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Abstract In the multiple linear regression model, the
problem of multicollinearity may come together with
autocorrelation; therefore, several methods of estimation
are developed to deal with this case; Two-Stage Ridge
Regression (TR) is one of them. This article's main
objective is to run a Monte Carlo simulation to investigate
the impact of both problems, Multicollinearity and
Autocorrelation, in multiple linear regression model on the
performance of the TR. The simulation is carried out under
different levels of multicollinearity, and sets of
autocorrelation coefficient, taking into account different
sample sizes. Some new properties for the TR method,
including expectation, variance and mean square error, are
droved. In contrast, the study also has developed some
techniques to estimate the biasing parameter for the TR by
modifying some popular techniques used in ridge
regression (RR). Moreover, Mean Square Error is used as a
base for evaluation and comparison. The empirical findings
from the simulations revealed that the TR estimator
performs better than the RR, and the values of the biasing
parameter under the TR are always less than that under the
RR. This paper contributes to the existing literature on
developing new estimation methods used to overcome the
presence of mixed problems in a linear regression model
and studying their properties.

Keywords  Autocorrelation, Multicollinearity, Ridge
Regression, Two Stages, Monte Carlo Simulation

1. Introduction

Consider the multiple linear regression model in matrix
form

y =X+ ¢ ()

where y is an nx 1 vector of observations on the
dependent variable, X is a full rank n X p non-stochastic
matrix of observations on the explanatory variables, 8 is
the p x 1 vector of unknown coefficients, and ¢ is an
n X 1 random vector of disturbances with zero means.
For model (1) the Least Squares (LS) estimator of S is,
Ps=X'X)X'y (2)
Both LS estimator and its covariance matrix heavily
depend on the characteristics of the X'X matrix. If X'X
is ill-conditioned, i.e., the column vectors of X are
linearly dependent, the LS estimators are sensitive to a
number of errors. For example, some of the regression
coefficients may be statistically insignificant or have the
wrong sign, which may result in wide confidence intervals
for individual parameters. One of the most popular
estimators dealing with multicollinearity is the Ridge
Regression (RR) estimator proposed by Hoerl and
Kennard [6,7] which is defined as,
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Bre = X'X + KkIp) X'y = (I, + k(X'0)™) 7 fus
®)
where k is a non-negative constant. It is called biasing or
ridge parameter. It is observed that when k = 0, model (3)
returns LS estimates.
For the sake of convenience, we assume that the matrix
X and response variable y are standardized in such a
way that X'X is a non-singular correlation matrix, and
X'y is the correlation between X and y. Let A and V
be the matrices of eigenvalues and eigenvectors of X'X,
respectively, satisfy V'(X'X)V = A = diag(44,4,, ..., 4p),
where 2; is the i*" eigenvalue of X'X, and V'V = I,
we obtain the canonical form of model (1) as
y=Za+e€ (@)
where Z = XV implies that Z'Z = A, and a =V'B. The
LS estimator of a is given as [10,11]

s =N1Z'y
Therefore, LS estimator of S is given by
BLS =Va
and the mean square error of @, is given as
MSE(as) = 62 X7, 4

where 82 is the estimates of ¢? in the LS.
The RR estimator of a is given as

®)

-1
A~ _ -1 ~
Qrr = (Ip + kA ) ars
and the mean square error of dgg is given as

52 yP i
=1 (;+K)?2

Gy <2
MSE @rg) = KIe? £2., 5k (6)
Several techniques had been developed to estimate k,
the most popular of which is developed by [6] (HK) that is
~ 52
kyk = ——— 7
HK max(ﬁ%si) ( )

Hoerl et al. [5] (HKB) proposed the following estimator
= ®)

kykp = rﬂ ﬁ%Si
Thisted [13] (TH) suggested that the estimated value of
k be
7 (p-2)8?
ky = —— 9
T Z?:lﬁisi ( )
Lawless and Wang [9] (LW) proposed estimator of k
as
~ _ pa-Z
kLW B Zf:llidisi

(10)

In model (1) we assume the error term follows the
first-order autoregressive scheme AR (1) given by
t=12,..,n (11)

where 1pl < 1 and v, is a random variable with zero
mean, and

€ = pEq T
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2 o
E(e_g) = {60’ :: ; 8 and Cov(e) = ¢2Z

Since ¢?X is the variance-covariance matrix of the
errors, Imust be positive definite, so there exists an
n X n symmetric matrix P, such that P'P =X so that
model (1) can be written as

Py = PXp + Pe

Let y* =Py, X*=PX and € = Pe then E(¢*) =0
and Cov(e*) = oI

Therefore, the transformation model
y = Xp+e (12)

satisfies the assumption of error £*~N(0,0%I). For
model (12) the LS estimator, which called the Two-stage
Prais-Winsten (TP) [12] is

Prp = (X*'X) L X"y = (X'ZX)"1 X'y
whereX = P'P and

[Jl——pz 0
-p

(13)

0 0]

1 0 0

Poxn =| 0 -p 1 O|

; P 0

L o 0 0 1
1 —p 0 0 O]
—-p 1+p? —p - 0 0
5|0 -p  14p% - 0 0
0 0 S
0 0 0 - 1

Brp is the best linear unbiased estimator of S, where
Cov(B) = c2(X'zX)71L.

Since the rank of X* is equal to that of X, then the
multicollinearity still also affects the TP estimator.
Eledum and Zahri [2] proposed the Two-stage Ridge
estimator (TR) as:

Brr = (X'EX + kIp) 1 X'Sy (14)

We assume that the transformation matrix X* and
response variable y* are standardized in such a way that
X*'X* = X'®X is a non-singular correlation matrix and
X*'y* = X'2Y is the correlation between X* and y*. Let
the matrix © = diag(6y,6,,...,6,) be the diagonal
matrix whose diagonal elements are the eigenvalues
6,>0,>->0,>0 of XXX and G be the matrix
consisting of eigenvectors of X'EX  satisfying
G'(X'ZX)G =0 and G'G =1p. The canonical form of
model (12) is

y'=Wa" +¢€" (15)

where W = X*G implies that W'W =0, and a* = G'B.
The TP estimator of a* is given as
@rp=0"W'y" (16)

Therefore, TP estimator of S is given by
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BTP =Garp
and the mean square error of dpy, is given as
MSE(arp) = 6fp X7, 6 "
where 6%, is the estimates of o2 in the TP method.
The TR estimator of a* is given as

(17)

a'rg = (0 + kL) W'y’ (18)

In this article, some properties were droved for TR, and
some techniques for estimating the ridge regression
parameter k in case of TR are considered. Mean Square
Error is used as a base for evaluation and comparison.

The rest of the paper is outlined as follows. In Section 2,
we derive some new properties for the Two-stage Ridge
estimator @*rr. Estimation of the TR parameter k is
demonstrated in Section 3. Numerical example and Monte
Carlo Simulation are given in Sections 4 and 5,
respectively. Section 6 pertains to the results of the
simulation. Finally, we provide some concluding remarks
in Section 7.

2. Some New Properties for a*rg

In this section, we present some interesting properties
for the TR estimator a* ;g

Lemma 1. The Expected value of a*rg is given as
E(@'rz) = a” — kI,(0 + kI,) 'a’
Proof. Consider the TR estimator a*;; of (18) namely
g = (6 +KL) W'y*

substitute y* in the above equation, by its value in (15)
we get

@' = (0 + kI,) W' (Wa +¢*)
= (0 +kL,) " 0a’+ (0 +kL,) We

taking the expectation for the above equation and since
E(e*) = 0, we get

E(@'rg) = (6 +kI,) " 0a*

adding and subtracting kI, from the matrix © in the
above equation, to get

E(@'rg) = (6 + k1) '[(0 + kI,) — kI, ]a"
then the expectation of @*;5 is given as:
E(@ rp) = a" —kl,(0 + klp)_la*

From equation above, we note that the a* is a biased

estimator, where the term —kI,(0 + KI,) " a* represents
the bias.

Lemma 2. The variance of a*;z is given as

Var(@'rg) = 62%(0 + kI,) " ww’
Proof. We directly compute the variance of a@*;; by
taking variance for (18)
Var(@*rg) = Var [(0 + klp)_lW'y*]
= (0 + KkL,) " Ww'(6 + kI,) 'Var(y®)
= 62,(0 + kL) “ww’
Lemma 3. The mean square error of a*;z is given as
MSE(@"rg) = (0 + kL) “k2I,a"'a"
+62,(0 + kL) “ww’
Proof. We know that
MSE@®) =E(6—06)'(6 -9)
where @ is an estimator of 6. »
Therefore,  a@*rg—a*=(0+kl,) W'y —a*
Substitute y* by its value in the (15), we obtain:
a'rp—a" = (@ + klp)_1W’(Wa* +e)—a
= (9 + klp)_l@a* + (@ + klp)_1W’e* —-a"
=|(0+k,) 0 1p|a + (0 + ki) Wer
adding and subtracting kI, from the first term of the
right side of the above equation, we get
Q'pg —a* = [(@ +kl,) " 0 + kI, — kI, — IP] a
+ (0 +kl,) We
=[(0 +k1,) (0 + k1) — k1, (6 + kI,) ™ — Ip| a®
+ (0 +kL) w'e
= 1o = k1y(0 + k1) = 1| a* + (0.4 k1) W'e*
= —kI,(0 +kI,) 'a* + (0 + kL) W'e*
=M
therefore, MSE(@*7g) = E(M'M), since E(e*e*’) =
62, and the cross-product is zero because E(e*) =0,
then
MSE(@"1z) = (0 + kI,) “k2I,a"'a"
+62,(0 + kL) “ww’

where the first term represents Bias?(d*rz) and the
second one refers to Var(@*rg).

3. Estimating the Two Stage Ridge TR
Parameter k

This section discusses some techniques used to estimate
k for the TR of the model (14) by modifying the
techniques of (7,8, 9 and 10). The modified Hoerl and
Kenard (MHK) kyyx, modified Hoerl, Kenard and
Baldwin (MHKB) kyuxs ., modified Thisted (MTH)
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kyry, and modified Lawless and Wang (MLW) k.
are respectively given as:

~2

i _ orp
kMHK - mGX(@ZTPi) (19)

~2
k — __Potp 20
MHKB Zleﬁzrpi (20)

7 (p—2)5%
kyra = Zfﬂﬁz::i (21)

kyiw = Z—?=1Aidz'”"i (22)
Where 6%, is the estimates of 2 in the TP method
and drp isthe TP estimator of the parameter vector a.

4. Numerical Example

To show the properties of TR estimator we consider a
real data set. The data set is the product in manufacturing
sector in Irag, this data set is used by [2] to evaluate the
RR under the existence of AR(1). The data consists of
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three explanatory variables and 31 observations. The
dependent variable represents the product value in the
manufacturing sector and the explanatory variables refer
to the value of the imported intermediate, imported capital
commodities and the value of imported raw materials,
respectively. The condition number of this data set is
600.25, which suggests the presence of multicollinearity.
Durbin Watson test statistic is 0.9047 with p-value
0.0001996 indicates that there exist a positive AR(1)
scheme. The estimate of the autocorrelation coefficient p
is computed to be 0.5358. Table 1 shows values of k
using the four techniques of determining k for each RR
and TR, while table 2 demonstrates the MSE for LS, TP,
RR, and TR.

Based on the outputs in table 2, we observe that MSE
for TP (0.08117) is less than that of LS (0.11615). On the
other hand, MSEs for TR that were computed using each
of the four techniques of choosing k (0.07314, 0.07363,
0.07541, 0.07374) are less than MSEs for RR that were
calculated using the corresponding techniques of
estimating k (0.09482, 0.09091, 0.10298, 0.09164).

Table 1. Values of k using the four techniques of choosing k for RR and TR for the manufacturing data set
RR
Technique HK HKB TH LW
Value 0.02586 0.03803 0.01268 0.03491
TR
Technique MHK MHKB MTH MLW
Value 0.08604 0.02868 0.08806 0.08604
Table 2. MSE of LS, TP, RR and, TR for the manufacturing data set
Method K=0 HK HKB TH LW MHK MHKB MTH MLW
LS 0.11615
TP 0.08117
RR 0.11615 0.09482 0.09091 0.10298 0.09164
TR 0.08117 0.07314 0.07363 0.07541 0.07374
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5. Monte Carlo Simulation

The simulation is carried out under different degrees of
multicollinearity and different sets of autocorrelation
coefficient taking into account different sample sizes.
Computer programs using R have been designed. Based
on [8] the explanatory variables were generated using

1
xij = (1= ¥*)22;; + VZips1,

i=12,..n j=12..,p

where z;, Zjp, ..,Zpsr are independent standard
normal pseudo-random numbers, and y is specified so
that the correlation between any two explanatory variables
is given by 2.

Following [8], three different sets of correlations are
considered corresponding to y2= 0.70, 0.80, and 0.99,
which refer to a low, medium and high multicollinearity,
respectively. Observations on the dependent variable are
computed by

Vi = Pot BiXyi + B2Xp + B3Xs + &

i=12..,n (23)

where €,~N(0,02Q),¢; = pe,—, + V; and V,~N(0, o%).
The true value of the vector coefficient 8 is set to
B = (2,0.4,1.3,2.5).
Fuller [3] suggested the following method to generate
AR(1)
2

oy
€.~N(0, 1——;)2)
Eledum [1] modified Fuller method by
Ift=1:
e:~N(0,sd.,), sde, = :1‘?7;2) and pe_q =€, — 14
if t>1:

pEt—1 = p€; and €; = pe;_1 + vy

The Fuller method after modification is used to
generate AR(1). Based on George et al. [4], three different
sets of autocorrelation coefficient are considered
corresponding to p = 0.5,0.7, and 0.99, which refers to
a low, medium and high autocorrelation, respectively. To
investigate the effect of the sample sizes on the
performance of the estimator under study TR, we have
chosen n to be equal to 10, 30, 70, and 100, which refers
to small, medium, large, and extra-large sample sizes,
respectively. The experiment is replicated 10000 times.

6. Results of the Simulation

The results of the simulation are explained in tables 3, 4,
5, 6 and 7. Table 3 represents the MSE for LS and TP
methods under different sample sizes, different sets of
autocorrelation coefficient and different degrees of

correlation between explanatory variables. However,
tables 4 and 5 demonstrate the MSE for RR and TR for
different values of k, under different sample sizes,
different autocorrelation coefficient and different degrees
of correlation between explanatory variables. Moreover,
tables 6 and 7 show k's values of RR and TR under
different sample sizes, sets of autocorrelation, and degrees
of the correlation between explanatory variables,
respectively.
From table 3, the following conclusions can be drawn:
1.  As the sample size increases, MSE decreases for the
two methods of the estimation LS and TP; this is true
for different sets of autocorrelation coefficient and
different degrees of multicollinearity. For example,
the values of MSE for LS when n=10,30,70,100,
y2=10.70 and p = 0.5 are 0.0948, 0.0218, 0.0087
and 0.0060 respectively, whilst the corresponding
values for TP method are 0.0764, 0.0153, 0.0058, and
0.0039 respectively. This can also be seen in figure 1.
2. MSE for TP method is less than that for LS for all
samples size, different sets of autocorrelation
coefficient and different degrees of multicollinearity.
For example, when n=10,30,70,100, y? = 0.99 and
p = 0.99, the values of MSE for the (LS,TP) are

(3.5793, 2.9723),( 1.5704, 0.3897),( 1.0062,
0.1076),and (0.8132, 0.0682), respectively. (See
figure 2).

3. Whatever method of estimation LS or TP, sample size
and autocorrelation coefficient, as the degree of
multicollinearity increases, the MSE increases. For
example, at n=100 and p = 0.99, MSE for LS when
y? = 0.7,0.8,and 0.99 is 0.0316, 0.0448 and 0.8132,
respectively. (See figure 3).

4.  For data that suffer from multicollinearity, whatever
sample size and degree of multicollinearity, as the
autocorrelation coefficient increases, MSE also
increases. For example, at n=100 and y? = 0.99,
MSE for TS when p = 0.5,0.7,and 0.99 is 0.1464,
0.2030 and 0.8132, respectively. (See figure 4).

From tables 4 and 5 we observe that:

1.  Forall techniques of estimating k in the two methods
RR and TR, different sets of autocorrelation
coefficient and different degrees of multicollinearity,
as the sample size increases MSE decreases. For
example MSE when n=10,30,70,100, p= 0.5 and
y?=0.70 for Hoerl and Kenard original and modified
(HK, MHK) is (0.0692,
0.0585),(0.0206,0.0147),(0.0086,0.0057) and (0.0059,
0.0039), respectively.(See figures 5 and 6).

2. Whatever sample size, autocorrelation coefficient and
degree of multicollinearity, the TR estimator has
minimum MSE comparing with the RR. For example,
for n=10,30,70,100, p= 0.70 and y2= 0.80, MSE for
Thisted original and modified (TH, MTH) is (0.1024,
0.0804), ( 0.036, 0.0189), (0.016, 0.0069), and
(0.0113, 0.0047), respectively. (See figures 7).

Based on the results in tables 6 and 7, we see that



whatever sample size, autocorrelation coefficient, and
degree of multicollinearity, the techniques of estimating k
in RR (HK, HKB, TH and LW) is greater in values than
their corresponding one of TR (MHK, MHKB, MTH and
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figure 8).

MLW). For example, for n=10, p= 0.99 and y?= 0.80

Table 3. MSE of LS and TP for n=10,30,70,100, y2=0.70,0.80,0.99 and p=0.5,0.70,0.99
y?=0.70 y%=0.80 y%=0.99
’ Bus Brr Bus Brr Bus Brr

Sample size n=10

0.5 0.0948 0.0764 0.1289 0.1045 2.3830 1.9116

0.7 0.1066 0.0780 0.1467 0.1068 2.6646 1.9181

0.99 0.1407 0.1159 0.2029 0.1622 3.5793 2.9723
Sample size n=30

0.5 0.0218 0.0153 0.0302 0.0212 0.5282 0.3710

0.7 0.0283 0.0143 0.0394 0.0198 0.6943 0.3495

0.99 0.0623 0.0160 0.0890 0.0222 1.5704 0.3897
Sample size n=70

0.5 0.0087 0.0058 0.0120 0.0079 0.2117 0.1396

0.7 0.0119 0.0051 0.0165 0.0070 0.2908 0.1233

0.99 0.0393 0.0045 0.0556 0.0062 1.0062 0.1076
Sample size n=100

0.5 0.0060 0.0039 0.0083 0.0054 0.1464 0.0948

0.7 0.0083 0.0034 0.0116 0.0047 0.2030 0.0818

0.99 0.0316 0.0028 0.0448 0.0039 0.8132 0.0682

Table 4. MSE for RR under the four techniques of estimating k when n=10,30,70,100, ¥2=0.70,0.80,0.99 and p= 0.5,0.70,0.99

y?=0.70 y?=0.80 y2=0.99
p HK ‘ HKB l TH l LW HK ‘ HKB ‘ TH ‘ LW HK I HKB l TH l LW

Sample size n=10

0.5 0.0692 | 0.0610 | 0.0737 | 0.0685 | 0.0864 | 0.0755 | 0.0933 | 0.0871 | 0.9306 | 0.9520 | 0.9996 | 1.6418

0.7 | 0.0749 | 0.0661 | 0.0801 | 0.0749 | 0.0943 | 0.0828 | 0.1024 | 0.0959 | 1.0338 | 1.0586 | 1.1061 | 1.8813

0.99 | 0.0902 | 0.0799 | 0.0974 | 0.0916 | 0.1163 | 0.1040 | 0.1273 | 0.1242 1.3616 1.4018 1.4422 | 2.6826
Sample size n=30

0.5 0.0206 | 0.0196 | 0.0209 | 0.0204 | 0.0277 | 0.0259 | 0.0283 | 0.0275 | 0.2660 | 0.2384 | 0.3037 | 0.2904

0.7 | 0.0261 | 0.0245 | 0.0266 | 0.0258 | 0.0350 | 0.0321 | 0.0360 | 0.0346 | 0.3321 | 0.3060 | 0.3776 | 0.3914

0.99 | 0.0496 | 0.0443 | 0.0522 | 0.0485 | 0.0653 | 0.0569 | 0.0698 | 0.0644 | 0.6785 | 0.6573 | 0.7430 | 1.0856
Sample size n=70

0.5 0.0086 | 0.0084 | 0.0086 | 0.0085 | 0.0117 | 0.0113 | 0.0118 | 0.0116 | 0.1375 | 0.1158 | 0.1525 | 0.1374

0.7 0.0116 | 0.0113 | 0.0117 | 0.0115 | 0.0158 | 0.0152 | 0.0160 | 0.0157 | 0.1719 | 0.1470 | 0.1940 | 0.1741

0.99 | 0.0331 | 0.0299 | 0.0345 | 0.0324 | 0.0440 | 0.0389 | 0.0464 | 0.0433 | 0.4491 | 0.4266 | 0.4983 | 0.6517
Sample size n=100

0.5 0.0059 | 0.0059 | 0.0060 | 0.0059 | 0.0082 | 0.0080 | 0.0082 | 0.0081 | 0.1048 | 0.0883 | 0.1138 | 0.1044

0.7 | 0.0082 | 0.0080 | 0.0082 | 0.0081 | 0.0112 | 0.0109 | 0.0113 | 0.0112 | 0.1325 | 0.1113 | 0.1468 | 0.1323

0.99 | 0.0272 | 0.0248 | 0.0282 | 0.0267 | 0.0364 | 0.0324 | 0.0382 | 0.0358 | 0.3706 | 0.3495 | 0.4128 | 0.5212

635

the values of K (HK, HKB, TH, LW) is (0.3391, 0.6716,
0.2239, 0.4588) and the corresponding (MHK, MHKB,
MTH, MLW) is (0.2608, 0.5181, 0.1727, 0.3413). (See
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Table 5. MSE for TR under the four methods of estimating k when n=10,30,70,100, y2=0.70,0.80,0.99 and p= 0.5,0.70,0.99
¥2=0.70 ¥2=0.80 ¥2=0.99
g MHK MHKB | MTH MLW MHK MHKB MTH MLW MHK MHKB MTH MLW
Sample size n=10
0.5 0.0585 | 0.0521 | 0.0618 | 0.0581 | 0.0738 0.0649 0.0791 | 0.0742 | 0.8062 0.8263 0.8672 | 1.4604
0.7 0.0592 | 0.0527 | 0.0625 | 0.0592 | 0.0750 0.0660 0.0804 | 0.0754 | 0.7939 0.8122 0.8546 | 1.4573
0.99 0.0776 | 0.0690 | 0.0833 | 0.0789 | 0.0991 0.0880 0.1077 | 0.1043 | 1.1089 1.1457 1.1788 | 2.1804
Sample size n=30
05 0.0147 | 0.0142 | 0.0149 | 0.0146 | 0.0200 | 0.0190 | 0.0203 | 0.0198 | 0.2056 0.1797 | 0.2330 | 0.2148
0.7 0.0138 | 0.0133 | 0.0139 | 0.0137 | 0.0187 0.0178 | 0.0189 | 0.0186 | 0.1942 0.1684 | 0.2200 | 0.2018
0.99 | 0.0152 | 0.0146 | 0.0154 | 0.0151 | 0.0206 | 0.0194 | 0.0210 | 0.0205 | 0.1998 0.1723 | 0.2284 | 0.2089
Sample size n=70
05 0.0057 | 0.0056 | 0.0057 | 0.0057 | 0.0078 | 0.0076 | 0.0078 | 0.0078 | 0.1013 0.0855 | 0.1095 | 0.1010
0.7 0.0050 | 0.0050 | 0.0050 | 0.0050 | 0.0069 0.0068 0.0069 | 0.0069 | 0.0919 0.0779 0.0987 | 0.0916
0.99 0.0044 | 0.0044 | 0.0045 | 0.0044 | 0.0061 0.0060 0.0061 | 0.0061 | 0.0818 0.0693 0.0874 | 0.0816
Sample size n=100
0.5 0.0039 | 0.0039 | 0.0039 | 0.0039 | 0.0053 0.0053 0.0054 | 0.0053 | 0.0750 0.0647 0.0795 | 0.0748
0.7 0.0034 | 0.0034 | 0.0034 | 0.0034 | 0.0047 0.0046 0.0047 | 0.0047 | 0.0665 0.0579 0.0700 | 0.0663
0.99 0.0028 | 0.0028 | 0.0028 | 0.0028 | 0.0039 0.0039 0.0039 | 0.0039 | 0.0569 0.0501 0.0595 | 0.0568
Table 6. Values of k of RR for n=10,30,70,100, y2=0.70,0.80,0.99 and p= 0.5,0.70,0.99
y*=0.70 y%=0.80 y%=0.99
P HK HKB TH LW HK HKB TH LW HK HKB TH LW
Sample size n=10
0.5 0.2281 0.4621 0.1540 | 0.2971 | 0.2173 0.4398 0.1466 | 0.2678 | 0.1017 0.1916 0.0639 | 0.2478
0.7 0.2543 0.5144 0.1715 | 0.3350 | 0.2484 0.4981 0.1660 | 0.3125 | 0.1075 0.2018 0.0673 | 0.2944
0.99 | 0.3515 0.7014 0.2338 | 0.4857 | 0.3391 0.6716 0.2239 | 0.4588 | 0.1246 0.2346 0.0782 | 0.4147
Sample size n=30
0.5 | 0.2270 | 0.4821 | 0.1607 | 0.2733 | 0.2260 | 0.4783 | 0.1594 | 0.2556 | 0.1640 | 0.3111 | 0.1037 | 0.2286
0.7 | 0.3058 | 0.6440 | 0.2147 | 0.3685 | 0.3033 | 0.6368 | 0.2123 | 0.3444 | 0.1973 | 0.3694 | 0.1231 | 0.3084
0.99 | 0.8671 | 1.7583 | 0.5861 | 1.0892 | 0.8413 | 1.6947 | 0.5649 | 1.0332 | 0.3329 | 0.6269 | 0.2090 | 0.8872
Sample size n=70
0.5 | 0.2269 | 0.4885 | 0.1628 | 0.2716 | 0.2253 | 0.4846 | 0.1615 | 0.2530 | 0.1997 | 0.3920 | 0.1307 | 0.2277
0.7 | 03213 | 0.6900 | 0.2300 | 0.3842 | 0.3205 | 0.6841 | 0.2280 | 0.3596 | 0.2652 | 0.5107 | 0.1702 | 0.3237
0.99 | 1.7672 3.6188 1.2063 | 2.1697 | 1.7001 3.4245 1.1415 | 2.0317 | 0.7401 1.3859 0.4620 | 1.8011
Sample size n=100
0.5 0.2261 0.4892 0.1631 | 0.2705 | 0.2267 0.4894 0.1631 | 0.2546 | 0.2105 0.4203 0.1401 | 0.2283
0.7 0.3254 0.7015 0.2338 | 0.3887 | 0.3266 0.7020 0.2340 | 0.3665 | 0.2878 0.5665 0.1888 | 0.3282
0.99 | 2.3301 4.7446 1.5815 | 2.8521 | 2.2442 45351 1.5117 | 2.6660 | 1.0016 1.8832 0.6277 | 2.3705
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Table 7. Valuesof  of TR for n=10,30,70,100, 2=0.70,0.80,0.99 and p=0.5,0.70,0.99
2=0.70 2=0.80 2=0.99
? MHK MHKB MTH MLW MHK MHKB MTH MLW MHK MHKB MTH MLW
Sample size n=10
0.5 0.1740 0.3548 0.1183 | 0.2265 | 0.1669 0.3393 0.1131 | 0.2048 | 0.0818 0.1533 0.0511 | 0.1900
0.7 0.1737 0.3551 0.1184 | 0.2281 | 0.1698 0.3446 0.1149 | 0.2093 | 0.0857 0.1594 0.0531 | 0.1953
0.99 | 0.2657 0.5358 0.1786 | 0.3592 | 0.2608 0.5181 0.1727 | 0.3413 | 0.1161 0.2186 0.0729 | 0.3086
Sample size n=30
0.5 | 0.1523 | 0.3260 | 0.1087 | 0.1840 | 0.1523 | 0.3252 | 0.1084 | 0.1725 | 0.1222 | 0.2347 | 0.0782 | 0.1551
0.7 | 0.1401 | 0.3004 | 0.1001 | 0.1696 | 0.1404 | 0.3006 | 0.1002 | 0.1593 | 0.1173 | 0.2261 | 0.0754 | 0.1443
0.99 | 0.1579 | 0.3387 | 0.1129 | 0.1917 | 0.1584 | 0.3400 | 0.1133 | 0.1801 | 0.1323 | 0.2557 | 0.0852 | 0.1611
Sample size n=70
0.5 0.1444 0.3125 0.1042 | 0.1734 | 0.1429 0.3090 0.1030 | 0.1608 | 0.1342 0.2702 0.0901 | 0.1450
0.7 0.1252 0.2715 0.0905 | 0.1505 | 0.1253 0.2711 0.0904 | 0.1410 | 0.1198 0.2424 0.0808 | 0.1274
0.99 | 0.1093 0.2371 0.0790 | 0.1314 | 0.1092 0.2363 0.0788 | 0.1231 | 0.1059 0.2180 0.0727 | 0.1103
Sample size n=100
0.5 0.1414 0.3068 0.1023 | 0.1695 | 0.1416 0.3069 0.1023 | 0.1593 | 0.1366 0.2783 0.0928 | 0.1429
0.7 0.1222 0.2652 0.0884 | 0.1465 | 0.1224 0.2655 0.0885 | 0.1377 | 0.1183 0.2432 0.0811 | 0.1226
0.99 | 0.1001 0.2174 0.0725 | 0.1202 | 0.1007 0.2185 0.0728 | 0.1133 | 0.0993 0.2061 0.0687 | 0.1015
4
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gig;re 1. MSE of LS and TP for n=10,30,70,100 ,y%= 0.99 and p= Figure 3. MSE of LS for n=100, p=0.99 and 2=0.70, 0.08, 0.99
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Figure 2. MSE of LS and TP for n=10,30,70,100 ,y2= 0.70 and p=
0.50

Figure 4. MSE of LS and TP for n=100, y=0.99 and p=0.5, 0.7, 0.99



A Monte Carlo Study for Dealing with Multicollinearity and

Autocorrelation Problems in Linear Regression Using Two Stage Ridge Regression Method

the ridge regression parameter k are considered. The
performances of the TR estimator is evaluated through
Monte-Carlo Simulation, where levels of multicollinearity,
sample sizes, and autocorrelation coefficients have been
varied. The performance evaluation was done using the
mean square error. The simulation showed that the TR
estimator performs better than RR, and the value of k for
TR is always less than that of RR.
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Figure 5. MSE for Hoerl and Kenard technique when n=10,30,70,100 ,
p=0.50 and ¥?=0.70
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Figure 6. MSE for Modified Hoerl and Kenard technique when

n=10,30,70,100, p=0.50 and ?=0.70
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Figure 7.
n=10,30,70,100, p=0.70 and

MSE for RR using TH and TR using MTH when
2=0.80
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Figure 8. MSE of RR and TR for the four techniques of estimating K
when n=10,30,70,100 , ¥2?=0.7 and p=0.99

7. Conclusions

In this paper, Two-Stage Ridge Regression TR is used
to deal with the two problems, autocorrelation and
multicollinearity, simultaneously. Some new properties
were droved for TR, and some techniques for estimating
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