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Abstract Several research reports agree on the influence
of joint rotational behavior on the stability of space frames.
One must therefore consider it in space structures study. Joint
rotational behavior is generally considered in space structures
study by means of its moment-rotation behavior curve. Models
such as analytical, empirical, experimental, informational,
mechanical and numerical mostly are used to determine
joint mechanical behavior. This review paper presents an
overview of available methods for the prediction of semi rigid
connections behavior of under both static and dynamic loads.
Advantages, disadvantages, and principal characteristics of
each model stretched out. The modeling of joint behavior in
studying space structures is associated with a mathematical
representation model of the joint moment-rotation curve.
Several models, linear, bilinear, multilinear and nonlinear
representations are developed through the years to picture
accurately the joints moment rotation behavior. The most
precise representation applies continuous nonlinear functions,
even though the multilinear representation is generally used
for mechanical models. Using test data on aluminum and
steel bolted connections conducted at Harbin Institute of
Technology a simple stable quartic polynomial model is
proposed to represent the behavior of the connections. In
addition, Three others models are also proposed, including an
Odd power Polynomial Model as proposed by Frye & Morris
Model, a three parameter Power Model in accordance to the
Kishi & Chen Model, and a four-parameter exponential model
in line with the Yee & Melchers Model. These three models

are compared with the simple quartic polynomial model
proposed in this paper. As a result, the proposed connection
design model, independent of test data, can be used directly
by designers to assess semi-rigid, bolted connection behavior
in Space Structures. The present work will give support to
engineers for easy and accurate choice of the joint behavior
prediction model and portrait correctly the behavior of the
joints for best use in semi-rigid space structures construction.

Keywords Semi-rigid Joints, Joint Prediction Model,
Bolted Connections, Aluminum Material

1

Introduction

The incorporation of the effects of joint flexibility in the assessments of the structural performance of steel frame structures requires a knowledge of the connection moment-rotation
M − θ characteristics. The prediction of connection behavior
is the first step in designing or modeling of semi-rigid connections as structural elements and therefore, by extension in the
stability analysis of Space Structures. Many researchers have
presented the details of connection behavior. Nethercot & Zandonini reviewed the methods available for prediction of beamto-column joint behavior [1, 2]. The work [1, 2] particularly
consisted in identifying and reviewing available methods for
the prediction of M − θ curves and techniques for representing them in mathematical and/or analytical form; Embracing
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the empirical curve fitting of experimental data, the use of simplified analytical, behavioral and mechanical models, and full
numerical analysis. They then classified methods of prediction
into four categories:
• Prediction using mathematical expressions,
• Prediction by simplified analytical models,
• Prediction by mechanical models and
• Prediction by finite element analysis.
For the purpose of expressing the moment-rotation (M − θ)
behavior of various types of connections, several mathematical expressions are used in literature, being developed primarily from experimental studies. Some of these mathematical
models are not suitable for the prediction of semi-rigid connection behavior. They only represent the behavior of connections based on experimental and numerical results. Yet, several other, parameters are related to the physical and mechanical properties of the connections and those parameters can be
found analytically. Early mathematical models proposed by
John Charles Rathbun (1936), Monforton et. al (1963) and
Lightfoot et. al (1974) used a linear moment-rotation M − θ
model for the description of the connection behavior for the
whole range of the connection deformation [3-5].
John Charles Rathbun (1936) in working on the elastic properties of riveted connections reported a series of tests on beamto-column joint to determine the relationship between the angular change in riveted beam connections and the moment inducing these changes (Moment-rotation relationship). Tests of
18 connections of the three most common types of steel beams
formed the basis of the work and showed how the test information may be applied to design not only for single beams, but
also in the investigation of the stresses in riveted frames. Rathbun’s work also showed the necessary changes to be made in
the formulas in several method of analysis in order to allow the
elasticity of the riveted connections.
Monforton et. al’s (1963) study was mainly based on matrix analysis of semi-rigid connected frames and Lightfoot et.
al (1974) worked on the elastic analysis of frameworks with
elastic connections. A linear model can only be applicable in
a limited range of the initial rotation, seeing that non-linearity
in the connection behavior normally occurs in the first stage of
the loading. The piecewise linear model is an extended form of
linear model that is composed of a series of straight-fine segments.
Later on, several of the mathematical models (mathematical equations) in the form of linear, bilinear, trilinear, polynomial, spline, exponential, and power functions have been
proposed (Frye & Morris (1975), Goverdhan (1983), Ang &
Morris (1984), Nethercot (1985), Kishi & Chen (1986), Yee
& Melchers (1986), Chen and Lui (1991), and computer programs PRCONN, Chen and Toma (1994), Chen et.al (2011),
etc. are available [6-16].
Lionberger et.al (1969) working on the dynamic response
of frames with nonrigid connectors and Romstad et.al (1970)
analysing frames with partial connection rigidity proposed a
bilinear model [17, 18]. In 1981 Moncarz and Gerstl worked
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on steel frames with nonlinear connections and proposed a trilinear model. The bilinear, trilinear and multilinear models are
examples of the piecewise linear model. The piecewise model,
besides the initial stiffness requirement, can also satisfy the
strength requirement of the connection [19]. However, the researches of Lorenz Robert and Chen (1993) and Al-Bermani
et.al (1994) have stated that the abrupt changes in the connection stiffness at the transition points of the linear segments
make their practical use difficult [20, 21].
Al-Bermani et. al (1994) presented a model requiring
four parameters to describe simulating the hysteretic momentrotation (M − θr ) behaviour of flexible joints under cyclic and
dynamic loading conditions. This model requires four parameters to describe and using existing test data for different types
of connections, he evaluated these parameters. The proposed
model was cast into a two-node zero length connection element
and used to model the nonlinear response of flexibly jointed
frames. The work showed that the presence of flexible joints
alters the vibration characteristics of the structure depending
on the excitation frequency can either dampen or magnify the
structures’ response [21].
In 1980 Jones Stephen Wynford et. al made a review of all
available experimental data relating to the moment versus inplane rotational behavior of practical beam-to-column connection types as used in steel frames which has clearly shown that
all forms of connections possess some stiffness which act as
partial restraint to the column’s ends. Moreover this restraint
has been found to be a non-linear function of connection deformation. Methods of mathematically describing connection
data have been reviewed and an improved representation based
on the use of cubic B-splines proposed [22]. However, this
model requires large numbers of sampling data for the formulation process. In other words, the cubic B-spline model is
effectively a curve fitting technique. This possesses the advantage that, it will not give an (incorrect) negative connection
stiffness. Using this technique to model connection behavior a computer program for the maximum strength analysis of
steel columns has been written based on Newton-Raphson incremental finite element approach and it incorporates features
such as initial lack of straightness and spread of yield through
the cross-section including the effects of residual stresses.
Three years later, he traced the history of research relating
to the behavior of steel beam-to-column connections starting
from early developments in 1917 and focused his attention on
moment-rotation characteristics as this is the most important
influence on the response of either individual members or complete frames. He then identified the nonlinear nature of this
characteristic and methods of representing moment-rotation
curves for subsequent use in analytical procedures were discussed. A Review of all available test data, was made again
for use as a starting point for both further studies of connection behavior and as the basis for investigations of the effects
of semi-rigid connections on structural response [23].
In 1975 John Frye & Glenn Morris presented a procedure for
analyzing steel frames with any combination of pinned connections, fixed connections, connections with any specified flexibility characteristics, or any of seven commonly used connection types. Frye et. al proposed a polynomial model to evaluate
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the behavior of connections. In this model, the M − θ behavior is represented by an odd-power polynomial. The method
was outlined for expressing, in a nondimensional form, the
moment-rotation characteristics for all connections of a given
type. The dimensionless relationships were listed for the commonly used structural steel framing connection types. The incorporation of connection deformations into a linear structural
analysis, by modifying the stiffness matrix and fixed-end-force
vectors for each member, was demonstrated and an iterative
nonlinear analysis procedure was described in which, repeated
modifications were made to assume flexibility characteristics
for all connections in a structure. When a suitable set of connection flexibility characteristics has been achieved, a single
analysis can be performed to determine the correct structural
deflections and internal forces.
Later in 1986, Lui & Chen presented a method for analysing
the behaviour of flexibly-connected plane steel frames. They
used two types of elements in the analysis procedure: the
beam-column (frame) element and the connection element.
The beam-column element formulation was based on an updated Lagrangian approach. Allowance for the coupling effect
of axial force and bending moments, as well as for the formation of plastic hinges in the member, was made for beamcolumn element. The nonlinear behavior of the connection
was modelled by an exponential function to curve fit the experimental M − θ data. This model represents the monotonic
non-linear connection behavior well. Both the loading and unloading responses of the connections were taken into consideration in the formulation. The monotonic load-deflection response of frames with flexible connections was traced using an
incremental load control Newton-Raphson iterative technique.
Based on sub-assemblage and the frame analyses, they concluded that connection flexibility has an important influence
on frame behavior [24].
In 1987 Kishi & Chen did a refined work on the [24] exponential model to accommodate sharp changes in the slope of
the M − θ curve. However, in 1996 Chen & Goto et. al stated
that if there are some sharp changes in the slope of the M − θ
curve this model could not represent it adequately [25, 26].
Yee & Melchers (1986), and Wu & Chen (1990) also reported an exponential model. Yee & Melchers model, presented in 1986 was a physically based mathematical model
that can predict the moment-rotation relationships of bolted
extended end-plate eave connections, using the connection dimensions as inputs. The model recognized the bounds within
which the relationship must lie by including three parameters: the initial (elastic) stiffness, the plastic moment capacity
and the strain-hardening stiffness of the connection. A constant was also added. The Wu & Chen model (1990), a threeparameter exponential model that involved parameters such as:
initial connection stiffness, ultimate moment capacity and a
shape parameter to represent the behavior of top- and seatangles with or without double web-angle connections. Two of
the parameters, namely, the initial stiffness and the mechanism
moment, were theoretically defined and extensively compared
with those measured from connection test curves. The third parameter, the shape parameter, was determined by a curve-fitting
with the connection tests and was statistically represented by a

simple linear expression. As a result, the proposed connection
design model became independent of test data and could be
used directly by designers to assess connection behavior in a
semi-rigid frame analysis [27].
Many researchers also proposed models known as power
model. In 1984, Ang & Morris presented a procedure for analyzing three-dimensional rectangular steel frames that incorporate any of the five commonly used beam-column connection
types. They described a method for expressing the M − θ behavior of connections of a given type in terms of a single standardized Ramberg-Osgood function in the power form composed of four parameters. The method involved an examination
of experimental information on the moment-rotation behavior
of a given connection type to determine the influence of various
size parameters and it has been used to generate standardized
moment-rotation functions for five common connection types.
An iterative, successive approximation structural analysis procedure was described. In this, repeated approximations were
made to assumed stiffness characteristics of all connections in
the structure.
Colson André (1991) proposed models using initial connection stiffness, ultimate moment capacity and a shape parameter as parameters. The semi-rigid, and nonlinear behavior of
the connections in structures, being recognized, Colson André
found it is necessary to have mathematical models in order to
allow exact frame analysis with computer programs. He then
proposed a model based on physical parameters and verified,
a priori, the thermodynamics principles. Energy dissipation,
associated with nonlinearity, was considered as the main phenomenon. The model was established in the uni-dimensional
case –moment and rotation– which, according to him was the
most usual and the most interesting in view of the cheaper design. The extension to the more general case (six degrees of
freedom) was introduced with the same concepts and emphasized on predictable feature of the model in comparison with
other curve-fitting techniques [28].
The simplified analytical models have also been used for
the prediction of the connection behavior by Nethercot & Zandonini. The usual approach in this methods involved:
• Observation of test behavior to identify the major sources
of deformation in the connection,
• Elastic analysis of the initial loading phase, concentrating on the key components, to predict initial connection
stiffness,
• Plastic mechanism analysis for the key components to
predict ultimate moment capacity,
• Verification of the resulting equations with test data and
• Description of the connection behavior by curve fitting
using the calculated initial stiffness and ultimate moment
capacity values in suitable expressions.
Krishnamurthy Natarajan et. al (1979), Krishnamurthy
(1980), Kukreti et. al (1987), Bahaari & Sherbourne (1994)
and Sherbourne & Bahaari (1994) reported analytical studies of
beam-to-column connection behavior using the finite element
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method. The results of these studies indicate that the finite element method can be used for the estimation of the connection
behavior and it can be used as a tool to develop constitutive
relationship curves [29-33].
However, in 1996, Chen et. al esteemed that the finite element approaches are unacceptable for practical use because
cumbersome calculations are required for the consideration of
the material and geometrical non-linearities. In fact, the nonlinearity of the analysis is not only due to the geometric and
material non-linearities but is also caused by contact conditions. Contact conditions have been shown to lead to severe
non-linearities and convergence difficulties. Notwithstanding,
in 1989, Nethercot recognized that, in the face of substantial
and continuous progress, some of the requirements for the accurate simulation of joint response appear, as yet, to be unsolved.
Latterly, Abdalla & Stavroulakis (1995), Chenaghlou &
Nooshin (1996) and Anderson et. al (1997) used artificial neural networks methods for the prediction of joint behavior [3436]. Wong & Mak (1993) and Ren & Beards (1995) also used
system identification methods for the prediction of joint behavior [37, 38].
The connection models used so far represent the behavior
under monotonic loading. In addition to these models, models for cyclic loading have also been presented in view of
the necessity to analyze the behavior of semi-rigidly jointed
structures subject to seismically induced loads or alternating
wind loads. In this category, several works can be mentioned,
namely: Egor Popov & Bruce Pinkney (1969), Mazzolani
(1988), Yoshiaki Goto et al. (1991), Al-Bermani et al. (1994),
and F. M. Mazzolani & S. Mazzolani (1995) [39-42].

2

Mathematical Expressions of available models

As mentioned in section 1, suitable methods evolved through
various research capable to investigate and predict moment rotation behavior of semi-rigid connections. They included mathematical expressions comprising curve-fitting models, simplified analytical models, mechanical models, and detailed 3D finite element models well elaborated to track down the complex behavior of the connections. Most of connections display
a nonlinear moment-rotation characteristic that falls between
the two extreme cases of ideally pinned and fully rigid connections which are purely a theoretical behaviors. It is quite tough
to analyze these connections by a strike and exact mathematical
procedure. As a consequence, the analyses of connection behavior used in practical design are approximate with stringent
simplification. Mathematical representations of the momentrotation curve are necessary to account the record of the behavior of a joint in the overall analysis of a structure. Mathematical representations are done by different relationships and
levels of precision. Various representations are used in literature: linear representation, bilinear representation, Trilinear
(multilinear) representation, and nonlinear representation. The
moment-rotation curve can be represented mathematically in
one of two ways [43, 44]:
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• depending on parameters with clear physical meaning
such as stiffness, resistance and a shape factor;
• based on no clear physical meaning as it is derived from
regression analysis, called curve-fitting formulations.

2.1

Linear model

The linear models use the initial stiffness Ki to represent the
connection behavior for its entire range of loading. It is the
simplest to use but the least accurate because it overestimates
the rigidity of the joint [45-47]. It is represented by the expression:
M = Ki θr

2.2

(2.1)

Bilinear model

A bilinear model has a relatively shallow second slope at
some kind of transition moment. It uses three parameters to
represent the M − θ behavior of the connection: rotational
stiffness Ki ; plastic moment MP ; and plastic rotational
stiffness (KP of the connection. Implemented in finite element
analysis (FEA) programs, it has a sharp change in rigidity and
the intersection of the two curves [48-50]. It is represented by
the expression:

M=

2.3


 Ki θr For M ≤ MP

(2.2a)



(2.2b)

KP θr For M > MP

The piecewise linear model

The piecewise linear model (multilinear models)utilizes a
series of straight segments to approximate the nonlinear
moment-rotation curves. This model was proposed as a solution to the problem of the bilinear model. Moncarz & Gerstle
use this representation with five parameters, namely: rotational
stiffness Ki ; first yielding moment Mi ; post-yielding rotational stiffness Kj ; plastic moment MP ; and plastic rotational
stiffness KP of the connection [51-55]. It is represented by
the expression:


K θ for M ≤ Mj

 i r




M = Kj θr for Mj < M < MP






KP θr f or MP ≤ M

(2.3a)
(2.3b)
(2.3c)

These linear models are easy to use but the jumps in
stiffness at the transition points make them almost unwelcome.
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Eurocode 3 proposed a representation divided into three
segments, but for elastic-plastic analysis, a simplified bilinear
model is proposed. The first segment of the curve has the
linear behavior of equation 2.1 up to the moment value of
2/3MRd , where MRd , is the design value of the joint plastic
momentMP . The second segment is nonlinear according to
equation 2.4 in the range of 2/3MRd < M < MRd .

M=

Ki
1.5 MMRd

ξ θ r

where K P =

(2.4)

where ξ depends on the [44]:

2.7 welded, bolted end-plate






ξ = and base-plate connections






3.1 bolted angle flange cleats


1 − K P θθr0
M
="
M0
1 + (1 − K P ) θθr0

(2.5a)
(2.5b)
(2.5c)

"


n−1
θr
M
M
=
1+ −
θ0
M0
M0

(2.7)

0

KP
Ki

(2.8)

"

#
M
θr
θr
0 θr
= 1 − exp −
(2.9)
1 − KP + n
+ KP
M0
θ0
θ0
θ0


θ0


n0 = n


Ki

where




 K P = KP
Ki

Nonlinear model

The Nonlinear modelis considered so far as the most accurate model. It was proposed in 1943 by Ramberg & Osgood and represented by three parameters: rotational stiffness Ki , rotation θr of the connection, and the shape factor
n which describes the knee of the moment-rotation curve. The
curve becomes bilinear with elastic-perfectly plastic behavior
as n =⇒ ∞ at which point the plastic moment of the joint is
equal to the reference moment M0 [56-61].

θr
# n1 + K P θ

Yee & Melchers proposed an exponential model equation
that also allows positive, zero and negative plastic rotational
stiffness KP . An important feature of this curve is that the
slope of the curve at the origin is equal to the initial elastic
stiffness of the connection.

The last segment is a straight horizontal line representing the
plastic behavior M = MRd .

2.4

n

(2.10a)

(2.10b)

André Colson and Philippe Pilvin also proposed a nonlinear
model for the representation of moment-rotation curve of the
connections given respectively by equation 2.11 and 2.12 [62].
θr
M
=
θ0
M0

#

1

1−

M
M0

n whereM0 = Ki θ0

(2.11)

where M0 = Ki θ0 (2.6)

Ramberg & Osgood’s equation ( 2.6) was first used by Ang
& Morris. Abolmaali et. al, who compared the momentrotation curve for flush end-plate connections generated by
equation 2.6 with one using FEA, and found good results.
The nonlinear representation is used by Goldberg &
Richard; Richard & Abbot and Attiogbe & Morris which is
represented by equation 2.7 and expressed by four parameters:
reference bending moment M0 ; rotational stiffness Ki ; plastic rotational stiffness KP and a shape factor n which is better
than the Ramberg-Osgood equation as it allows positive, zero
and negative plastic rotational stiffness KP . Negative values
are needful and fundamental when the connection fails due to
local buckling.

"
#
M
θr
M
1
M0
=
1+ n
M
θ0
M0
2 −11− M

(2.12)

0

2.5

Cubic B-spline model

A cubic polynomial model is used to fit segments of a curve.
Between any two adjoining segments, the continuity of first
and second derivatives of each segment of the curve is imposed. This method gives a good curve-fitting with test data
but requires a large number of data in the curve-fitting process [63, 64].
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2.6

Odd-power polynomial model

• Type 1 = Single-web angle Connection

Made to be able to give a close approach of the momentrotation behavior of connections without the need for testing,
various mathematical models were proposed. Early models
proposed included the curve-fitting of test data using regression analysis method. In 1975 John Frye and Glenn Morris
proposed a method in which the moment rotation behavior is
formulated in terms of the polynomial function. This model
was developed based on a procedure by Sommer (1969). In
this model, the M − θ behavior is represented by an odd-power
polynomial. The method was outlined for expressing, in a
nondimensional form, the moment-rotation characteristics for
all connections of a given type. The rotation is expressed as a
function of moment and other curve-fitting parameters. Curves
are fitted to valid, effective, available and applicable experimental data of connections subjected to monotonic loadings.
They used the method of least squares to determine the constants of the polynomial. The model represents the momentrotation relationship fairly well but the major drawback in the
model is its prediction of negative tangent stiffness when the
derivative of the polynomial function is taken within specific
ranges. Since a polynomial function is characterized by peaks
and valleys which is physically impossible. This is to say that
the first derivative of this function which indicates connection
stiffness, may be discontinuous and/or possibly negative [65].
The resulting M − θ relationship is expressed as follows:
3

5

θr = C1 (KM ) + C2 (KM ) + C3 (KM )

(2.13)

Where:
M and θr are the moment and rotation, respectively; C1 , C2 ,
and C3 are curve-fitting constant parameters; K is a standardized factor, parameter which is a function of important geometrical parameters such as the size of the connecting member and
plate thickness. (a dimensionless factor whose value depends
on the size parameters for the particular connection considered)
Equations were also included in the proposed model to predict the connection tangent Sc stiffness, and the initial stiffness
Sc0 , given by:
Sc =

Sc =

dM
dφc

1
C1 K + 3C2 K(KM )2 + 5C3 K(KM )4
Sc0 =

• Type 2 = Double-web angle Connection
• Type 3 = Top-and seat-angle angle Connection
• Type 4 = Top-and seat-angle angle with double web-angle
Connection
• Type 5 = End-plate connection with column stiffener
• Type 6 = T-stud Connection
• Type 7 = T-stud Connection

2.7

Three-parameter power model

A two-parameter power model has the form:
θr = aM b

(2.18)

Where a and b are two curve-fitting parameters under the
conditions a > 0 and b > 0.
In 1975 Richard and Abbott proposed a three-parameter
power model to represent the moment-rotation behavior of the
connection under monotonic loading. The model is represented
by the following expression:

M=h

1+

Rki θr
 n i1/n

(2.19)

θr
θ0

Where:
Rki is the initial connection stiffness; n is the shape parameter;
θ = Mu /Rki is the reference plastic rotation; and Mu is the
ultimate moment capacity. Empirical equations for calculating
the shape parameter n are listed below in Table 2 in appendix
and the resulting moment-rotation curves for different values
of n are shown in Figure 1 [66].

(2.14)

(2.15)

dM
|M = 0
dφc

(2.16)

1
C1 K

(2.17)

Sc0 =

189

Figure 1. Three-parameter Power Model

Curve fitting and standardization constants are listed in Table 1 in appendix.

As the connection tangent stiffness , Rk and the relative rotation θr are determined directly without iterations from equation
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2.19, this model is viewed as an efficient means for conducting
a second-order nonlinear structural analysis. However, contrariwise to the odd-power polynomial model in Section 2.6,
the three-parameter power model requires a prior knowledge
of the connection initial stiffness and ultimate moment capacity for a complete prediction of the moment-rotation response
of the connection. Its prediction of the response, therefore, depends on two essential values that must be predicted by other
means or models.

Rk =

Rki
dM
=h
 n i(n+1)/n
dθr
1 + θθr0

(2.20)

In 1983, Colson and Louveau introduced again a threeparameter power function in the form of [67]:

θr =

2.8

Exponential model

In 1986, Lui and Chen proposed a method for analysing the
behavior of flexibly-connected plane steel frames in the form
of an exponential model expressed in the following formula:

M = M0 +




|θc |
+ Rkf |φc | (2.24)
Cj 1 − exp −
2jα
j=1

Where:
M is the connection moment, M0 the starting value of the connection moment, |φc | the absolute value of the rotational deformation of the joint; Rkf the strain-hardening stiffness of
the connection, α a scaling factor, n the number of terms considered, and Cj the coefficients of curve-fitting. The tangent
stiffness and the initial stiffness are given by equations 2.25
and 2.26, respectively.
dM
Sc =
dφc

|M |
1


Ki 1 − M n

n
X

(2.21)

n
X

|φc |=|φc |




|θc |
+ Rkf
=
Cj 1 − exp −
2jα
j=1
(2.25)

Mu

in 1987, Kishi and Chen proposed a similar power model in the
form of:
θr =

h

Ki 1 −

M
 n i1/n

(2.22)

M
Mu

In equations 2.21 and 2.22, Ki is the initial stiffness, Mu is
the ultimate moment and n is a shape parameter. These two
models may not be suitable for test curves that do not flatten
out near the final loadings.
In order to give a relieve to the problem of Frye and Morris’s
model attached with the prediction of negative tangent connection stiffness when the derivative of the polynomial function
is taken within specific ranges, Ang and Morris (1984) proposed the use of a standardized Ramberg-Osgood model to express the moment-rotation behavior of five typical types of connections including single web angle, double web-angle, header
plate, top-and seat-angle, and the strap angle connections. The
proposed model is in the subsequent equation:

θ
KM
=
(θr )0
(KM )0

"


1+

KM
(KM )0

Sc0 =

n
X
Cj
+ Dk H [−|θk |]k=1
2jα
j=1

(2.26)

The values of the curve fitting parameters were determined
based on previous experimental data for four different types
of connections are listed below in Table 3 in appendix.
The exponential model gives a good interpretation of the
nonlinear behavior of connections but does not adequately portrait the connection behavior in case of a sudden and abrupt
in the moment-rotation curve. Like the three-parameter power
model of section 2.7, the exponential model demands a prior
knowledge of various connection features such as the initial
moment and the strain hardening stiffness. Yee and Melchers
(1986) proposed a four-parameter exponential model:


−(Ki − KP + Cθ)θ
M = MP 1 − exp
+ KP θ (2.27)
MP
Where MP is the plastic moment, Ki is the initial stiffness, KP
is the strain-hardening stiffness and C is a constant controlling
the slope of the curve.

n−1 #
(2.23)

Where:
(θr )0 , (KM )0 , and n are constants depending on the geometry and type of the connection. The advantage of the RambergOsgood function is that its derivative, the slope of the momentrotation (M − θ) curve, in contrary to the intrinsic oscillatory
character of polynomials, does not oscillate.

2.9

Modified Exponential Model

In 1986, Kishi and Chen revised the exponential model of
Chen-Lui, model to give room of accommodation to cases of
abrupt change in moment-rotation curve. The moment-rotation
behavior is then as described below by the subsequent equations 2.28 [68, 69].

M=

n
X




|θr |
Cj 1 − exp −
+D
2jα
j=1

(2.28)
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Where:

from the subsequent equation:

D=

n
X

Dk (|θr | − |θk |)H(|θr | − |θk |)



(2.29)

k=1

Where:
M0 is the initial connection moment which the curve is fitted,
Dk a constant curve-fitting parameter for the linear portion of
the curve, θk starting rotation of kth linear part of the curve
from experimental, and H[θ] a Heaviside’s step function.
The Heaviside step function is a mathematical function
denoted as H(x), or sometimes theta(x) or u(x), Abramowitz et
al. (1966), and also known as the unit step function. The term
Heaviside step function and its symbol can represent either a
piecewise constant function or a generalized function [70].

2.10
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H[θ] = 1

f or θ ≥ 0

(2.30)

H[θ] = 0

f or θ < 0

(2.31)

Simplified analytical models

Furthermore, asides the curve fitting approach, simplified analytical models were also developed to predict the connection
initial stiffness and ultimate moment. The models use equilibrium, compatibility, and material constitutive relations based
on the notions of elastic structural analysis, to predict initial
stiffness. Similarly, plastic analysis is used to predict ultimate
moment.
In 1988, Kishi elaborated, from its geometrical and mechanical properties, the prediction of the initial stiffness and ultimate moment capacity of top-and seat-angle with double webangle connections using the subsequent equations:

Kφ =

3EIwa d23
3EIta d21
+
2
2
g1 (g1 + 0.78tta
g3 (g32 + 0.78t2wa

Ita =

Lta Ita
12

Mj,u =

and Iwa =

2Vpu +
6

fy twa
2

Lwa Iwa
12

L2wa

(2.32)

(2.33)

(2.34)

Where:
di and gi are geometrical parameters, fy the yield strength of
the material, E the elastic modulus, Ita and Iwa the moment of
inertias for the leg adjacent to the column face of the top angle
and the web angle, respectively, tta and twa the thicknesses of
the top angle and web angle, respectively, and Vpu is obtained

3

2Vpu
fy twa



gc − ka
+
twa



2Vpu
fy twa


=1

(2.35)

Semi-rigid connections subjected to
cyclic, dynamic and hysteresis loading

In 1917, Wilson and Moore carried out the first studies on semirigid joints when they investigated the stiffness of riveted joints
in steel structures. But studies into the relationship between
the moment and rotation of semi-rigid joints and their overall
effect on steel structures did not begin until the 1930s [71].
The study of dynamic behavior of semi-rigid frames seems to
have begun with Lionberger and Weaver in 1969 followed by
Suko and Adams in 1971. In these analyses the connection
elasto-plastic behavior was modelled by equivalent springs [17,
72].
The behavior of joints under cyclic, dynamic and hysteresis
loading is very significant for seismic performance evaluation
of building structures in seismic zones. Because of their complexities in geometrical dimensions and shape, joints present
complex nonlinear behavior. Researchers have focused on the
development of predictive joint models based on test observations of various types of joints. There is a broad range of
phenomenological models with varying degrees of complexity.
It includes the Richard-Abbott model, the power model, the
ChenLui exponential model and the bounding-line model. Although the phenomenological models have been widely used
for structural design purposes, they should be carefully calibrated with test data for different joint design or type and loading scenarios [73-75].
The precision and reliability of a study depend strongly on
the approximation of the model to the actual structure. Ductile
steel frame with higher energy absorption capacity is generally more suitable for resistance against dynamic loads when
compared to structures composed of other materials like Aluminum. The simulation of connection behavior under dynamic loads is one major factors for a precise steel structure
model. The works of Popov on seismic moment connections
for moment-resisting steel frames, Nade and Astaneh on dynamic behavior of flexible, semi-rigid and rigid steel frames
and others have confirmed the hysteretic behavior of typical
beam-to-column connections [76-78].
Resultantly, making an accurate numerical model ought to
adopt this connection features. Other need for a precise dynamic study is on the nature of design for structures under dynamic loads. The concept of factor of safety for static analysis
may not be strictly applicable to dynamic cases since resonance
may occur when the disturbance frequency is close to the structure frequency. Connections are generally semi-rigid, the consideration of the influence of finite, nonlinear and hysteretic
joint stiffness is essential for a precise study on the behavior
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of a steel structure. Semi-rigid jointed frames static study research has been extensive, possibly due to new classification
of study methods for rigid and semi-rigid frames in several national codes. In spite of the extensive work on static analysis
of semi-rigid steel frames, its dynamic analysis received relatively little attention till the 90’s [76].
Tests by many researchers showed that the hysteretic loops
under repeated and reversed loading are both stable and consistent. Static monotonic moment-rotation curve can then be used
and extended to dynamic analysis [79-81].
The nonlinear moment-rotation behavior can be simulated
by several types of models. They include the linear model, the
bilinear model, the trilinear model, the polynomial model, the
Ramberg-Osgood model, the Richard-Abbott model, and the
exponential model. The linear, the bilinear and the polynomial models are simple to use but they may be too coarse and
produce very drastic change in stiffness which is undesirable
in terms of computational stability. The polynomial model is
able to provide a better approximation, but could give undesired negative connection stiffness. The Ramberg-Osgood and
the Richard-Abbott models require, respectively, three and four
parameters and give a fairly good fit. The exponential model
can provide an excellent fit and at least six parameters are used
in modeling [6,58] & [82-86].
Further, the exponential, the Ramberg-Osgood and the
Richard-Abbott models can always give a positive derivative
which is physically more acceptable. Thus, these three models
are adopted for demonstration of the use of the present method
of analysis and prediction of frame behavior. Under cyclic
loads, the hysteretic loop as well as the instantaneous tangent
connection stiffness of the moment-rotation (M − θ) curve will
change in accordance with the current value of moment M, the
relative slip rotation (θ) and the increment/decrement of moment (∆M ) at a connection.
The algorithm described in [76] is applicable to any connection models, so many existing valuable laboratory data for
static analysis can be employed and integrated into the computer code directly without an expensive and time-consuming
curve-fitting procedure from one model to another [87]. The
basic characteristics of the three models for a nonlinear connection under cyclic loading are summarized in [76], mainly:
the exponential model, the Ramberg-Osgood model and the
Richard-Abbott model.
Several other dynamic tests have been performed to investigate semi-rigid joints behavior and energy dissipation under cyclic loadings. Azizinamini & Radziminski investigated
Static and cyclic performance of semirigid steel beam-tocolumn connections. Nader & Astaneh conducted a study on
dynamic behavior of flexible, semirigid and rigid steel frames
and Elnashai & Elghazouli, the Seismic behavior of semi-rigid
steel frames and Response of semirigid steel frames to cyclic
and earthquake loads [88].
Several mathematic models for semi-rigid connections were
proposed for representing momentrotation behavior under dynamic loading, both linear semi-rigid connection models and
nonlinear semi-rigid connection models. In linear semi-rigid
connection models, the stiffness of connections is assumed to
be constant and stiffness matrix of a beamcolumn member is

usually modified by using end-fixity factors. The advantage of
these models were simple in formulation and implementation.
However, these models do not consider the nonlinear behavior of semi-rigid connections, and furthermore they ignore the
energy dissipation at connections. In nonlinear semi-rigid connection models, the stiffness of connections varies corresponding to different loading magnitudes and therefore these models
can accurately capture the momentrotation relationship as well
as the energy dissipation [73,74] & [89-91].
In 1997, Lui & Lopes reported the dynamic analysis and
response of semirigid frames using stability functions. Two
years later, Awkar & Lui also reported the Seismic analysis and response of multistory semirigid frames using stability functions. Reports in which the momentrotation curves of
semi-rigid joints were represented by the bilinear model, which
do not accurately capture the nonlinear behavior of connections [92, 93].
As a knowledge-based modeling approach, numerous analyses on the application of neural networks (NN) in modeling
the joints have been carry out [94-96].
In 2007, YUN et al. proposed a design-variable-based inelastic hysteretic model for the beamcolumn connections by
combining NN-based cyclic material model with design information through simple mechanics or existing test database. As
a new modeling concept of general mechanical components,
the proposed model is not only limited to the beamcolumn connection but also can be extended to the other structural components and materials. The model was applied for steel beamColumn connections to demonstrate its potential application in
earthquake engineering [97, 98].
In 2008, da Silva et al. worked on nonlinear dynamic analysis of steel portal frames with semi-rigid connections. They
used ANSYS finite element software to represent the dynamic
behavior of semi-rigid joints by employing approximate shape
functions. Hence, if beamcolumn members are divided into a
lot of elements, the second-order effects will be predicted more
exactly so that it consumes computational time and computer
resources intensively. The beamcolumn approach uses stability
functions derived from the closed-form solutions of differential
equation of beamcolumn element subjected to end forces. It is
therefore able to evaluate exactly second-order effects by using
only one element per member. This approach saves computer
resources and reduces computational time [99].
In the above mentioned studies, the joints were modeled as
single rotational springs attached at beam ends and the stiffness
matrix of beam elements is modified to account for the stiffness
of connections. The mentioned studies are limited to planar
semi-rigid steel frames, but space frames were not analyzed.
In 2013, Nguyen and Kim present a simple effective numerical procedure based on the beamcolumn method for nonlinear
elastic dynamic analysis of three-dimensional semi-rigid steel
frames with semi-rigid connections. An independent zerolength connection element with six different translational and
rotational springs connecting two different nodes with zero distance was developed. It was found efficient because modification of the beamcolumn stiffness matrix considering the semirigid connections is unneeded and the joint is set up to integrate
any element types. The dynamic behavior of rotational springs
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is captured through the independent hardening model using
KishiChen power model, the RichardAbbott four-parameter
model, the ChenLui exponential model, and the RambergOsgood model. Rotational springs with constant stiffness were
used to model linear semi-rigid connections. The second-order
effects are considered by using stability functions employed
by Kim and Thai for the nonlinear inelastic analysis of steel
structures subjected to static and dynamic loadings. The Newmark numerical integration method combined with the NewtonRaphson iterative algorithm is adopted to solve the nonlinear motion equations at each incremental time step. The results of the second-order elastic dynamic response were compared with those of previous studies and commercial SAP2000
software to demonstrate the accuracy and computational efficiency [73, 74] & [100-105].

4

Bending-rotation relationship prediction formula

4.1

Prediction basic requirements

For a good Aluminum hexagonal bolted joint (HBJ) modelling or behavior prediction, there are some basic requirements that need to be achieved: A nonlinear expression to
depict the moment-rotation behavior of aluminum hexagonal
bolted joint [106], semi-rigid connections should satisfy the
subsequent requirements:
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• The deformation of the hollow rectangular member is negligible compared to the deformation of connections.
• Bolts tightening is effective, this produces a fastened,
fixed and firm restraint. Deformation due to Slippage is
negligible.
• The welding of the short hollow rectangular sub-member
is good enough and effective to carry the member and the
load, the three type of possible failure of a bolted joint.
• The failure model happens as the plastic collapse mechanisms formed in the connection assemble.
From the experimental studies the moment-rotation curves
of Aluminum hexagonal bolted joint exhibit elastic-plastic
hardening behavior and do not flatten out near the final state
of loadings. The plastic failure mechanism is formed and the
mechanism moment capacity is reached.
Based on the preceding requirements and assumptions, a
simple quartic polynomial model is proposed in the current
work to represent the moment-rotation behavior for Aluminum
hexagonal bolted joint and verified with three other models,
namely: the odd power polynomial model of Frye and Morris, three-parameter power model of Kishi and Chen and Fourparameter exponential model of Yee and Melchers.
A simple quartic polynomial function has the form:
C1 X + C2 X 2 + C3 X 3 + C4 X 4 + C5 = 0

(4.1)

• The curve should pass through the origin coordinate (0,0)
• The slope of the curve at the origin coordinate (0,0) should
be equal to the initial elastic stiffness Ki of the connection

The proposed formula for prediction of the behavior of Aluminum semi-rigid connections is expressed as followed:

• As θ becomes larger, the gradient of the curve (slope of
the curve) should approach the strain-hardening stiffness,
Kp

M = C1 θ + C2 θ2 + C3 θ3 + C4 θ4 + C5

(4.2)

• For any value of θ, the gradient of the expression represents the tangent stiffness of the connection

Where M is the moment of the connection, θ is the rotation
of the connection. C1 , C2 , C3 , C4 and C5 constant values
obtained by regression curve fitting.

• The parameters in the expression of the model should
have physical meaning

4.3

• The parameters in the expression of the model should be
determined by a simple analytical procedure
• The expression of the model should be of relatively simple
form

4.2

Prediction basic assumptions

For a good Aluminum hexagonal bolted joint modelling or behavior prediction, there are some basic assumptions that we
need to form:
• The material is assumed to be linearly elastic perfectly
plastic.
• Connection assemblage deformation is small.

Assumptions and Prediction of Initial Stiffness

To determine the initial stiffness of Aluminum HBJ connection, the following assumptions are made:
• The HBJ connection rotates about the center 0 of the Submember.
• The hollow rectangular sub-member connected to the central cylinder behaves in a linearly elastic manner and the
hollow rectangular member connected to it behaves as a
rigid body.
• The deformed shape of the sub-member is similar to that
of the member.
• The bearing load is uniformly distributed over the submember.
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Based on the mentioned above assumptions and the deformation, the initial stiffness of Aluminum HBJ connections can
be formulated from simple elastic beam theory [107, 108]. It
has the following form:

1
KR



12EI
4+
LKB

(4.9)

1
=
KR



12EI
4+
LKA

(4.10)

rii =

rjj

rij =


Figure 2. Beam member with end forces and displacements

KR =

Semi-rigid end connections of a beam can be represented
by rotational springs as shown in Fig.4. θrA and θrB are the
relative spring rotations of both ends and KA and KB are the
corresponding spring stiffness expressed as:

KA =

MA
θrA

(4.3)

KB =

MB
θrB

(4.4)

Figure 3. Beam member with rotational springs

The relationship between end-moments and end-rotations
of a beam can be written by replacing the end-rotations θA
and θB by (θA −θrA ) and (θB −θrB ) respectively, as follows:
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Equations (4.7) and (4.8) can be converted to the following
stiffness matrix of a semi-rigid beam member with 6 degrees
of freedom in local coordinates (See appendix) [13].
Mechanism moment. For the proposed model, quartic polynomial model, the moment mechanism will be defined by bilinear approximation as illustrated in Figure 6, 7, 8, 9 & 10. The
set (Mu , θru ) denotes the intersection point of the two straight
lines which may be, approximately, taken as the test mechanism rotation and mechanism moment of the connection. The
mechanism moment capacity of a connection is reached when
an idealized elastic-plastic collapse mechanism is developed in
the connection [27].
As seen in Figure 6, 7, 8, 9 & 10, the initial tangent stiffness is denoted by Ki . The secant stiffness corresponding to
the plastic limit is denoted by Ku . Here in, the stiffness (Ki )
determined from experimental curves will be compared with
those predicted by regression, Curve-fitting expresion. On the
basis of the predicted initial stiffness Ki and the mechanism
moment Mu together with appropriate range of parameters C1 ,
C2 , C3 , C4 and C5 , a serie of the predicted moment-rotation
curves can be determined and plotted to fit the appropriate test
curves. Afterwards, the best curve-fitted parameter are chosen
to represent each connection and can be now recommended for
general use.

where E is the Young modulus of elasticity and I is moment
of inertia of the member. Equations (4.5) and (4.6) can be expressed in the following form:

MA =

MB =

EI
(rii θA + (rij θB )
L

(4.7)

EI
(rij θA + (rjj θB )
L

(4.8)

(a) Quartic polynomial model

(b) odd power polynomial model

Figure 4. Quartic polynomial model & odd power polynomial model in both
direction (Fan & Adeoti Model) & (Frye & Morris model)

With a close observation on Table 4, 5, 6, 7, 8 9 & 10 (see
appendix), it can be seen that the quartic polynomial model
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(a) 3 parameters power model

(b) 4 parameters exponential model

Figure 5. 3 parameters power model & 4 parameters exponential model in
both direction (Kishi & Chen model) & (Yee & Melchers model)

(a) Specimen T30-1 in the direction
of the bolts
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(b) T30-2 perpendicular to the
direction of the bolts

Figure 8. Comparison of the moment-rotation curves obtained by the mathematical model and experiments T30-1 & T30-2

and the odd power polynomial model are stable. For all the
case considered the values of C1 = 1, C2 = 2.5 × 10−3 ,
C3 = 10−4 , C4 = 10−6 , and C5 = 0 in the quartic polynomial
model in every case, C1 = 106.054, C2 = 0, C3 = 0, K =
9.43 × 10−3 in the odd power polynomial model in every case.
For all case considered the model expression did not change
values of the parameters, one model is sufficient to represent
every case considered which is not the case for the 3 parameters
power model and 4 parameters exponential model. The values
of the parameters changed for every case considered (see in
appendix Table 4, 5, 6, 7, 8 9 & 10 for the values). Figure 4, (a) Average of Specimen T18-1,
5 represent the graphs depicting all the models in every case. T24-1 & T30-1 in the direction
of the bolts

(b) Average of Specimen T18-2,
T24-2 & T30-2 perpendicular to the
direction of the bolts

Figure 9. Comparison of the moment-rotation curves obtained by the mathematical model and experiments

(a) Specimen T18-1 in the direction
of the bolts

(b) T18-2 perpendicular to the direction
of the bolts

Figure 6. Comparison of the moment-rotation curves obtained by the mathematical model and experiments T18-1 & T18-2
Figure 10. Comparison of the moment-rotation curves obtained by the mathematical model and experiments irrespective of the direction

(a) Specimen T24-1 in the direction
of the bolts

(b) T24-2 perpendicular to the direction
(a) Bending Moment-Rotation
(b) Bending Moment-Rotation
of the bolts
BPC Connection Specimen T1
BPC Connection Specimen T2
Figure 7. Comparison of the moment-rotation curves obtained by the matheFigure 11. Comparison of the bending moment-rotation curves for [109]
matical model and experiments T24-1 & T24-2
connection specimen T1 & T2
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5

(a) Bending moment-rotation
BPC connection specimen T3

(b) Bending moment-rotation
BPC connection specimen T4

Figure 12. Comparison of the bending moment-rotation curves for BPC connection specimen T3 & T4

(a) BPC Connection Specimen T1

(b) BPC Connection Specimen T2

Figure 13. Comparison of the moment-rotation curves obtained by the mathematical model and experiments T1 & T2

Conclusions

Space Structures connections systems were generally designed assuming that connections are ideally pinned or fully
rigid. As a matter of fact, due to the finite stiffness of the connections, the true behavior of connection is semi-rigid, somewhere between these two extremes. Several research reports
agree on the influence of the connection systems on the stability of Space Structures. Therefore, the behavior of connection
systems should be considered in carrying out a structural analysis of any Space Structure, the rotational behavior of the joint
should be considered. Up till here, the behavior of connections
is portrayed by the moment-rotation curve in the analysis of the
structure.
Several models, such as: mathematical, analytical, empirical, experimental, informational, mechanical and numerical
can be used to obtain the moment-rotation curve. The most
popular of these model is the mechanical model, of which the
most used is the component method. With this method, it is
possible to evaluate the rotational stiffness and moment capacity of semi-rigid joints when subjected to only pure bending
but the method fails if there is the presence of an axial load.
In analyzing semi-rigid space structures, connection characteristics can be modeled with a mathematical model of the
moment-rotation curve. According to the type of overall structural analysis required, one of several linear, bilinear, multilinear or nonlinear moment-rotation curve representations can be
used. Accurate representation can be obtained using continuous nonlinear functions, but the multilinear representation is
generally used for mechanical models.
Kishi & Chen three parameter model, Yee & Melchers four
parameter exponential model used to represent the momentrotation behavior of the connections can portrait finely the behavior of the Aluminum bolted hexagonal connections and the
bolted plate connection. Frye & Morris model odd power polynomial model and the simple quartic polynomial model proposed are moment-rotation regression curve fitting models but
can be used to fit very well the curve very well.
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APPENDIX
Table 1. Curve-fitting and standardization constants for Frye-Morris polynomial model

Connection types

Curve-fitting constants

Standardization constants

−

Type 1

C1 = 4.28 × 10 3
C2 = 1.45 × 10− 9
C3 = 1.51 × 10− 16

K = d−2.4 .t−1.18 .g 0.15

Type 2

C1 = 3.66 × 10− 4
C2 = 1.15 × 10− 6
C3 = 4.57 × 10− 8

K = d−2.4 .t−1.18 .g 0.15

Type 3

C1 = 8.46 × 10− 4
C2 = 1.01 × 10− 4
C3 = 1.24 × 10− 8

K = d−1.5 .t−0.5 .l−0.07 .db−1.1

Type 4

C1 = 2.23 × 10− 5
C2 = 1.85 × 10− 8
C3 = 3.19 × 10− 12

Type 5

C1 = 1.79 × 10− 3
C2 = 1.76 × 10− 4
C3 = 2.04 × 10− 4

K = d−2.4 .t−0.6

Type 6

C1 = 2.1 × 10− 4
C2 = 6.2 × 10− 6
C3 = −7.6 × 10− 9

K = d−1.5 .t−0.5 .f −1.1 .l−0.7

Type 7

C1 = 5.1 × 10− 5
C2 = 6.2 × 10− 10
C3 = 2.4 × 10− 13

K = t−1.6 .g 1.6 .d−2.3 .w0.5

K = d−1.287 .t−1.128 .t−0.415 .l−0.694 .(g −

db 1.350
2 )

Table 2. Empirical equations for shape parameters n (Richard and Abbott 1975)

Type No.

Connection types

I

Single web-angle connection

II

Double web-angle connection

III

Top- and seat-angle connection
(without double web-angle)
Top- and seat-angle connection
(with double web-angle)

IV

n
0.520log10 θ0 + 2.291
0.695
1.322log10 θ0 + 3.952
0.573
1.398log10 θ0 + 4.631
0.827
2.003log10 θ0 + 6.070
0.302

...log10 θ0 > −3.073
< −3.073
...log10 θ0 > −2.582
< −2.582
...log10 θ0 > −2.721
< −2.721
...log10 θ0 > −2.880
< −2.880
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Table 3. Connection parameters of the Chen-Lui exponential model (Chen 2000)

Connection type (kips-in)

M0
Rkf
α
C1
C2
C3
C4
C5
C6

AE
 L




 0




 0


[K]i = 

 AE
−
 L



 0




0

A
Single web angle

B
Top-and seat-angle
with double web-angle

C
Flush-end plate

D
Extended end plate

0
0.47104 × 102
−0.51167 × 10−3
−0.43300 × 102
0.12139 × 104
−0.58583 × 104
0.12971 × 105
−0.13374 × 105
0.52224 × 104

0
0.443169 × 103
0.31425 × 10−3
−0.34515 × 103
0.52345 × 104
−0.26762 × 105
0.61920 × 105
−0.65114 × 105
0.25506 × 105

0
0.96415 × 103
0.31783 × 10−3
−0.25038 × 103
0.50736 × 104
−0.30396 × 105
0.75338 × 105
−0.82873 × 105
0.33927 × 105

0
0.41193 × 103
0.67083 × 10−3
−0.67824 × 103
0.27084 × 104
−0.21389 × 105
0.78563 × 105
−0.99740 × 105
0.43042 × 105





(rii + 2rij + rjj )
(rii + rij )

EI
L3

EI
L2

rii

AE
L

0
−(rii + 2rij + rjj )
(rij + rjj )

EI
L

EI
L3

EI
L2

−(rii + rij )
rij )

EI
L2

EI
L

0
0

rii + 2rij + rjj )
−(rij + rjj )

EI
L3

EI
L2

rjj )


























EI 
L

where A is cross-sectional area of the member. Applying the known steps of the matrix displacement method, the above
matrix is obtained in global coordinates or structure coordinates for each member and structure stiffness matrix is constituted.
The relationships between end-forces and end-displacements are also constructed according to the same method. In the current
work fixed-end forces which are derived in [110] are used for the beam members with semi-rigid end connections.
Table 4. Parameters values for various Models for Aluminum connection T18-1 & T18-2

Connection
Type

Fan & Adeoti Model
(Quartic Polynomial Model)

Frye & Morris Model
(Odd power Polynomial Model)

Kishi & Chen Model
(3 Paremeters Power Model)

Yee & Melchers Model
(4 Paremeters Exp. Model)

T18-1

C1 = 1
C2 = 2.5 × 10−3
C3 = 10−4
C4 = 10−6
C5 = 0

C1 = 106.054
C2 = 0
C3 = 0
K = 9.43 × 10−3
–

n = 2.18
Ki = 12.59
Mu = 0.51
θr = 0.41
–

MP = 0.42
Ki = 11.85
KP = 0.59
C = 199.84
–

T18-2

C1 = 1
C2 = 2.5 × 10−3
C3 = 10−4
C4 = 10−6
C5 = 0

C1 = 106.054
C2 = 0
C3 = 0
K = 9.43 × 10−3
–

n = 2.03
Ki = 11.72
Mu = 0.49
θr = 0.044
–

MP = 0.44
Ki = 12.65
KP = 0.41
C = 81.57
–
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Table 5. Parameters values for various Models for Aluminum connection T24-1 & T24-2

Connection
Type

Fan & Adeoti Model
(Quartic Polynomial Model)

Frye & Morris Model
(Odd power Polynomial Model)

Kishi & Chen Model
(3 Paremeters Power Model)

Yee & Melchers Model
(4 Paremeters Exp. Model)

T24-1

C1 = 1
C2 = 2.5 × 10−3
C3 = 10−4
C4 = 10−6
C5 = 0

C1 = 106.054
C2 = 0
C3 = 0
K = 9.43 × 10−3
–

n = 2.35
Ki = 12.46
Mu = 0.53
θr = 0.04
–

MP = 0.46
Ki = 12.48
KP = 0.53
C = 162.04
–

T24-2

C1 = 1
C2 = 2.5 × 10−3
C3 = 10−4
C4 = 10−6
C5 = 0

C1 = 106.054
C2 = 0
C3 = 0
K = 9.43 × 10−3
–

n = 2.31
Ki = 11.05
Mu = 0.49
θr = 0.045
–

MP = 0.42
Ki = 11.22
KP = 0.50
C = 133.04
–

Table 6. Parameters values for various Models for Aluminum connection T30-1 & T30-2

Connection
Type

Fan & Adeoti Model
(Quartic Polynomial Model)

Frye & Morris Model
(Odd power Polynomial Model)

Kishi & Chen Model
(3 Paremeters Power Model)

Yee & Melchers Model
(4 Paremeters Exp. Model)

T30-1

C1 = 1
C2 = 2.5 × 10−3
C3 = 10−4
C4 = 10−6
C5 = 0

C1 = 106.054
C2 = 0
C3 = 0
K = 9.43 × 10−3
–

n = 1.87
Ki = 16.67
Mu = 0.54
θr = 0.04
–

MP = 0.45
Ki = 17.55
KP = 0.98
C = 162.26
–

T30-2

C1 = 1
C2 = 2.5 × 10−3
C3 = 10−4
C4 = 10−6
C5 = 0

C1 = 106.054
C2 = 0
C3 = 0
K = 9.43 × 10−3
–

n = 1.87
Ki = 13.48
Mu = 0.49
θr = 0.037
–

MP = 0.39
Ki = 12.52
KP = 0.72
C = 202.55
–

Table 7. Parameters values for various Models for Aluminum connection Test average Values

Connection
Type

Fan & Adeoti Model
(Quartic Polynomial Model)

Frye & Morris Model
(Odd power Polynomial Model)

Kishi & Chen Model
(3 Paremeters Power Model)

Yee & Melchers Model
(4 Paremeters Exp. Model)

*T Av. H Dir.

C1 = 1
C2 = 2.5 × 10−3
C3 = 10−4
C4 = 10−6
C5 = 0

C1 = 106.054
C2 = 0
C3 = 0
K = 9.43 × 10−3
–

n = 1.81
Ki = 12.67
Mu = 0.53
θr = 0.043
–

MP = 0.40
Ki = 12.90
KP = 0.80
C = 119.33
–

**T Av. V Dir.

C1 = 1
C2 = 2.5 × 10−3
C3 = 10−4
C4 = 10−6
C5 = 0

C1 = 106.054
C2 = 0
C3 = 0
K = 9.43 × 10−3
–

n = 1.80
Ki = 12.13
Mu = 0.49
θr = 0.043
–

MP = 0.40
Ki = 12.62
KP = 0.67
C = 94.54
–

*T Av. H Dir.: T18-1, T24-1 & T30-1 connection test average values in the direction of the bolts.
**T Av. V Dir.: T18-2, T24-2 & T30-2 connection test average values perpendicular to the direction of the bolts.
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Table 8. Parameters values for various models for Aluminum connection test average values irrespective of the direction of the bolts

Connection
Type

*T Av. All Dir.

Fan & Adeoti Model
(Quartic polynomial model)

Frye & Morris Model
(odd power polynomial model)

Kishi & Chen Model
(3 parameters power model)

Yee & Melchers Model
(4 parameters exponential Model)

C1 = 1
C2 = 2.5 × 10−3
C3 = 10−4
C4 = 10−6
C5 = 0

C1 = 106.054
C2 = 0
C3 = 0
K = 9.43 × 10−3
–

n = 1.81
Ki = 12.67
Mu = 0.51
θr = 0.043
–

MP = 0.40
Ki = 12.90
KP = 0.80
C = 119.33
–

*T Av. all Dir.: T18-1, T24-1 & T30-1 and T18-2, T24-2 & T30-2 connection test average values irrespective of the direction
of the bolts.
Table 9. Parameters values for various models for Aluminum connection T1 & T2

Connection
Type

Fan & Adeoti Model
(Quartic polynomial model)

Frye & Morris Model
(odd power polynomial model)

Kishi & Chen Model
(3 parameters power model)

Yee & Melchers Model
(4 parameters Exponential model)

T1

C1 = 1.135
C2 = 0.5
C3 = 0.5
C4 = 0.25
C5 = 0

C1 = 105.95
C2 = 100
C3 = 100
K = 9.4 × 10−3
–

n = 2.26
Ki = 11.00
Mu = 0.495
θr = 0.0445
–

MP = 0.36
Ki = 8.47
KP = 0.76
C = 344.88
–

T2

C1 = 1
C2 = 0.004
C3 = 0.006
C4 = 0.002
C5 = 0

C1 = 105.95
C2 = 100
C3 = 100
K = 9.4 × 10−3
–

n = 3.25
Ki = 30.25
Mu = 2.226
θr = 0.074
–

MP = 1.99
Ki = 26.00
KP = 1.20
C = 395
–

Table 10. Parameters values for various models for Aluminum connection T3 & T4

Connection
Type

Fan & Adeoti Model
(Quartic polynomial model)

Frye & Morris Model
(odd power polynomial model)

Kishi & Chen Model
(3 paremeters power model)

Yee & Melchers Model
(4 paremeters Exponential model)

T3

C1 = 1
C2 = 0.07
C3 = 0.2
C4 = 0.15
C5 = 0

C1 = 105.95
C2 = 100
C3 = 100
K = 9.4 × 10−3
–

n = 2.15
Ki = 34.00
Mu = 0.65
θr = 0.02
–

MP = 0.65
Ki = 32.25
KP = 0.10
C = 686.00
–

T4

C1 = 1
C2 = 0.07
C3 = 0.028
C4 = 0.002
C5 = 0

C1 = 105.95
C2 = 100
C3 = 100
K = 9.4 × 10−3
–

n = 2.96
Ki = 52.00
Mu = 3.626
θr = 0.07
–

MP = 3.55
Ki = 54.00
KP = 0.13
C = 395
–

