ring R is a ring

649

under polynomial addition and multiplication. If R is
commutative, then so is R[x], and if R has unity 1, then
1 also unity for R[x] [20].

3. Result and Discussion

Lemma 3.1 Wyt (x,y) is an element of the

. . 1
polynomial  ring  Z[] [Wgz (x,y), Waz, )] . In
particular, we have

n k n_,. X
Was ) =bo (Waz ) + Z b (War )° i (Wez,)

Where

k
by = (1 +Z(—1)i%>,

i=1
k

2. ()i

j=i

b; = fori

And a; € Z is the coefficient of (Wd; )g_& (@p0)t in
the representation of W ,+ (x,y) as an element of ring
Z[de"Pu]-

Proof. We know that Wzt and ¢,, generate all
weight enumerators of Type Il codes. It is clear that
Wt (x,y) € Z [ de,<p24], since d; is a type Il code.
Consequently, we have

n .
3 3j .
W gz (x,y) = (de )8 + Z;‘c=1 aj (de )8 (¢24)’
@)
Where a; € Zand k = [;—4] It is easy to check that
Was, = Wt ® + 2402,

Which implies

2 @ 235
We Go) = (W ) + sy (W )~ (W, -

J
wi?) @
Furthermore, for j =i >0, we will investigate the

2_3i i

coefficient of (de )8 (Wa;4) on the right-hand side
of (2). We consider that the coefficient of
3(/-1) i _ 3\
(de') (Wd;r4) on expansion (Wdzr4—de )

is (=1)/7¢ (Jl) As a result, we get the coefficient of

2-3i ,
(Wagr)s Wdz+4’ on the right-hand side of (2) is
F(=1D (Jl)% Finally, we obtain
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Wz (x, )
E
= (W )’
. i . g—Si i
+Z Z(_l)] L( )241 (st) (Wdz4)
i=0 \ j=i
Or
Wa+ (x,¥)

- ey ) s
+Z Z( N 24'] (Wa )°

It is obvious that

®|3

_3i(VVd;4)i

b0=1+Z( 1)1—danb

'. fori =1,2,..,k

ISR
j=i

Are elements of Z[i] since a; € Z. This completes

the proof.

Generally, based on Theorem 2.1, in terms of finding
the value of b; for the same n, we need to construct as
many as k + 1 equations. Meanwhile, to find the value of
a;, we only need as many as k equations. Thus, to find
the value of b; will be more efficient when using the
value of aj, since b; depends on a;.

Example 3.1 To find coefficients of polynomial ring

Z[24] [de Wd+] as a representation of W, , we need

to construct and solve a system of equations with three
variables based on (3)

W, =

dse
7 4 2
bo(Wag ) +b1(Wag) Wap, +b:Way (Waz,) O
a, 2a, a,
by=1- by =———; b, = —
0 24+242 1724 242’ 727 242

It is clear that we can only use a; and a, to find b,
b,, dan b,. We can simply construct and solve a system
of equations with only two variables based on (4)

7 4 2
ders = (de ) +a; (de) P24 T aZde (924) (4)
And we obtain a, =280 and a, = 1792. As a result,
we get
68 b 49
9’1 9
Corollary 3.1 Let a; and b; as defined in theorem

28
b0=_ ;dal’lb2=?
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2.1. Forall i, wehave b; € Z ifand only if 24|a; .
Proof. If 24"|ai, then it is clear that b; € Z for all i.

Conversely, Let b, € Z for all i. We consider the
sequence

Ak+1-n
Xm = (24k+1—n:n
We need to show that x,, € Z™ for all m € N. We
next use induction on m. Based on theorem 1, for i = k,
we have x; = — = by € Z. So, the statement is true for
m = 1. Next, suppose it is true for m = p. Then, we have

=1,2, m)

Ag-1  Ag—2

_ ay Ak +1-p
= (ﬁ’24k—1’24k—2 e

24k+1—p

)ezp

Moreover, based on Theorem 2.1, we know that

Z -1 l(k .p)241

_1\Jj—k+p j )_EL
D (k—p 247

j=k+1-p

Ay
j—k+p _K7P
+ (-1 24k

It is clear that
k .
. a;
-1 1"‘”’( J )—’.GZ
Z D k—p)24)
j=k+1-p
Since x, € ZP. Because of b,_, € Z , we also have

i ~ € Z. Finally, for case m = p + 1, we get

24k

o = ( Ag  Ag-1 Qg2
1 - _ _ e
P+ 24k’ 24k-1"Q4k-2""""

Ak+1-p  Qk—p ) € 7P+l
24k+1-p’ 24k-p

Hence, we have a claim that

Ak +1-n
Xm =\ in=

S =12,

m)EZm

forall m € N. If we choose m = k, we get

X, = (& o N ﬂ) k
kT \24k7 24k-1" """ 2427 241
which implies 24!|a; for i = 1,2, .., k. This completes

the proof.

Lemma 3.2 There exist no weight enumerators of Type
Il code generated by Wyt and ¢,, that can be written

uniquely as isobaric polynomial in five homogeneous
polynomial elements of degrees 8, 24, 24, 24, 24.

Proof. Suppose there exists such a weight enumerator
of a Type Il code (call it code C*). Then we have a
representation of weight enumerator of the code C* as a
polynomial in W and ¢,, and it can be written as
=Y q W o),

We+(x,y) (®)
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Where k = |—|. Since W,«(x,y) is generated by
24
Wyt and @y, it is obvious that there exists at least one

nonzero coefficient a; for an i > 1. We consider ¢,
can be written as

(p24 = Xg - X24_ - 41Y24 - 595224 - 2822W24 = X83 -
X24- + f(Y24_, ZZ4-' W24) (6)
Where

Xg = Wys; Xog = x?* +y2% Yoy = x*y* (x'® +
Y05 Zya = x8yP(x® + y®); Wy, = x12y1? )
So, we can write W,«(x,y) as an isobaric polynomial
in five homogeneous polynomial elements of degrees 8,

24, 24, 24, 24. On the other hand, we can also write

—X§+Xp4+66Y24+495754+2972 W0y —X5+Xo4

P24 = = +

24

9 (Yo, Z24, Woy) (8)
Substitute (6) and (8) to (5) so we get two
representations of We+(x,y) in the form of homogeneous
polynomials  Xg, X54, Y54, Z54,and Wy, , call  them
We+(x,y; f) and We+(x,y; g). Furthermore, we consider
the coefficient of Xgo >'X,,' on Wg-(x,y;f) and
We+(x,y; g). Because of the uniqueness of W +(x,y),
then it must be fulfilled by We-(x,y; f) = We-(x,y; 9),

S0 we get

st (-0 (e =5, () 2 (©)

i

for all i =1,2,...,k. In the following step, we consider
the sequence

YV = (Qg—prr:n =1,2,...,m)
Using mathematical induction on m, we will show that
ym = (0,0,...,0) € Z™
for all m € N.See (9), when i = k we have (—1)*q;, =
;—"k. This condition occurs if and only if a, = 0, and we
get y; =0 € Z. So, it is true for m = 1. Suppose it is
also true for m = p, then we get
¥y = (@, Q-1 o) Qg—p11) = (0,0, ...,0) € ZP
When i = k — p, base on (8), we have

k . k . .
z (-1 (k]—p) 4= Z (k]—p)%

j=k-p j=k-p
Because of a, =ay_; == ay_p4 =0, then we
k— _ ak_p . apn
get (D" Pay_, = Sakp where this condition also

occurs if and only if a,_, =0, i.e
Ypi1 = (@ A1, e, Qg—py1, Ak—p) = (0,0, ..., 0) € ZP*1
In this case we have shown that
Ym = (@g—ns1:n=12,..,m) =(0,0,..,0) € Z™
for all m € N. Next, if we choose m = k, we get

Vi = (ag, g1, ., az,a;) = (0,0, ...,0) € Z.
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Which also means a; = a, =a; = =ap_, = a, =
0. Now, we have a claim that the weight enumerator of
code C is not generated by ¢,,. So, we get a
contradiction. This completes the proof of the Theorem.

Example 3.2 If we define Xg, X,,, Ya4, Z34, and Wy,
based on (7), then we get
Wyr (% y) = 121X° — 120X X5, — 4920X5°Y,,
— 71400X4%Z,, — 338640X5*W,,

and
Wyr (% y) = —4X5° + 5X5° X4 + 330X,%Y;,
+ 2475X¢%Z,, + 14860X5°W,,

Here we have claim that the weight enumerator of the
code df, has at least two different representations as
isobaric polynomials in five elements of polynomials of
degree 8, 24, 24, 24, and 24.

4. Conclusions

In this paper, we have shown that the weight
enumerator of the code d;} is an element of ring

Z[i][wd+,wd+ ]. In addition, the connections between
24 8 24

polynomial ring Z[Wd;,q;“] and Z[i][wdé'wdﬂ] in
representing W+ were also presented in this paper.

Acknowledgements

This research was supported by Research and
Community Service Institute, Sam Ratulangi University
Manado.

REFERENCES

[1] C. S. Nedeloaia, Weight distributions of cyclic self-dual
codes. IEEE Transactions on Information Theory, 2003, vol.
49, No. 6, 1582-1591.

[2] K. T. Arasu, T. A. Gulliver. Self-dual codes over F/sub
p/and weighing matrices. IEEE Transactions on
Information Theory, 2001, Vol. 47, No. 5, 2051-2055.

[3] M. Fujii, M. Oura. Ring of the weight enumerators of
$d _n™+$. Tsukuba Journal of Mathematics, 2018, Vol. 42,
No. 1, 53-63.

[4] M. Oura. On the integral ring spanned by genus two weight
enumerators. Discrete mathematics, 2008, Vol. 308, No. 16,
3722-3725.

[5] H. S. Chakraborty, T. Miezaki, Average of complete joint
weight enumerators and self-dual codes. Designs, Codes
and Cryptography, 2021, 1-14.

[6] Y.Wu, Q. Yue, X. Zhu, S. Yang, Weight enumerators of



652

(7]

(8]

(9]

[10]

(11]

[12]

[13]

On the Representation of the Weight Enumerator of d;

reducible cyclic codes and their dual codes. Discrete
Mathematics, 2019, Vol. 342, No. 3, 671-682.

K. Bibak, O. Milenkovic. Explicit formulas for the weight
enumerators of some classes of deletion correcting codes.
IEEE Transactions on Communications, 2018, Vol. 67, No.
3, 1809-1816.

I. Siap. CT burst error weight enumerator of array codes.
Albanian J. Math., 2018, Vol. 2, No. 3, 171-178.

L. M. Tolhuizen, C. P. M. J. Baggen. On the weight
enumerator of product codes. Discrete mathematics, 1992,
Vol. 106, 483-488.

L. M. Tolhuizen. More results on the weight enumerator of
product codes. IEEE Transactions on Information Theory,
2002, Vol. 48, No. 9, 2573-2577.

N. Boston. A multivariate weight enumerator for tail-biting
trellis pseudocodewords. Journal of Generalized Lie Theory
and Applications, 2015, Vol. 9, No. 1, 1-12.

Z. Zhou, A. Zhang, C. Ding, M. Xiong. The weight
enumerator of three families of cyclic codes. IEEE
transactions on information theory, 2013, Vol. 59, No. 9,
6002-6009.

J. Dick, M. Matsumoto. On the fast computation of the

[14]

[15]

[16]

(17]

(18]

(19]

[20]

weight enumerator polynomial and the t value of digital nets
over finite abelian groups. SIAM Journal on Discrete
Mathematics, 2013, Vol. 27, No. 3, 1335-1359.

P. Rytif. Geometric representations of binary codes and
computation of weight enumerators. Advances in Applied
Mathematics, 2010, Vol. 45, No. 2, 290-301.

T. L. Alderson, S. Huntemann. The partition weight
enumerator and bounds on MDS codes. Atl. Electron. J.
Math, 2014, Vol. 6, No. 1, 1-10.

S. T. Dougherty. Shadow codes and weight enumerators.
IEEE transactions on information theory, 1995, Vol. 41, No.
3, 762-768.

C. Pimentel. On the Weight Enumerator of Periodically
Time-Varying Convolutional Codes. IEEE
Communications Letters, 2016, Vol. 20, No. 3, 418-421.

I. Siap. MacWilliams identity for m-spotty Lee weight
enumerators. Applied mathematics letters, 2010, Vol. 23,
No. 1, 13-16.

I. Siap. Linear codes over F2+ uF2 and their complete
weight enumerators. In Codes and Designs, 2008, 259-272.

J. B. Fraleigh, A first course in abstract algebra, New York:
Addison-Wesley, 1994.



