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Abstract Graph labeling is an assignment of integers
to the vertices or the edges, or both, subject to certain
conditions. In literature we find several labelings such as
graceful, harmonious, binary, friendly, cordial, ternary and
many more. A friendly labeling is a binary mapping such that
|vs(1) — vs(0)|< 1 where v (1) and vf(0) represents number
of vertices labeled by 1 and O respectively. For each edge uv
assign the label |f(u) — f(v)|, then the function f is cordial
labeling of G if |vf(1) —vs(0)[< 1 and |es« (1) —es-(0)|< 1,
where e ¢+ (1) and e~ (0) are the number of edges labeled 1 and
0 respectively. A friendly index set of a graph is {|es-(1) —
ef«(0)|: f* runs over all friendly labeling f of G} and
it is denoted by F'I(G). A mapping f : V(G) — {0,1,2}
is called ternary vertex labeling and f(v) represents the
vertex label for v. In this article, we extend the concept
of ternary vertex labeling to 3-vertex friendly labeling
and define 3-vertex friendly index set of graphs. The set
FI3,(G) = A{les(i) — ep-(j)]: f* runs over all 3 —
vertex friendly labeling f for all i,j € {0,1,2}} is
referred as 3-vertex friendly index set. In order to achieve
FI3,(G), number of vertices are partitioned into {Vp, V1, Va}
such that ||V;|—|V;||< 1forall¢,j = 0,1,2 with ¢ # j and la-
bel the edge uv by | f(u) — f(v)| where f(u), f(v) € {0,1,2}.
In this paper, we study the 3-vertex friendly index sets of some
standard graphs such as complete graph K, path P,, wheel
graph W,,, complete bipartite graph K,, , and cycle with
parallel chords PC;,.

Keywords Friendly Labeling, Ternary Vertex Labeling,
3-Vertex Friendly Labeling, 3-Vertex Friendly Index Set

1 Introduction

In this paper, all graphs are assumed to be simple, finite,
connected and undirected. All undefined notations and con-
cepts are found in [7]. For a graph G = (V, E), graph labeling
is an assignment on vertices or edges or both to integers. For
more information on graph labeling, refer to [6].

A mapping f : V(G) — {0,1} of a graph G is a binary

vertex labeling. A labeling f : V(G) — {0,1} of a graph G
is called friendly labeling if |v;(1) — v;(0)|< 1, where vy (1)
and vy (0) represents number of vertices labeled by 1 and 0
respectively.

For each edge wv assign the label |f(u) — f(v)], then the
function f is called cordial labeling of G if |v;(1) — v (0)|< 1
and |eg- (1) — ef«(0)|< 1, where ef-(1) and es«(0) are the
number of edges labeled 1 and O respectively.

A friendly index set denoted by FI(G) of
a graph G is defined as the set {les(1) —
ep(0)|: f* runs over all friendly labeling f of G}.

For more information on friendly index set of a graphs, refer
to [31,[4],[5],[61.[8].[91.[10] and [11].

Labeled graphs have variety of applications in coding theory,
particularly for missile guidance codes, design of good radar
type codes and convolution codes with optimal autocorrelation
properties. Labeled graphs play vital role in the study of x-ray
crystallography, communication network and to determine op-
timal circuit layouts. A detailed study of variety of applications
of graph labeling is given by Bloom and Golomb [1].

The present work is aimed to discuss one such labeling
known as ternary vertex labeling. In the following section, 3-
vertex friendly index set is introduced and studied for some
graphs such as complete graph, path, wheel graph, complete
bipartite graph and cycle with parallel chords.

A complete graph is a simple graph whose vertices are pair-
wise adjacent and the complete graph with n vertices is denoted
by K,,. A path is a walk in which all vertices are distinct and it
is denoted by P,,. The wheel graph is invented by W. T. Tutte,
it is defined to be the graph K3 + C),_1 for all n > 4. A bipar-
tite graph G is a graph whose vertex set V' can be partitioned
into two subsets V7 and V5 such that every edge of G joins V;
with V5. If G contains every edge joining V; and V5, then G is a
complete bipartite graph. A cycle with parallel chords PC,, is a
graph obtained from the cycle C), : vgv1vg, - -, vy _1vg for all

n > 6 by adding the chords vy v, —1,V2Up_2, -+, Vn-2Vnt2 if
2 2
n is even, or adding the chords vov,, 1, V3Vpn—_2,**, Un—1Vn+s
2 2
if n is odd.

Definition 1. /2] Let G be a simple connected graph with n
vertices. A mapping [ : V(G) — {0,1,2} is called ternary
vertex labeling and f(v) represents the label for vertex v.
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Definition 2. [2] A ternary vertex labeling of a graph G
is called 3-equitable labeling if |vs(i) — vs(5)|< 1 and
lef« (1) —ep«(5)|< Lforalli,j € {0,1,2}.

For a ternary vertex labeling f, the induced edge label-

ing f*: E(G) — {0,1,2} is given by f*(e) = | f(u) — f(v)
where u,v € {0,1,2}.

>

With these notations, we now introduce the notion of 3-
vertex friendly labeling and 3-vertex friendly index set.

Definition 3. The ternary vertex labeling is called a 3-vertex
friendly labeling if |v¢ (i) — vy (§)|< 1, foralli,j € {0,1,2}.

Let f be a 3-vertex friendly labeling of a graph G. In this
paper, we consider Vy = {v : f(v) =0}, Vi ={v: f(v) =1}
and Vo = {v : f(v) = 2}. Let vf(0), v¢(1) and vf(2) repre-
sent the number of vertices with label 0, 1 and 2 respectively,
and e+ (0), es« (1) and e+ (2) represent edges labeled with 0,
1 and 2 respectively.

Definition 4. The set FI3,(G) = {les(i) — ep(j):
f* runs over all 3 — vertex friendly labeling f for all
1,7 € {0,1,2}} is called 3-vertex friendly index set.

The proofs in the following section make use of partitioning
the number of vertices of a graph into three sets V{y, V7 and V5.

2 3-Vertex Friendly Index Set of Some
classes of Graphs

Theorem 5. The 3-vertex friendly index set of the complete
graph K, is

n(n n? |n(n—
(1){ (n+9) n° In( 9)|}ifn50(mod3)

18 79’ 18
(2>{n2—|—7n—8 In? —11n + 10| n? + 13n — 14

18 ’ 18 ’ 18 ’

2 2 2
n +gn—5’(n—91) 7|n —158n+4|} if n = 1(mod 3)
(3){|n27n+10| (n+1)? |n? —4n — 5|
18 9 9 '
n?+11n —8 n?+5n—14 [n? — 13n + 4|
18 ’ 18 ’ 18 }

if n=2(mod 3).

Proof. Let K,, be a complete graph on n vertices. The proof
involves the following three cases.
Case 1. n = 0(mod 3).

To satisfy 3-vertex friendly labeling, n is partitioned into
(TL n n

3733
to g — 1 vertices of the same class, where i« = 0,1,2.

3n n(n —3)

Therefore ef-(0) = 3 [5 (g — 1)} = .

each of the 3 vertices of V; are adjacent to the — vertices
2n?
9

). Each of these % vertices of V; are adjacent
. Now

of Vy and g vertices of V5. Therefore ef-(1) =

417

Also 3 vertices of V are adjacent to 3 vertices of V5,

2
9
SO 6f*(2) = % Thus |€f*(0) —ef*(1)| — %7
" [n(n—9)|
2 —
Hence, FI3,(K,) = n(”+9)’ TL’ [n(n —9)| for
18 9 18

n = 0(mod 3).

Case 2. n = 1(mod 3).
To satisfy 3-vertex friendly labeling n is parti-
tioned in three different ways as follows, X; =

n—1n+2 n-—1 n+2 n—1n-1
) ) ) X2 = ’ 9
3 3 3 3 3 3
n—1n—1n+2

and X3 = 5 3 3 . We find the total

number of edges labeled with 0, 1 and 2 as explained in

2_3n+2
Case 1. Now from X; we have ef*(()) = w,

6
2(n* +n—2) (n—1)?
_ —g
e (1) —ep(2)] =
|n? — 5n + 4

ef*(].) = So

lef-(0) —ep-(D)] =
n?+4n -5
For partitions X, and X3, ep(0) = %,
2
-2
and ef-(2) = %
n?+Tn—8
e (O) e = T e () e ()] =
n—1)>2 n? —11n+ 10
) S | VES TR
considering all possible partitions of vertex set satisfying
3-vertex friendly labeling we obtain,

and ef-(2) =

n?+13n — 14
18

and |es-(2) —ef-(0)] =

% —n-—1

ef(1) = Now

2 — —-1)2 [n?—-1ln+1
FISU(Kn>: nkn 87(n ) 7|n n 0|7
18 9 18
n?+13n—14 n?+4n—3 |n? —5n+ 4]
18 ’ 9 ’ 18 ’

for all n = 1(mod 3).
Case 3. n = 2(mod 3).
To satisfy 3-vertex friendly labeling n is partitioned in three

1 1 n—2
different ways as Y; = nt 7n+ ’n ) Y =

3 3 3
n—2n+1 n+1 and Y — n+1 n—2 n+1
3 ' 3 ' 3 5= \"3 3 3 )

The total number of edges labeled with 0, 1 and 2 are computed
as mentioned in Case 1. Now for the partitions Y; and Y5,

n? —3n+2 m2+n—1
ef-(0) = — % ep«(l) = ———— and ¢4+ (2) =
P-n-2 24 11n -8
% Hence |e(f*(0))—2ef*(1)| = 71—&-17871,
n+1
leg-(1) —ep=(2)] = —F—— and [es-(2) —ef-(0)| =
2 7n+10 2_ 3,49
Wl—;wl. From Ya e-(0) — %
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2(n* —n —2 1)?
ef(1) = (n” —n )and ef-(2) = % So
n? 4 5n — 14
leg(0) —ep-(M] = ———g— lep(V) —ep-(2)] =
|n? — 4n — 5| |n? — 13n + 4|

considering all possible partitions of the vertex set satisfying
3-vertex friendly labeling we obtain,

[ In®=Tn+10] (n+1)* |n®—4dn — 5|
FI3’U(K’”) - { 18 ) 9 ) 9 )
n?+11n—8 n®>+5n—14 |n® — 13n + 4]
18 ' 18 ' 18
for n = 2(mod 3). O
Corollary 6. If G is a graph with n vertices, then FI3,(G) C

for10.. 220002 L

Proof. Let G be any graph on n vertices and f be a mapping

from set of vertices of G to {0, 1,2}. It is known that the num-

ber of edges of any graph cannot exceed the number of edges

of complete graph.

The maximum number of edges labeled by 1 from Case 1, Case

2n?\ |2(n—1 2

2 and Case 3 of Theorem 2.1 are (g), {(ng)(nHJ s
2n2 -1

and Vfgn

Therefore maz(ef-(1)) <

J respectively.

2(n — 1)(n +2)

9
ment of friendly index set of any graph cannot exceed the value

). 50 FI@) € {o1,.. |20~ ]

and every ele-

Theorem 7. The 3-vertex friendly index set of path is
FI3,(P,) €{0,1,2,...,n — 3} foralln > 10.

Proof. We consider three cases in sequence to prove this
theorem. To obtain the maximum element of the index set we
follow the labeling pattern as mentioned below in all 3 cases.
Case 1. n = 0(mod 3).

In this case to satisfy 3-vertex friendly labeling n
is partitioned into (%,%,g) For n > 11, label
v1,02,03,--+,vz by 0, Unts, Unts, Unto,*+, Uzn by
1 and V2ngs, Vangs , Vando, -, Up by 2. Therefore

ef (O)—n—3 ef-(1 )—2andef (2) =0. Foralln > 11,
es«(0) > eyp«(1). Hence, FIs,(P,) € {0,1,2,...,n— 3}
for all n = 0(mod 3).

Case 2. If n = 1(mod 3).

In this case we consider 3 partitions of V(G) as X; =

2 -1 -1 -1 2 -1
n -+ 7n ’n X, = n 7n—I— ,n and
3 3 3 3 3 3

X, = <n—1 n—1 n—|—2>-

3737 3

If n > 11, for X; label the vertices vy, vq,v3, -, VUnt2
by 0, 1)n+5 Un+s U%, ce ,U% by 1 a;d
Vangd, Vangr, 'U2n+10, --,v, by 2, for the par-
t1t10n X2 label the  vertices  v1,vo,vs, - -

yUn—1
3
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by 0,

V2n+4,V2n47, ’U2n+10 y ot

Un+2 ’Un+5 1}n+8 1}2n+1 by 1 and
vn by 2, and for X3 label the ver-

tices VU1, V2, U3, "+, Unt by 0, Untz, vn;o,vm, "y Uzno2
by 1 and Vngl, Uznga, Vzng, -0, Up by 2. Thus
ef«(0) = n—3, ef (1 )—2andef ( ):O So, foralln > 11,
ef+(0) > eyp+(1). Hence, FIs,(P,) € {0,1,2,...,n— 3}

for all n = 1(mod 3).
Case 3. n = 2(mod 3).
In this case n is partitioned in 3 different ways as Y; =

n+l n+1 n—2 n—2n+1 n+1
, , , Yo = , , and
3 3 3 3 3 3

n+l n—2 n+1
Y3 = .
3 ( 373 3 )
If n > 11, for the partition Y; label the vertices

U1,V2,V3, ", Untt by O, Untd, Unt?, Unt10, ", VUzni2 by 1
, Un by 2, for Yg label the vertices
U% byO, ’U%,U%,U%, ,’UL; byl
v, by 2 and for Y3 label the ver-

and V2n+5,V2n+8, U2n+11 yo
3 3 3

U1,V2,V3, ",

and vant2 ,U2nt5 ,V2n48, " *,
3 3 3

tices v1, V2, V3, - - s Unit by 0, Unia, ’l}n;77vﬂ’ sVzno1
by 1 and Vzng2, v2n+o Vangs, - Up by 2. Thus
ef«(0) = n—3, ef*( )= 2andef ( ) = 0. So, foralln > 11,
es+(0) > eyp«(1). Hence, FIs,(P,) € {0,1,2,...,n— 3}
for all n = 2(mod 3). O

Remark. The 3-vertex friendly index set of path forn < 10 is
subset of

2
0,1,2,...,?” ifn = 0(mod 3) ,
2 2
0,1,2,.--,7(”;) ifn=1(mod3),
2 1
071727"'1(”7—"_) lanQ(mod?))

Theorem 8. The 3-vertex friendly index set of wheel W,

0,1,2,~~,@ ifn = 0(mod 3),
FI3,(W,) C 0,1,2,---, % ifn = 1(mod 3),

0,1,2,~-~,@ ifn = 2(mod 3).
Sforalln > 6.

Proof. Let v1,va,---,v,_1 be the rim vertices and v,, be the
central vertex of the wheel graph W,,. The proof involves the
following three cases.

Case 1. n = 0(mod 3)
In this case consider the partition ( 3'3°3 ) To get the maxi-

mum element of the 3-vertex friendly index set, vertices of W,
are labeled as in the Table 1.
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Table 1. Vertex labeling f(v;) of W,

Label n is even n is odd
n n
0 1<i< — 1<i< —
3 3
3 3
1 i—n, P2 a2k 4 1, i=n, 22 and ok,
12 18 15 21
wherek:n+ ’n—&- s wherek:n+ ’n—&- s
n+ 24 n—g n + 27 TL—?
6 S 6 S
6 12 1 6 12
2 ";“ gig"g and 2k ”;’ gig"z and 2k + 1
1 24 15 n+21
Wherek:n—ti 7n+ s wherek:n—t3 771—0— s
n + 30 nfg n + 27 nfi?
[ ) 6 7 2
2n 4n —6
So e+ (0) = 3 ef(1) = and ef«(2) = 0. Thus

F&UGMJEQ{OJﬂZ~~,Mn3Eo}ﬁnaﬂnandS)

where n > 6.
Case 2. n = 1(mod 3).
In this case to satisfy 3-vertex friendly labeling, n is partitioned
n+2 n—-1n-1
’ ) s X2 =
3 3 3
n—1n+2 n-1 n—1n—-1n+2
37 3 7 3

3 3 ' 3 )anngz

To obtain the maximum element of 3-vertex friendly index set,
we consider the partition X5 because |V;] in Xa is maximum
compared to X; and X3, also it is observed that e« (0) and
ef+(2) cannot exceed ey« (1) in W,,. The vertices of W, are
labeled as in the Table 2.

in 3 different ways as X =

Table 2. Vertex labeling f(v;) of W,

Label n is even n is odd
X n—1 n—1
0 1< < 1< <
3 3
. L+ 2 . n+ 2
1 i =n, and 2k + 1 i =n, 43_ and 2k
8 14 11 17
Wherek:nz ’n+ Wherek:n G ,n+ s
n + 20 nfg n + 23 nff;
6 2 6 )
n+5 n+5
2 3 and 2k and 2k + 1
8 14 5 11
whe:rek:n:)r 7n+ wherek:nzd,nJr s
n 4+ 20 nfg n+17 nfg
6 2 6 2
2n — 2 dn —4
So e+ (0) = 3 ef(1) = and ef«(2) = 0.

4n — 4
Hence, F1I3,(W,) C {071727”.7(113)} for all n =

1(mod 3) where n > 4.
Case 3. n = 2(mod 3)
In this case to satisfy 3-vertex friendly labeling, n is partitioned
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in 3 different ways as Y7 = (

n—2n+1 n+1 4Ye — n+l n—-2 n+1
( 3 73 ' 3 )m s=\"3 T3 3 )
To obtain maximum element of 3-vertex friendly index set, we
consider either the partition Y7 or Y2 because |V;|in Y7 and Y5
is maximum compared to Y3 , also it is observed that ez« (0)
and e« (2) cannot exceed ey« (1) in W,,. The vertices of W,
are labeled as in the Table 3. Here we consider the partition Y5.

1 1 n-2
nt an+ an ,YZZ
3 3 3

Table 3. Vertex labeling f(v;) of W,

Label n is even n is odd
n—2 n—22
0 1< < 1< <
3 3
1 1
1 i=n, "L a2k 1 i=n, "L ok
Vk:nilo7n—216’ Vk=n+ 3,11—}-197
n + 22 n—2 n + 25 n—1
PR s g
4 10 4 10
2 nt gig%ande ”; gzgng and 2k
16 22 1 19
Vk:nz nz : +1\11c:nJ:3 Rl
n 4+ 28 n—2 n+ 25 nfg
6 = 7 2 6 7 2
2n —1 4n —5
Thus ef-(0) = 3 cep(l) = and ef«(2) =

An —
0. Hence, FI3,(W,) C {0, 1,27._.,(7135)} for all n =

2(mod 3) where n > b.
O

Theorem 9. The 3-vertex friendly index set of the complete
bipartite graph K, , FI3,(Ky, ) is subset of the following
set

1. {0’1’27"',mn}ifm:g,
2 2 _
2.{0Jﬂz.u, 5n* 4 2m? — 2mn an+11n+2J}
L 9
. n
ifm > >
nm+n—-1)11 . n
3 fong (Mt DNy

Proof. Let Ky, ,, be the complete bipartite graph with m + n
vertices and mn edges. Without loss of generality, we consider
m < n. The proof involves the following three cases,
Case 1. m + n = 0(mod 3)
To satisfy 3-vertex friendly labeling m + n is partitioned into
(m ;_ n’ m ;_ n, mn ;_ n) While writing the friendly index
set of complete bipartite graph there arises three sub cases.

n
Sub case 1.1 If m = 5

To find the maximum element of 3-vertex friendly index set

n . .
vertices in the first

of a complete bipartite graph, fix m
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partite with label 1, and these vertices are adjacent to

2(m+n)

vertices in the second partite labeled 0 and 2, so the

total number of edges labeled with 1 is mn. There exists no
edge with label 0 and 2, hence maximum element of the index
set is mn. Therefore F'I3,(K,, ) C {0,1,2,---,mn}.

Sub case 1.2 If m > n
To find the maximum element of 3-vertex friendly index set

of a complete bipartite graph, fix mtn vertices by label

1 in the first partite. To obtain minimum number of edges
2m —n

labeled by 0 and 2, label remaining vertices by 0 in

the first partite, (mg—i—n) vertices by 2 in the second partite

n—m

and remaining ) by 0 in the second partite. So

e (0) = (2m3”> (2"3m> e (1) = w and

2 —
ef(2) = (m;—n) < m3 n) Thus, the maximum ele-

5n% 4 2m? — 2
ment of the 3-vertex friendly index set is notem mn

9
5n2 + 2m?2 — 2mn}
9 .

Hence Flsy,(Kpn) C {0, 1,2,...,

Sub case 1.3 If m < g
Label all the m vertices in the first partite set by 1. These

m vertices labeled by 1 are adjacent to vertices

mtn vertices labeled by 0 and min

labeled by 1,

labeled by 2 in the second partite.
2m(m +n)

=2
edges labeled by 0 is 7= 2m)

all m vertices labeled by 1, no edge has label 2. Hence,
2
(o) € {0,1,2,...,m<m+”>}.

3
Case 2. If m + n = 1(mod 3).
To satisfy 3-vertex friendly labeling m 4+ n is parti-

vertices

The total number of

edges labeled by 1 is and the total number of

. Since in the first partite

. m+n+2 m+n—1 m+n-—1
tioned as X; = ) ) >
3 3 3
m4+n—1 m+n+2 m+n—1
X2:< 3 , 3 , 3 )anngz
m+n—1 m+n—1 m+n+2
3 ’ 3 ’ 3

To prove this case we go through the following two sub cases.
Sub case 2.1 If m > g

m4+n+2

It is clear that m > . To obtain maximum element

of the index set consider the partition X5 because number of
vertices labeled by 1 are more in X5 when compared to the

vertices labeled by 1 in the partitions X; and Xs.

m-+n+2 m-+n+2

Suppose m = , vertices in the first

3
partite by label 1. Hence there does not exist edges with label

2
by 0 and 2. Number of edges labeled by 1 is %

3-Vertex Friendly Index Set of Graphs

2
Therefore F'I3, (K n) C {O, 1,2,---, n(m—l—Sn—i—)}
2 2
Suppose m > w, label mtnt2 vertices by 1

2m—n—2
and remaining m-n vertices by O in the first partite.
2n —m+1

-1
o and

In the second partite vertices

are labeled by 2 and O respectively. So edges with label 0, 1

2m —n — 2)(2n — 1 2
and 2 are (2m —n —2)(2n —m + ), n(m+3n+ ) and

9
2m —n—2 —1
2m—mn )(m +n ) respectively.

9
5n2 4+ 2m2 — 2mn — 4m + 1ln + 2
Now Jeg-(0)—e;- (1)|= - ,

4n? —2m?2 + 9 4 n—2
leg-(1) — eg. (2)]= =2 F IR T AN A 0

e (2) = e (0)l= .
Therefore for all m > %, FI3,(Kp, ) is subset of

{012 5n2+2m2—2mn—4m+11n+2}
sy dy &yttt 9 .

and

9
n2+4m?2 —4dmn—8m+4n+4

Sub case 2.2 If m < g

m+n-—1

It is clear that m < To obtain the maximum

element of the index set, consider the partition X; or X3
because if we consider the partition Xo, there is a possibility
of getting least e ¢~ (1) compared to the partitions X or X3.

-1
Suppose m = %, edges with label 0, 1 and
-1
2 are O, % and O respectively.  Therefore
-1
FIBU(Km,n) g {Oa 15 27 ) n(rnt))n)}
m+n—1

Suppose m < —————, label all the m vertices in

the first partite by 1.
n—2m—1

These m vertices are adjacent to

vertices labeled by 1 in the second partite. Now

m+n-—1 m-+n-+2

vertices are labeled by 0 and vertices

be labeled by 2 or vice versa in the second partite. Hence
m(n —2m — 1) m(2m +2n+ 1)
ef(0) = ———— =

and ef+ (1) = 3
and ey (2) = 0.
s Ly Lty 3

Case 3. If m + n = 2(mod 3).
To satisfy 3-vertex friendly labeling m + n is partitioned

9m + 2n + 1
Hence, F I3, (Km.n) C {0 1,2 m(mm}

. m+n+1 m4+n+1 m+n—2
into Y = ) ) >
3 3 3

v, m+n—2 m+n+1 m+n+1 d

= an
2 3 ' 3 '3

1 -2 1

Y; = m—i—;z—&— 7m—|—;1 7m—|—;1+ ) In this case

we will consider the following two sub cases.
Sub case 3.1 If m > g

m+n+1

It is clear that m > . To obtain maximum element

of the index set, consider the partition Y7 or Y5 to label the set
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of vertices of K, ,, because number of vertices labeled by 1
are more in Y7 and Y5 compared to the vertices labeled by 1 in

the partition Y.
m+n+1
Suppose m = —s fix
in the first partite by label 1.
1
beled by 1 is " EnED

does not exist edges labeled by 0 and 2.
1
Flsy(Kmn) C {0’1,27”.,n(m+n+)}‘

3
1
%, for the partition Y; label

vertices by 1 and remaining

m+n+1 .
——F vertices

Number of edges la-
It is observed that there

Therefore

Suppose m >

m-+n+1 2m—n—1

vertices by 0 in the first partite.
m+n-—2

In the second partite
2n — 2
vertices are labeled by 2 and %
vertices are labeled by 0. Edges with label 0, 1 and

2m —n—1)(2n — 2 1
2 are (@m—n=1)@n—m+ ), n(m+3n+) and

9
2m —n—1 -2
(2m —n J(m +n ) respectively. For the partition Y5,

9
interchange the vertex labeling of 0 and 2 as in Y; and vertices
with label 1 remains same as in Y7.

5n2 4+ 2m? — 2mn — bm + Tn + 2
Now [ep«(0) —ef-(1)|= 9 ,

4n? — 2m? + 2 5 2n — 2
R e

4m? +n? —4dmn — 10m+5n +4
lef«(2) — ep(0)|= .

Therefore F'I3, (K, ) is the subset of
{012 2m2+5n22mn5m+7n+2}

and

9
Sub case 3.2 If m < g

m+n—2

It is clear that m < To obtain the maximum

element of the index set, consider the partition Y3. Since

m < g all the vertices in the first partite be labeled by 1.

Suppose m = %H, edges with label 0, 1 and
2 are O, n(m%ﬂ—Q) and 0 respectively.  Therefore
Flsy(Kpmn) C {0, 12"(m+3”_2)}

Suppose m < %H All the vertices will be
labeled by 1 in the first partite. Label mintl
by 0, %bylmdwbyzmme
second partite. Hence e;-(0) = w,
ef(1) = m(2m + 2n + 2) and ef«(2) = 0. Thus
FI3,(Kpmn) C {0, 1,27”',m(2mg2n+2)}. O

Theorem 10. The 3-vertex friendly index set of cycle with par-
allel chords is FI5,(PC,) C{0,1,2,...,n+p— 4}

Proof. Let PC, be the cycle with p parallel chords on n
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vertices and v1vovs . . . v,v1 be the cycle of PC,,.

Case 1. n = 0(mod 3).

In this case to satisfy 3-vertex friendly labeling n is partitioned
into (E, E, — ). To obtain the maximum element of the 3-
vertex friendly index set of PC,,, set of vertices are labeled as
in Table 4.

Table 4. Vertex labeling f(v;) of PC,,

Label n is even n is odd
6 3
0 1§i§"2 and 1§z’§”; and
12 icn nt9 i<n
6 - = 6 - =
12 2 6 9 2 6
1 "Jg <i< "; and ”g <i< ”g and
4n+12<i<on+6 4n+12<i< n+3
6 - = 6 6 - = 6
1 4 1 4
2 2n + 2<7L< n+ 6 2n + 2<i< n+6
6 - = 6 6 - 6

Thus e+ (0) =n+p—5, ef«(1) = 5 and ey« (2) = 0. Hence
FIs,(PC,) €{0,1,2,---,n+p— 5}

Case 2. n = 1(mod 3).

In this case to satisfy 3-vertex friendly labeling n is
partitioned into three different ways as follows, X; =

n+2 n—-1n-1 n—1n+2 n-1
) ) s X2 = ) )
3 3 3 3 3 3
n—1n—-1n+2

and X3 = , ,
8 ( 3 3

3
For the partition X7, label set of vertices of PC), as per the

pattern depicted in Table 5.
Table 5. Vertex labeling f(v;) of PC,

Label n is even n is odd
2
0 193"2 and 1 zgngsand
5
ntd icn MET i<n
6 -~ 6 -
8 2 4 11 2 4
1 ”z <i< "5 and ”t <i< "; and
4n+8<i<anf2 4n+8<i<5n+1
6 - - 6 6 - = 6
2 2n+10<2<4n+2 2n+10<i<4n+2
6 - = 6 6 - = 6

Thus ef-(0) = n+p —4, ep«(1) = 4 and e+ (2) =
when n is odd, and es«(0) = n +p — 5, ep-(1) =
and e;-(2) = 0 when n is even. Hence FI3,(PC))
{0,1,2,---,n+p— 5} foralln > 10.

For the partition X5, label set of vertices of PC), as per the
pattern stated in Table 6.
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Table 6. Vertex labeling f(v;) of PC,,

Label n is even n is odd
2
0 1gig"§ and 1§i<n:;5and
5
nt10 <, ntld _icn
6 - 6 -~
8 2 4 11 2 4
1 "Z <i< ”g and "J; <i< ”6+ and
4n+8<i< n+4 4n+8<i<5n+7
6 - = 6 6 - = 6
2 2n+10<i<4n+2 2n+10<i<4n+2
6 - - 6 6 - = 6

Thus es+(0) = n+p—>5,ep+(1) = 5and ey« (2) = 0 whenn is
odd, and ef+ (0) = n+p—4,ep- (1) = 4 and ef- (2) = 0 when
n is even. Hence FI3,(PC,) C {0,1,2,---,n+ p — 4} for
all n > 10.

For the partition X3, label set of vertices of PC,, as per the
pattern shown in Table 7.

Table 7. Vertex labeling f(v;) of PC,,

Label n is even n is odd
0 2n+10<i<4n+2 2n+10<i<4n+2
6 - = 6 6 - = 6
8 2 4 11 2 4
1 ";r <i< ”56+ an "2 <i< ”; a
4 -2 4 y 1
TL+8<i< n n+8<i<5n+
6 - = 6 6 - = 6
L+ 2 5
2 1727"2 and 171<"Z and
4 3
5n6+ <i<n 57’;7§i§n

Thus ef-(0) = n+p—4,ep-(1) = 4and es- (2) = 0 whenn is
odd, and ef« (0) =n+p—>5,ep-(1) = 5and ef- (2) = 0 when
n is even. Hence F'I3,(PC,) C {0,1,2,---,n+p— 5} for
alln > 10.

Case 3. n = 2(mod 3).
To satisfy 3-vertex friendly labeling n is partitioned into Y; =

<n+17n+1’n—2)’y2 _ <n—27n—|—17n—|—1> and

3 3 3 3 3
Y, = <n+1 n—2 n+1).

373 7 3
For the partition Y7, label set of vertices of PC), as per
the pattern stated in Table 8.

Table 8. Vertex labeling f(v;) of PC,,

3-Vertex Friendly Index Set of Graphs

Label n is even n is odd
4 2 8 4 4
0 131‘3"; and ”GJ” <i< "6+
5
n+8<i<n
6 <
L+ 1 2 2 2
! n—z 0_ < n56+8 d HZ_?SZ’S n?j- d
4n+10<i< n+ 2 4n+10<i< n—+5
6 - = 6 6 -~ 6
2 14 4 4 1
2 "Z <i< "6+ 1§z‘<"; and
11
5":; <i<n

Thus ef-(0) = n+p—4,ep-(1) = 4and es- (2) = 0 whenn is
odd, and ef« (0) =n+p—>5,ep-(1) = 5and ey« (2) = 0 when
n is even. Hence F'I3,(PC,) C {0,1,2,---,n+ p — 4} for
alln > 11.

For the partition Y5, label set of vertices of PC,, as per the
pattern depicted in Table 9.

Table 9. Vertex labeling f(v;) of PC,,

Label n is even n is odd
2 14 4 4 1
0 "2 <i< "GJF 1315”2 and
5 11
ntli<n
6 St sS
1 n—i(-3107 S2n56—i-8 d n-65—77 S271;—2 d
4 1 L+ 2 4 1
n + O<i< n + n + 0<i< n+5
6 -~ 6 6 - 6
4 2 dn + 4
) 1§i_n—6i- nd ng—8 ng—
5 8
n6+ <i<n

Thus ef« (0) = n+p—4,ep-(1) = 4and es- (2) = 0 whenn is
odd, and ef« (0) = n+p—>5, ep+ (1) = 5and ey« (2) = 0 when
n is even. Hence F'I3,(PC,) C {0,1,2,---,n+ p — 4} for
alln > 11.

For the partition Y3, label set of vertices of PC,, as per the
pattern shown in Table 10.

Table 10. Vertex labeling f(v;) of PC,,

Label n is even n is odd
4 7
0 1325"; and lgig%and
5 11
"8 i< bntll icn
6 - - 6 - =
1 2 2 1 2 2
1 n—‘; OSiS n56+ d n—‘; SSiS né:— and
4n+10<i< n+ 2 4n+10<i< n—+5
6 - - 6 6 - = 6
5 2n+8<i<4n+4 27L+8<i<4n+4
6 - = 6 6 - = 6
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Thus e+ (0) = n+p—5, ep«(1) = 5and e« (2) = 0 when n is
odd, and ef« (0) =n+p—4,ep-(1) = 4 and ey~ (2) = 0 when
n is even. Hence FI3,(PCy) C {0,1,2,---,n+ p — 4} for
alln > 11.
By considering all cases, FI5,(PC,) C {0,1,...,n+p —
6,n+p—>5n+p—4}.

O

Remark. Forn < 12, FI;,(PC,) € {0,1,2,...,n+p—1}

3 Conclusion

In this paper we have obtained 3-vertex friendly index set of
complete graph, path, wheel, complete bipartite graph and cy-
cle with parallel chords. To investigate 3-vertex friendly index
set for remaining class of graph is an open area of research.
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