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Abstract The aim of this paper is to provide a table of definite integrals which includes both known and new integrals. This
work is important because we provide a formal derivation for integrals in [7] not currently present in literature along with new
integrals. By deriving new integrals we hope to expand the current list of integral formulae which could assist in research where
applicable. The authors apply their contour integral method [9] to an integral in [8] to achieve this new integral formulae in
terms of the Lerch function. In this present work, the authors provide a formal derivation for an interesting Exponential Fourier
transform and express it in terms of the Lerch function. The Exponential Fourier transform has many real world applications
namely, in the field of Electrical engineering, in the work of electrical transients by [10] and in the field of Civil engineering, in
the work of stress analysis of boundary load on soil by [11]. The definite integral we derived in this work is given by

/°° e~ ™ (log(a) — ix)kdx

o sinh(a) + sinh(z) (1)

where the variables k,a,a € C,—1 < Im(m) < 1, « # 0. This formal derivation is then used to derive the correct version of a
definite integral transform along with new formulae. Some of the results in this work are new.

Keywords Hilbert Transform, Mellin Transform, Exponential Fourier Transform, Hyperbolic Function, Catalan’s Constant

1 Introduction

This work provides a formal derivation for an integral in [8], the correct version for a definite integral in [4] and some new
definite integrals in terms of special functions and fundamental constants. This work also looks to expand the Table 2.4.15 in [8]
where similar and relevant formula are listed. In our case the constants in the formulas are general complex numbers subject to
the restrictions given below. The derivations follow the method used by us in [9]. The generalized Cauchy’s integral formula is
given by

yk 1 eWy

—=— [ ——dy.

k! 2mi Jo wktL
where C' is in general an open contour in the complex plane where the bilinear concomitant has the same value at the end points
of the contour. This method involves using a form of equation (2) then multiplies both sides by a function, then takes a definite
integral of both sides. This yields a definite integral in terms of a contour integral. Then we multiply both sides of equation (2)
by another function and take the infinite sum of both sides such that the contour integral of both equations are the same.
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2 Derivations of the contour integral representations

In this section we derive the definite integral and Lerch representation of the contour integral.

2.1 Definite integral of the contour integral

We use the method in [9]. The cut and contour are in the first quadrant of the complex m + w-plane. The cut approaches the
origin from the interior of the first quadrant and the contour goes round the origin with zero radius and is on opposite sides of the
cut. Using a generalization of Cauchy’s integral formula we first replace y — —ix + log(a) followed by multiplying both sides

—imax

by m then taking the definite integral with respect = € (—o0, 00) to get

00 p—imz _ ik w k1 7zx(m+w)
/ Uogla) —iz)” , _ / / dwda
_oo k! (sinh(c) + sinh(z)) 2mi ¢ sinh(a) + sinh(z)
—k 1 —zx(7n+w)
dxd
/ / sinh(a) + sinh(x) waw

= —%/Ciﬂawsech(a)w_k_lcsch(w(m + w)) (—e_m(7”+'“’)

+ etelmtw) cosh(m(m + w))) dw
1 w —k—1 1 2 1 .
= — [ ma"sech(a)w tanh §7r(m +w) | | coth iw(m + w) | sin(a(m + w))

2mt Jo

—icos(a(m + w))> dw

3)
from equation (2.4.14.9) in [8] where Re(m + w) > 0 and Re(a) > 0.
2.2 The Lerch function
The Lerch function has a series representation given by
O(z,5,0) =Y (v4n)"*2" )
n=0

where |z|< 1,v # 0, —1, .. and is continued analytically by its integral representation given by

1 ts—1le—vt 1 ts le—(v 1)
d = =
(z,5,v) I'(s) /0 1—zet dt I'(s) /0 et — 2z dt )

where Re(v) > 0, and either |2|< 1,z # 1, Re(s) > 0,0r z = 1, Re(s) > 1

2.3 Infinite sum of the contour integral
2.3.1 Derivation of the first contour integral

In this section we will derive the first contour integral given by

L, ma¥sech(a)w "1 coth <17r(m + w)> sin(a(m + w))dw (6)
2m Jo 2

Using equation (2) we form two equations by first replacing y — y + ic then multiplying both sides by ¢*“™ and for the second
equation we replace o — —a and take their difference to get

,L'e—iam ( 2iam (y + ’LCY) (y _ za)k) 1

— o] =5 /c w e sin(a(m 4 w))dw 7

27r(y+1) 2mm(y+1)

Next we replace y — log(a) + and multiply by —2msech(«)e
simplify in terms of the Lerch functlon to get

and take the infinite sum over y € [0, o) and
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Z'ﬂ.k-'rlsech(a)enm—iamq) (emTr —k, —21(y+2log(a)+27r) z'ﬂ.k+1sech(a)67rm+iam¢) (emﬂ’ —k, 21a+210g(a)+27r>

2m 2m
B A * A
imsech(a)e~ "™ (e @™ (log(a) + iar)* — (log(a) — ia)")
+
2k!
1
=5 Z/ 2ra®sech(a)wF~Le™ WD MW 6in (o (m + w) ) dw — 57 . rasech(a)w "1 sin(a(m 4 w))dw
1 - 1
=—— / Z 2ra®sech(a)w P~ Le™ WD) gin (o(m + w))dw — =—— | ma*sech(a)w ™" sin(a(m + w))dw
2m Jo = 2mi Jo
1 -
= — [ ma"sech(a)w coth ( (m+ w)) sin(a(m + w))dw
21 C
®)
from equation (1.232.1) in [7] where I'm(m + w) > 0 in order for the sum to converge.
2.3.2 Derivation of the second contour integral
In this section we will derive the second contour integral given by
1 - w —k—-1 1
—— [ ima“sech(a)w tanh | —m(m 4+ w) | cos(a(m + w))dw )
21 Jo 2

Using equation (2) we form two equations by first replacing y — y + ic then multiplying both sides by ¢*“™ and for the second

equation we replace o — —a and add both to get

e*iam <€2iam(y 4 ZOt)k + (y o ZO[)k) _ 1
k! 2 Jo

2w F 1Y cos(a(m + w))dw (10)

Next we replace y — log(a) + 2”(y+1) and multiply by —im(—1)¥sech(a)e™(¥+1) and take the infinite sum over y € [0, 00)

and simplify in terms of the Lerch functlon to get

. m—i —2 21 2 -k 1 2 21 2
z7rk+1sech(a)e”’" iam g (_emﬂ k o+ Qig(a)'i‘ Tf) Z7Tk+1S€Ch(Oé)eﬂm+lam<I) (_emn’ —k ot ngr(a)'f‘ TV)

k! k!
imsech(a)e™ "™ ((log(a) — ia)* + €***™(log(a) + ic)")
* 2k!

5 Z/ 2im(—1)*a"sech(a)w *1 P cos(a(m + w))
i

1D
+ — [ ma“sech(a)w *~1!

571 | cos(a(m + w))dw

5 / ZQW 1)%a"sech(a)w™ L2t cos(a(m + w))
i

rasech(a)w ™ ! cos(a(m + w))dw
2wt Jo

1 ) 1
=—— [ ima“sech(a)w ™" ! tanh <7r(m + w)) cos(a(m + w))dw
211 e} 2

from equation (1.232.1) in [7] where Im(m + w) > 0 in order for the sum to converge.
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3 Exponential Fourier transform in terms of the Lerch function

Theorem 3.1. Fork,a,c € Cand 3 < Im(m) < 1,

/OO e~ (log(a) — ix)kdw

—oo sinh(a) + sinh(z)

= imsech(a)e "™ (ezmm(log(a) + ia)*

—q I —i I
_ﬂ.keﬂm (CI) (_emﬂ’_k7 Lo+ Og(a’)+ﬂ-> +® (emﬂ,—k, 1o+ Og(a)+ﬂ-)

m m

+ i <q> <_emw, —k, a+1g<>”> i <m T, a+1g<>+7r))>)
s s
(12)

Proof. Since the right-hand side of equation (3) is equal to the sum of equations (8) and (11) we can equate the left-hand sides
and simplify the factorial term to get the quoted result. See section (3.1) in [4]. ]
4 Derivations of definite integrals

In this section we provide formal derivations for definite integrals known and new. Some of these results are present in the
books of Gradshteyn and Ryzhik [7], Prudnikov et al. [8] and Bierens De Haan [3]. In some cases we also provide errata.

4.1 Derivation of entry 2.4.14.9 in [8]

Proposition 4.1.

/OO e—imz p
_ oo Sinh(a) + sinh(z) v (13)
= 7 sech(a) tanh (%) (coth2 (%) sin(am) — icos(am))

Proof. Use equation (12) and set £ = 0 and simplify using entry (2) in Table below (64:12:7) in [1]. Note the result in equation
(3.2.30) in [4] is in error. ]

4.2 Derivation of entry 2.4.14.10 in [8]

Proposition 4.2.

/Oo sinh(zj + Smh(x) dz = msech(a) (ie"*™ (o coth(mm) + imesch® (wm)) + e~ “*™ csch(rm)(m coth(rm) +ic))  (14)

Proof. Use equation (12) and set £ = 1 and simplify using entry (1) in Table below (64:12:7) in [1]. O

4.3 Derivation of entry 2.4.14.11 in [8]

Theorem 4.3. Fork,a € Cand 1 < Re(m) < 1,
00 xkema: ik b ki . Q
/ dx = imsech(a)e >tz ((z’a) — e <<I> (—e”’”, —k,— + 1)
™

oo Sinh(a) + sinh(z)
4 e2am <<1> (—eimﬂ, k1 w‘) 1o (a’m”, k1 m)) By (a’m”, g2 1)))
™ 77 7r

Proof. Use equation (12) and set a = 1, m = mz and simplify. O
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4.4 Derivation of entry 2.4.14.12 in [8]

Proposition 4.4.

oo 027/3,2
: : dz
[m (sinh(z) + sinh(4m))?2

) o, , _ A . 207
= 2—77r sech” (4) <7r (3 (27\/3— 8) (5 sinh <3) + sinh ( 3 >) (16)

—5 (724 25V3) cosh (4;> + (724 25V3) cosh <2(;r>>

_ 36 cosh(4r) ((3 + 2\/5) sinh (8;> + (6\/§ - 1) cosh (8’;»)

Proof. Use equation (4.3) and take the first partial derivative with respect to « and simplify. Next set k = 2,m = 2/3, a = 47
and simplify using entry (4) in Table below (64:12:7) in [1]. O

4.5 Derivation of entry 2.4.14.13 in [8]

Proposition 4.5.
/°° /3y ~2e7 (4—3v3+ (24 6v3) ') 7 (17)
_oo Sinh(zx) + sinh(3m) T 3(1+ ebm)
Proof. Use equation (4.3) and set k = 1,m = 2/3, « = 37 and simplify using entry (4) in Table below (64:12:7) in [1]. O
and
Proposition 4.6.
00 e3z/4,2 ox/4 \/» or/2\ 3 ) s
der=e 7™* (14 18v2e”" 3 1
/_Oo sinh(z) + sinh(3) e ( + ¢ ) " sech(37) (18)
Proof. Use equation (4.3) and set k = 1, m = 3/4, « = 37 and simplify using entry (4) in Table below (64:12:7) in [1]. L]
4.6 Derivation of entry 2.4.14.14 in [8]
/ aFe ™ csch(z)dr = 2i(—i) PPl (—e™™) (19)
Proof. Use equation (12) and set « = 0, a = 1 and simplify using entry (4) in Table below (64:12:7) in [1]. O]
and
> csch(z) (e7P% — g—ime ) ) )
/oo () ( NG )dx =(-1—1i)V2r (Ll% (—e™") —Liy (—ep")) (20)
Proof. Use equation (19) and form a second equation by replacing m — p and take their difference and set k = 1/2. O

4.7 Derivation of entry 2.4.14.15 in [8]
Theorem 4.7. For o € C, 3 < Re(m) < 1,3 < Re(p) < 1

/OO o™ 2 S [ tarimm (g (eimm g 1) g (gimn g g 1
_ oo Z(sinh(a) + sinh(z)) ! ™ T

1))
— aelo+imp (@ <eim, 1,1 w‘) +o <eif’”, 1,1 Za)
™ ™

+ e 2P <CI) (eip’r, 1, “oy 1) - (eip“, 1, oy 1>)> + ime®™) — jre(=P)
™ ™

(21)

Proof. Use equation (12) and create a second equation by replacing m — p and take their difference. Next set k = —1,a =
1,m = mi, p = « and simplify. O



Mathematics and Statistics 9(5): 724-735, 2021 729

4.8 Derivation of entry 2.4.14.16 in [8]

Proposition 4.8.

00 64$/5 _ 65m/€v
d
/_OO 22 (sinh(z) + sinh(77)) v
je—3437/30 . N

S (_49(_1)%7 g (—e £ 72')
v

4 _ 351

—49(—1)577%

4 __ 5114

720 (e 21 + 7@) —49(—1)F 220 (e%,z,l - 7@) (22)

2591

+49(—1)F 220 (642",2, 1+ 7i) +49(—1)F 120 (—e5é"72, 1- 7¢)

S5im

e 21+ 72') L 49(—1)F 20 (esé" 21— 71')

- 49(—1)%_25& k) (e 2,14 72') + e287/57% 635”/67r2) sech(77)

Proof. Use equation (12) and set a = e%*, m = m4 and simplify to get

0o mx _ k
/ ‘ e (x .a) d
_ oo Sinh(«) + sinh(z)

= iﬂsech(a)e*"‘m*%k ((i(a + )k — gheimm (@ (—eim”, —k, WWT) 3)

™

L g2am <<p (eim“,k, zaza+7r) LB (eim”,k, zaza+7r>>
T T
o (eimm 1a+io+ T
S S Py M N
) ) T

Next set k = —1 and form a second equation by replacing a — —a and take their difference. Next we form another equation by
replacing m — p and take their difference. Next apply L'Hopital’s rule to the right-hand side as ¢ — 0 and set & = 7w, m =
4/5,p = 5/6 and simplify. O

4.9 Derivation of entry 2.4.14.17 in [8]

Theorem 4.9. For a,oc € Cand & < Im(m) < 1,

> VI —ae™®
x
_ oo Sinh(a) 4 sinh(x)

) , 1 4
= (—1)3/477 sech(a)ea(_m) (\/m — \/me™™ (‘P (—e”’”’, -, 7@(@ +a) + 1)
2 (24)
+e2am P _eimw,_l’w +d eimﬂ’_l,w
2 s 2 s

R )

Proof. Use (23) and set k = 1/2. O

4.10 Derivation of entry 2.4.14.18 in [8]

Proposition 4.10.

de = e 5™/ %1 (e°™(1 + 2m(13m — 5)) — 2m(1 4 5m)) sech(57) (25)

/°O e®/2(x — 1)?
o sinh(z) + sinh(5m)

Proof. Use (23) and set k = 2,m = 1/2,a = 1, & = 57 and simplify using entry (4) below Table in (64:12:7) in [1]. O]
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4.11 Derivation of entry 2.4.14.19 in [8]

Proposition 4.11.

/ eQm/S (eﬂﬁ/12 — 1) log(x — 1) CSCh(J?)dx

= m ((1 + 1) ((—2\/§+ 2+ 2i)) o' (_(_1)2/370, F;—z)

+(a+0-iv2) (V3-i) @ ((1)3/4,0, T)) + (1421 ~iv3)
+ (—22' +4v/—1 - 2\f3) log(ﬂ')>

(26)

Proof. Use (23) and form a second equation by replacing m — p and take their difference. Next we take the first partial derivative
with respect to k and set k = o = 0,a = 1,m = 2/3, p = 3/4 and simplify. Note there exists a singularity at z = 1. O

4.12 Derivation of entry 2.4.14.20 in [8]

Proposition 4.12.

/:; /3 (e””/m - 1) log(x) csch(x)dx
_ %w <—4i (Li(’) (o, —(—1)3/4) — Li, (; - “f)) (27)
+z‘(1+xf\/§)w+2(1+\f\/§)1og(w)>

Proof. Use (23) and form a second equation by replacing m — p and take their difference. Next we take the first partial derivative
with respect to k and set k = « = 0 = a = 0,m = 2/3,p = 3/4 and simplify in terms of the derivative of the polylogarithm
function using entry (4) in Table below (64:12:7) in [1]. O

4.13 Derivation of entry 2.4.14.21 in [8]

Proposition 4.13.
/oo (€2x/3 _ 6358/4) CSCh(LI?)
, x

e @tin)?

_ DM e s lic s L (- YT

=95 \7 +48 (iC + ¥/—1Liy (—v/—-1) (28)

+2 ( ¥/ 1Li (—(—1)2/3) — ¥/ 1Li, ((—1)2/3)

— Liz (=(=1)¥*) + Li2 (-1)*4))))
Proof. Use (23) and form a second equation by replacing m — p and take their difference then set k = —2,m = 3/4,p =
2/3,a = mi,a = —mi and simplify in terms of the polylogarithm function and Catalan’s constant using entry (4) in Table below
(64:12:7) in [1] and section (1.7.6) in [6]. O]

4.14 Derivation of entry 3.527.12 in [7]

Proposition 4.14.
00 2
/ 2% csch?(x)dx = % (29)

— 00

Proof. Use (23) and set k = 2,a = 0 and simplify using entry (4) in Table below (64:12:7) in [1]. Then apply L’Hopital’s rule
to the right-hand as m — 0. Nest take the first partial derivative with respect to o and set o = 0. O
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4.15 Derivation of new entry 3.527.17 in [7]

Proposition 4.15.

0 71'4
/ x4 csch? (x)dx = I (30)

Proof. Use (23) and set kK = 4, a = 0 and simplify using entry (4) in Table below (64:12:7) in [1]. Then apply L’Hopital’s rule
to the right-hand as m — 0 to get

— 00

(o) 1‘4 1
dr = —— -6 4 10 2 2 4 h 31
/Oosinh(a)Jrsinh(l») * 150‘( ot +107%a? 4+ 7*) sech(a) (31)

Next take the first partial derivative with respect to o and set oo = 0. O

4.16 Derivation of new entry 3.527.18 in [7]

Proposition 4.16. -
2
/ z* esch* (z)dx = —E’]TQ (7% —15) (32)
Proof. Use (31) and take the second partial derivative with respect to a simplify then set  — 0. O

4.17 Derivation of new entry 3.527.19 in [7]

Proposition 4.17.

oo ’/T6
/ 25 csch? (x)dx = o (33)

Proof. Use (23) and set k = 6,a = 0 and simplify using entry (4) in Table below (64:12:7) in [1]. Then apply L’Hopital’s rule
to the right-hand as m — 0 to get

— 00

doer = —— —6 6 21 2 .4 7 4 2 6 h 34
/,oo sinh(«) 4 sinh(z) v 2104( o +2lrte” +(ma” + 7 )sec () (34)

Next take the first partial derivative with respect to o and set o = 0. O

4.18 Derivation of entry new 3.527.20 in [7]
Proposition 4.18. For k € C,

/ zF esch(z)de = 2i (2k+1 -1) s ¢ (—k) (35)
Proof. Use (23) and set a = m = 0 and simplify using entry (2) in Table below (64:12:7) in [1]. O]

4.19 Derivation of new entry 3.527.21 in [7]
Proposition 4.19. For k € C,

1 ink

/:)O 232k esch? (x)dx = 3¢ (6k7rkLi1_k ((—1)2/3> + i7" iy, ((—1)2/3)) (36)

Proof. Use (23) and set a = 0,m = 2/3 then take the first partial derivative with respect to « followed by setting « = 0 and
simplify using entry (4) in Table below (64:12:7) in [1]. L]

4.20 Derivation of entry BI(101)(4) in [3]

Proposition 4.20.
.00 1
/ z (1 — eP*) csch(z)dz = f§7r2 tan? (%p) (37)
Proof. Use equation 23 and set k = o = 0 to get
/ e esch(z)dr =7 (tan (%) - z) (38)

Next form a second equation by replacing m — p. Next take the first partial derivative with respect to m and p of each
respectively. Next take their difference and set m = 0. O
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4.21 Derivation of new entry 3.527.22 in [7]

Proposition 4.21.
e 1
/ 23 csch® (x)dx = —§7r2 (7% —12) (39)

Proof. Use equation (23) and set k = 3, m = 0 then take the second partial derivative with respect to .. Next apply L’Hopital’s
rule to the right-hand side as @ — 0 and simplify. Note this process is quite lengthy. [

4.22 Derivation of new entry 3.527.23 in [7]

Proposition 4.22.

/ z* csch* (z)dx = *%7‘(2 (7% — 15) (40)

Proof. Use equation (23) and set k = 4, m = 0 then take the third partial derivative with respect to . Next apply L’Hopital’s
rule to the right-hand side as o — 0 and simplify. Note this process is quite lengthy. O

4.23 Derivation of new entry 3.527.24 in [7]
Proposition 4.23.

Sl . B msin (%)
[we csch(bz) sinh(cx)dr = boos (22) + boos (22) (41)

Proof. Use equation (23) and set £ = 0. Next replace + — bz and simplify. Next replace v — u + ¢ and form a second equation
by replacing ¢ — —c and take their difference and set « = 0. Set ¢ = » and u — —wu to get equation (3.541.3) in [7]. O

4.24 Derivation of new entry 3.527.25 in [7]
Proposition 4.24. For Re(c) > Re(b),—1 < Re(u) < 1,

e 2 (cos (Z<) cos (Z4) + 1
/ xe"® esch(bx) cosh(cx)dx = ™ (cos () cos (3) 3 (42)
—co b2 (cos (2£) + cos (Z4))
Proof. Use equation (41) and take the first partial derivative with respect to ¢ and simplify. O

4.25 Derivation of entry 3.543.1 in [7]
Proposition 4.25. For —1 < Re(b) < 1,—1 < Im(b) < —1/2, Re(a) > 0,

[e9) ibx
/700 sinh(a)e—i— b () dx = 7 sech(a) tanh (7;b> (coth2 <7r2b) sin(ab) + icos(ab)) (43)

Proof. Use (23) and set a = 0, m = ¢b and simplify. Note there exists a singularity at z = —« when « is real. The integral is
slowly decaying and oscillatory. O

4.26 Derivation of entry 3.511.9 in [7]

Proposition 4.26. -
1
/ esch?(z) sinh? (ma)dx = 5(2 — 2mm cot(mm)) (44)
— 00
Proof. Use (23) and set k = a = 0 and simplify using entry (2) in Table below (64:12:7) in [1]. Next form a second equation by
setting m — —m and add both equations to get

> cosh(max) B my
/_Oo sih(a) + smb(z) " Thech(@) cot (73 ) siniam) (45)

Next set m = 2m and take the first partial derivative with respect to o and set o = 0 to get

/ csch?(x) cosh(2ma)dx = —2mm cot(mm) (46)
Then apply L’Hopital’s rule to the right-hand side to equations (46) as m — 0 and take the difference from equation (46) to get
quoted result.

O
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5 Hilbert transform in terms of the Lerch function

In this section we look at the Hilbert transform see section (15.1) in [5] in terms of the Lerch function.

Theorem 5.1. For Re(a) > 0, Re(m) > 0,

/oo csch(z)(rasin(mz) + mcos(mx))dx 1 9em(—m) g (—e™ 1,a+1) (47)
e m2a2 + a2 a
and
/°° csch(z)(z sin(ma) — wa cos(mx))dx _0 (48)
o m2a? + 22
Proof. Use equation (23) and set ¥ = —1 and rationalize the denominator and equate real and imaginary parts to achieve the
stated result. O

Theorem 5.2. For Re(a) > 0, Re(m) > 0,

* gesch(x) ((22 — m2a?) sin(max) — 2max cos(ma 1
/ (=) (( ) sin(ma) (m2) 4o — 2= (—e=m7 2,0+ 1) — = (49)

—oo (m2a? + 22) a

up
/Oo mesch(z)((ma — x)(ma + ) cos(mz) — 2max sin(ma)) dr— 0 (50)
T =
—o0 (72a2 + 22)?

Proof. Use equation (47) and take the first partial derivative with respect to a and simplify. O

6 Table of integrals

In this section we summarize our results in the form of a table for easy referencing by researchers interested in these results.
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f(x) [ fla)da

ﬁ% e 5m/2p (e’™(1 + 27 (13w — 5)) — 2w (1 4 5)) sech(5m)
x2csch?(z) %2

m — = (6o + 10m%a? 4+ 7t) sech(a)
xesch?(x) 71%

xiesch? (z) — 272 (n? — 15)

sinh(a)‘”% — g (=608 + 21n%a* 4 Trta? 4 7°) sech(a)
2Scsch?(z) g—i

xFesch(x) 2i (281 — 1) 5 7k HIC(—k)
e2*/3gkesch? (x) 15" (6km"Lii_y ((—1)%/3) + 4ir'Li_y ((-1)%/3))
e™*csch(x) 7 (tan () — i)

(1 —e™*)csch(x) —m tan (T5%)

x (1 — eP*) csch(z) —im?tan? (Z2)

x3esch®(z) —sm? (7?2 —12)

xiesch? (z) —Z7? (7% - 15)

e"*csch(bx) sinh(cx) bCOh(T;;TEBS(%)

e“®csch(bx) sinh(ux) mal;igﬂ)

xe" csch(bx) cosh(cx)

ibx

h(a) Temh(a) msech(a) tanh (%) (coth® (Z2) sin(ab) + i cos(ab))

csch?(z) sinh? (ma) (2 — 2mm cot(mm))
CSCh(m)(Waiizn;ﬁ_?;I cos(mz)) % o 2671—(7777,)@ (767m7‘—, 17 a+ 1)

71'CSC1’1(3:)((3¢2 —7r2a2) sin(mz)—2mwax cos(mac))
(7r2a2+:v2)2

2@ (—e"™ 2,0+ 1) — &

7 Conclusions

In this article the authors used their contour integral method to derive an Exponential Fourier transform in terms of the Lerch
function. This transform was then used to produced a formal derivation for an Exponential Fourier transform listed in [8] and [4]
along with providing the correct version for the integral in [4], with the aim of adding these results to current literature where
such formulae are not listed. The Hilbert transform was also explored upon which new definite integrals were derived. We will
be using our contour integral method to derive other integrals in our future work.
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