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Abstract In late sixties, Furi and Vignoli proved fixed
point results for α-condensing mappings on bounded com-
plete metric spaces. Bugajewski generalized the results to
”weakly F-contractive mappings” on topological spaces(TS).
Bugajeski and Kasprzak proved several fixed point results
for ”weakly F-contractive mapping” using the approach
of lower(upper) semi-continuous functions. After that, by
modifying the concept of ”weakly F-contractive mappings”,
the coupled fixed point results were proved by Cho, Shah and
Hussain on topological space. On different spaces, common
coupled fixed point results were discussed by Liu, Zhou
and damjanovic, Nashine and Shatanawi and many other
authors. In this work, we prove the common coupled fixed
point theorems by adopting the modified definition of weakly
F-contractive mapping γ : T → T, where T is a topological
space. After that, we extend the result of Cho, Shah and
Hussain for Banach spaces to common coupled quasi solutions
enriched with a relevant transitive binary relation. Also, we
give an example in the support of proved result. Our results
extend and generalize several existing results in the literature.

Keywords Topological Space, Weakly F-contractive
Mapping, Common Coupled Fixed Point, Relatively Compact
Set

1 Introduction
As already known that, if γ : T → T is a ”weakly con-

tractive mapping” for a compact metric space T , then γ has
a ”fixed point” in T (see [7]). In late sixties, the above con-
cept was extended by Furi and Vignoli ([8]) to α-condensing
mappings acting on a ”bounded complete metric space” which
have been generalized by Bugajewski([2]) by make use of the
approach of ”weakly F-contractive mappings” acting on a TS.

Chen et al.([4]) introduced a more general notion

of ”lower(upper) semi-continuous” function using KKM-
mappings which was redefined by Bugajewski ([3]) for weakly
F-contractive mappings to devise and demonstrate several
fixed point results.

In 2010, Shah et al.([10]) take further the work of Bugajew-
ski ([3]) to common fixed point results adopting the approach
of ”weakly F-contractive mappings” in TS. As per need of
”coupled fixed point” results, Cho et al.([6]) modified the con-
cept of ”weakly F-contractive mappings” γ : T × T → T on
TS T .

Further common coupled fixed point results was studied by
many authors([9],[11]) in partially ordered metric space. By
using the semi-order method, Cho et al.([5]) discussed the solv-
ability of ”coupled quasi solutions” for the non-linear operator
equations.

In this work, we reformulate and prove the outcomes of Cho
et al.([6]) for common coupled fixed points by make use of
the modified definition of ”weakly F-contractive” mappings
γ : T → T, where T is a TS. Also, by taking certain iter-
ation of the mapping as weakly F-contractive, we give some
common coupled fixed point results. As a corollary, we get
a broadening to ”common coupled fixed points” of ( [6] ,theo-
rem 3) for ”Banach spaces” with a quasimodulus enriched with
a relevant transitive binary relation.

2 Preliminaries
In this section, firstly we recollect the definition of a ”lower

semi-continuous from above(lsca)” function introduced in [6].

Definition 2.1 ([6]) Let T be a TS. A function γ : T ×T → R
on TS T is forenamed to be lsca at a point (l0,m0) ∈ T ×T
if, for any net {(lt,mt)}t∈Λ in T × T converging to (l0,m0)
such that γ(lt1 ,mt1) ≤ γ(lt2 ,mt2) for any t1, t2 ∈ Λ with
t2 ≤ t1, γ(l0,m0) ≤ limt∈Λ γ(lt,mt).

A function γ : T × T → R is forenamed to be lsca if it is lsca
∀ (l,m) ∈ T × T .
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Example 2.2 [6] Let γ : T × T → R where T = {(0, 0)} ∪
R− ×R− ∪R+ ×R+ outlined by

γ(c, d) =

{
c+ d+ 1, if (c, d) ∈ R+ ×R+ ∪ {(0, 0)};
c+ d, if (c, d) ∈ R− ×R−

Clearly, at (0, 0), γ is lsca , but it is not ”lower semi-
continuous” at (0, 0)

The subsequent lemmas establish some properties of lsca map-
pings.

Lemma 2.3 [4] Let γ : T → R be an lsca function on com-
pact TS T . Then ∃ l0 ∈ T such that γ(l0) = inf{γ(l) : l ∈
T}.

Lemma 2.4 [6] Let γ1 : T × T → T be a continuous func-
tion on TS T . If γ2 : T → R is a lsca function, then the
composition function η = γ2 ◦ γ1 : T × T → R is also lsca.

Remark 2.5 Let γ : T × T → T be a ”continuous function”
andF : T×T → R be lsca on TS T . Then η : T×T → R out-
lined by η(c, d) = F (c, γ(c, d))( or η(c, d) = F (c, γ(d, c)))
is also lsca. For, let {(ct, dt)}t∈Λ be a net in T × T converg-
ing to a point (c, d) ∈ T × T . Since γ is continuous, we
have limt∈Λ γ(ct, dt) = γ(c, d). Suppose that η(ct1 , dt1) ≤
η(ct2 , dt2) if t2 ≤ t1. Because F is lsca, we have
η(c, d) = F (c, γ(c, d)) ≤ limt∈Λ F (ct, γ(ct, dt)) =
limt∈Λ η(ct, dt).

Definition 2.6 [3] Let F : T × T → R be lsca on TS T . The
mapping γ : T → T is forenamed to be:
(1) ”weakly F-contractive” if F(γ(c), γ(d)) <
F(c, d) ∀ c, d ∈ T with c 6= d;
(2) ”strongly F-expansive” if F(γ(c), γ(d)) >
F(c, d) ∀ c, d ∈ T with c 6= d.

Cho et al.([6]) extended the above definition in a TS T to the
”product space” T × T .

Definition 2.7 [6] Let F : T × T → R be lsca on a TS T .
The mapping γ : T × T → T is forenamed to be:
(1) ”weakly F-contractive in the first coordinate” if
F(γ(c, d), γ(p, q)) < F(c, p) ∀ c, d, p, q ∈ T with
(c, d) 6= (p, q);
(2) ”strongly F-expansive in the first coordinate” if
F(γ(c, d), γ(p, q)) > F(c, p) ∀ c, d, p, q ∈ T with
(c, d) 6= (p, q);
(3) ”weakly F-contractive in the second coordinate” if
F(γ(c, d), γ(p, q)) < F(d, q) ∀ c, d, p, q ∈ T with
(c, d) 6= (p, q);
(4) ”strongly F-expansive in the second coordinate” if
F(γ(c, d), γ(p, q)) > F(d, q) ∀ c, d, p, q ∈ T with
(c, d) 6= (p, q);
(5) ”weakly contractive” if F(γ(c, d), γ(p, q)) <
min{F(c, p),F(d, q)} ∀ c, d, p, q ∈ T with (c, d) 6= (p, q);
(6) ”strongly expansive” if F(γ(c, d), γ(p, q)) >
max{F(c, p),F(d, q)} ∀ c, d, p, q ∈ T with (c, d) 6= (p, q).

Definition 2.8 [9] (1) An element (c, d) ∈ T × T is called a
”coupled fixed point” of the mapping γ : T × T → T on TS
T if γ(c, d) = c and γ(d, c) = d.

(2) An element (c, d) ∈ T × T is called a ”coupled coinci-
dence point” of the mapping γ : T × T → T and η : T → T
if γ(c, d) = η(c) and γ(d, c) = η(d).

(3) An element (c, d) ∈ T × T on TS T is called a ”com-
mon coupled fixed point” of the mapping γ : T × T → T and
η : T → T if γ(c, d) = η(c) = c and γ(d, c) = η(d) = d.

(4) Let T be a TS. The mappings γ : T × T → T and η :
T → T are commuting if η(γ(c, d)) = γ(η(c), η(d)) ∀ c, d ∈
T.

3 Main Results
In this section, we enhance the results in [6] to the setting

of two mappings having a exactly one ”common coupled fixed
point”. Before this, we define the following terms which we
will use in our theorem.
Let us outline the two sets G = {ln : n ≥ 1} and H =
{mn : n ≥ 1} where ln,mn are in any non-empty set T. Now
define the sets 4G×H = {(ln,mn) : n ≥ 1} and 4H×G =
{(mn, ln) : n ≥ 1} where 4G×H ⊆ G × H and 4H×G ⊆
H × G. Similarly 4̄G×H ⊆ Ḡ × H̄ and 4̄H×G ⊆ H̄ × Ḡ
where Ḡ denotes the closure of G and so on.

Theorem 3.1 Let γ : T × T → T and η : T → T are two
commuting mappings on a TS T such that for each countable
sets E,F ⊆ T,
E = γ(4E×F )∪{η(l0)} and F = γ(4F×E)∪{η(m0)} =⇒
E,F are relatively compact
where4E×F ⊆ E × F,4F×E ⊆ F × E and l0,m0 ∈ T . If
(i) γ is ”weakly F-contractive” and continuous or
(ii) η is ”weakly F-contractive” and continuous with η(E) ⊆
E, η(F ) ⊆ F ,
then γ and η have exactly one ”common coupled fixed point”.

proof. Let l1 = η(l0), m1 = η(m0) and outline the sequences
{ln}n≥1 and {mn}n≥1 in T in such a way: ln+1 = γ(ln,mn),
mn+1 = γ(mn, ln). Outline the sets
G = {ln : n ≥ 1} and H = {mn : n ≥ 1}. Then, we have

G = {ln+1 : n ≥ 1} ∪ {η(l0)}

G = {γ(ln,mn) : n ≥ 1} ∪ {η(l0)}

G = γ(4G×H) ∪ {η(l0)}

Similarly,
H = γ(4H×G) ∪ {η(m0)}

Therefore, by supposition, G and H are relatively compact.
LetW = (Ḡ×H̄)∪(H̄×Ḡ) andW4 = (4̄G×H)∪(4̄H×G).
ThenW andW4 are compact and contained in T×T withW4
contained in W .
Outline φ : W4 −→ R by

φ(l,m) =

{
F(l, γ(l,m)), if γ is continuous
F(l, η(l)), if η is continuous,
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for all (l,m) ∈W4.
Since F is lsca so for continuity of γ or η mappings, φ is
lsca by using Remark (2.5) and hence φ has a minimum,
say at (c, d) ∈ W4 by Lemma (2.3). Therefore, either
(c, d) ∈ 4̄G×H or (c, d) ∈ 4̄H×G.

Case-1 Suppose that (c, d) ∈ 4̄G×H and γ is continuous
and weakly F-contractive. Then (d, c) ∈ 4̄H×G. Hence ∃
two sequences {(cn, dn)} ⊆ 4G×H and {(dn, cn)} ⊆ 4H×G
such that limn→∞(cn, dn) = (c, d) and limn→∞(dn, cn) =
(d, c).
Due to the continuity of γ, we have
limn→∞ γ(cn, dn) = γ(c, d) and limn→∞ γ(dn, cn) =
γ(d, c)
But (γ(cn, dn), γ(dn, cn)) = (cn+1, dn+1) ∈ 4G×H .
Now, we proclaim that (γ(c, d), γ(d, c)) = (c, d). Suppose that
(γ(c, d), γ(d, c)) 6= (c, d). Since γ is weakly F-contractive, we
have

φ(γ(c, d), γ(d, c)) = F(γ(c, d), γ(γ(c, d), γ(d, c)))

< min{F(c, γ(c, d)),F(d, γ(d, c))}
= min{φ(c, d), φ(d, c)}
= φ(c, d),

which is contravention to the minimality of φ at (c, d). Hence
γ(c, d) = c and γ(d, c) = d.
One can easily see that η(c) = c and η(d) = d.
Undoubtedly, if η(c) 6= c and η(d) 6= d, then we have
F(c, η(c)) = F(γ(c, d), η(γ(c, d))) =
F(γ(c, d), γ(ηc, ηc)) < F(c, ηc), (because γ and η are
commuting) which is contravention.
Similarly,
F(d, η(d)) = F(γ(d, c), η(γ(d, c))) =
F(γ(d, c), γ(ηd, ηc)) < F(d, ηd), (because γ and η are
commuting) which is contravention. Thus η(c) = c, η(d) = d.

Case-2 Suppose that (c, d) ∈ 4̄H×G and γ is contin-
uous and weekly F-contractive. Then (d, c) ∈ 4̄G×H .
Pursuing the proof of case-1, we can also wind up that
γ(c, d) = c, γ(d, c) = q and η(c) = c, η(d) = d.

(ii) Case-1: Suppose that (c, d) ∈ 4̄G×H and η is contin-
uous and weekly F-contractive with η(E) ⊆ E, η(F ) ⊆ F .
Then φ(l,m) = F(l, ηl) as η is continuous. Put E = G
and F = H then c ∈ Ḡ, d ∈ H̄, g is continuous and
η(G) ⊆ G, η(H) ⊆ H signifies that η(c) ∈ Ḡ, η(d) ∈ H̄ .
Now, we assert that η(c) = c, η(d) = d, for otherwise, we will
have

φ(ηc, ηd) = F(ηc, ηηc) < F(c, ηc) = φ(c, d)

which is contradiction to the minimality of φ at (c, d). Hence
η(c) = c and η(d) = d. Now, suppose that γ(c, d) 6= c and
γ(d, c) 6= d, then we have
F(d, γ(c, d)) = F(ηc, γ(ηc, ηd)) = F(ηc, η(γ(c, d))) <
F(c, γ(c, d)) (because γ and η are commuting) which is con-
travention. Hence γ(c, d) = c.

Similarly,

F(d, γ(d, c)) = F(ηd, γ(ηd, ηc))

= F(ηd, η(γ(d, c)))

< F(q, γ(d, c))

which is contravention. Hence γ(d, c) = q
Thus γ and η have a ”common coupled fixed point”.

Case-2: Suppose that (c, d) ∈ 4̄H×G and η is continuous
and weakly F-contractive with η(E) ⊆ E and η(F ) ⊆ F =⇒
(d, c) ∈ 4̄G×H means c ∈ H̄ and d ∈ Ḡ. Then φ(l,m) =
F (l, ηl) as η is continuous. Put E = G and F = H . Then
d ∈ Ḡ, c ∈ H̄ , η is continuous and η(G) ⊆ G, η(H) ⊆ H
implies that η(d) ∈ Ḡ, η(c) ∈ H̄ . Pursuing the proof of case-
1, we can also wind up that γ(c, d) = c, γ(d, c) = d and
η(c) = c, η(d) = d.
Uniqueness, suppose ∃ (r, s) ∈ W4 s.t. γ(r, s) = η(r) = r
and γ(s, r) = η(s) = s.
Then, we have
F(c, r) = F(γ(c, d), γ(r, s)) < F(c, r)
F(q, s) = F(γ(d, c), γ(s, r)) < F(d, s)
F(c, d) = F(ηc, ηd) < F(c, d) (because η is weakly F-
contractive)
which is not true. Hence γ and η have exactly one common
coupled fixed point.
If η = idT , then above theorem dwindle to [[6],Theorem 3.1]

Corollary 3.2 [6] Let γ : T × T → T be a ”continuous and
weakly F-contractive” mappings such that for each countable
sets E,F ⊆ T,
E = γ(4E×F )∪{l0} and F = γ(4F×E)∪{m0} =⇒ E,F
are relatively compact,
where 4E×F ⊆ E × F, 4F×E ⊆ F × E and l0,m0 ∈ T ,
then γ has a ”coupled fixed point” in T × T .

Corollary 3.3 Let γ : T × T → T and η : T → T be two
commuting mappings on a metric space (T, d) such that for
each countable sets E,F ⊆ T,
E = γ(4E×F )∪{η(l0)} and F = γ(4F×E)∪{η(m0)} =⇒
E,F are relatively compact
where4E×F ⊆ E × F,4F×E ⊆ F × E and l0,m0 ∈ T . If
(i) γ is ”weakly contractive” and continuous or
(ii) η is ”weakly contractive” and continuous with η(E) ⊆
E, η(F ) ⊆ F ,
then γ and η have exactly one common coupled fixed point.

proof. Taking F = d in above Theorem, we get desired result.

Corollary 3.4 Let γ : T × T → T and η : T → T be two
commuting mappings on a compact TS T such that for each
countable sets E,F ⊆ T,
E = γ(4E×F )∪{η(l0)} and F = γ(4F×E)∪{η(m0)} =⇒
E,F are closed,
where4E×F ⊆ E × F,4F×E ⊆ F × E and l0,m0 ∈ T . If
(i) γ is ”weakly contractive” and continuous or
(ii) η is ”weakly F-contractive” and continuous with η(E) ⊆
E, η(F ) ⊆ F ,
then γ and η have exactly one common coupled fixed point.

proof. We get the desired result from Theorem (3.1).
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Theorem 3.5 Let h : T → T, r : T × T → T and η : T → T
be mappings on a TS T . Set γk = hk ◦ r and suppose that ∃
l0,m0 ∈ T such that for each countable sets E,F ⊆ T,
(i) E = γk(4E×F ) ∪ {η(l0)} and F = γk(4F×E) ∪
{η(m0)} =⇒ E,F are relatively compact,
(ii) E = γk(4E×F ) ∪ {ηk(l0)} and F = γk(4F×E) ∪
{ηk(m0)} =⇒ E,F are relatively compact
where4E×F ⊆ E × F,4F×E ⊆ F × E and γk, η commute
on T . If
(i) h and r are continuous and hk, r are ”weakly F-
contractive” or
(ii) η is continuous and ηk is ”weakly F-contractive” with
η(E) ⊆ E, η(F ) ⊆ F ,
then γ and η have exactly one common coupled fixed point in
T × T .

proof. Set γk = hk ◦ r. Let l1 = ηk(l0), m1 = ηk(m0) for
any k ∈ N and outline the sequences {ln}n≥1 and {mn}n≥1

in T in such a way: ln+1 = γk(ln,mn), mn+1 = γk(mn, ln)
for each n ≥ 1. Outline the sets
G = {ln : n ≥ 1} and H = {mn : n ≥ 1}. Then, we have

G = γk(4G×H) ∪ {ηk(l0)}

where,4G×H = {(ln,mn) : n ≥ 1}.
Similarly,

H = γk(4H×G) ∪ {ηk(m0)}

where,4H×G = {(mn, ln) : n ≥ 1}.
And so, by assumption, G and Q are relatively compact.
LetW = (Ḡ×H̄)∪(H̄×Ḡ) andW4 = (4̄G×H)∪(4̄H×G).
ThenW andW4 are compact and conained in T×T withW4
contained in W .
Define φ : W4 −→ R by

φ(l,m) =

{
F(l, γk(l,m)), if γ is continous
F(l, ηkl), if η is continous.

Since F is lsca so for continuity of γ of η mappings, φ is lsca
by using Remark (2.5) and hence, say at (c, d) ∈ W4, φ has a
minimum, by Lemma (2.3). Therefore, either (c, d) ∈ 4̄G×H
or (c, d) ∈ 4̄H×G.

Case-1: Assume that (c, d) ∈ 4̄G×H and hk, r are continu-
ous and ”weakly F-contractive”, it pursue that γk is continuous
and ”weakly F-contractive”. Then (d, c) ∈ 4̄H×G. Hence ∃
two sequences {(cn, dn)} ⊆ 4G×H and {(dn, cn)} ⊆ 4H×G
such that limn→∞(cn, dn) = (c, d) and limn→∞(dn, cn) =
(d, c).
Since γk is continuous, we have
limn→∞ γk(cn, dn) = γk(c, d) and limn→∞ γk(dn, cn) =
γk(d, c)
But (γk(cn, dn), γk(dn, cn)) = (cn+1, dn+1) ∈ 4G×H .
which signifies that (γk(c, d), γk(d, c)) ∈ 4̄G×H .
Now, we proclaim that (γk(c, d), γk(d, c)) = (c, d). Suppose
that (γk(c, d), γk(d, c)) 6= (c, d). Since γk is weakly F-

contractive, we have

φ(γk(c, d), γk(d, c)) = F(γk(c, d), γk(γk(c, d), γk(d, c)))

< min{F(c, γk(c, d)),F(d, γk(d, c))}
= min{φ(c, d), φ(d, c)}
= φ(c, d),

which is contravention to the minimality of φ at (c, d).
Hence (γk(c, d), γk(d, c)) = (c, d).
One can easily identify that ηk(c) = c and ηkq) = q.
Suppose that ηk(c) 6= c and ηk(d) 6= d, then we
have F(c, ηk(c)) = F(γk(c, d), ηk(γk(c, d))) =
F(γk(c, d), γk(ηkc, ηkd)) < F(c, ηkc), (because γ and
η are commuting) which is contravention.
Similarly,
F(d, ηk(d)) = F(γk(d, c), ηk(γk(d, c))) =
F(γk(d, c), γk(ηkd, ηkc)) < F(d, ηkd),(because γ
and η are commuting) which is contravention. Thus,
(ηkc, ηkd) = (c, d).
Thus, (c, d) is common coupled fixed point of γk, ηk and
hence of γ and η.
Case-2: Suppose that (c, d) ∈ 4̄B×A and hk, r are continuous
and weekly F-contractive. Then (d, c) ∈ 4̄A×B . Pursuing the
proof of case-1, we can wind up that γ(c, d) = c, γ(d, c) = d
and η(c) = c, η(d) = d.

(ii) Case-1: Suppose that (c, d) ∈ 4̄G×H and ηk is contin-
uous and weekly F-contractive with η(E) ⊆ E, η(F ) ⊆ F.
Then φ(l,m) = F (l, ηkl) as η is continuous. Put E = G
and F = H then c ∈ Ḡ, d ∈ H̄, η is continuous and
η(G) ⊆ G, η(H) ⊆ H implies that ηkc ∈ Ḡ, ηkd ∈ H̄ .
Now, we claim that ηkc = c, ηkd = d, for otherwise, we will
have

φ(ηkc, ηkd) = F(ηkc, ηkηkc) < F(c, ηkc) = φ(c, d)

which is contravention to the minimality of φ at (c, d). Hence
ηkc = c and ηkd = d. Now, assume that γk(c, d) 6= c and
γk(d, c) 6= d, then we have
F(c, γk(c, d)) = F(ηkc, γk(ηkc, ηkd)) =
F(ηkc, ηk(γk(c, d))) < F(c, γk(c, d)) (because γk and
η are commuting) which is contravention. Hence γk(c, d) = c.
Similarly,
F(q, γk(d, c)) = F(ηkd, γk(ηkd, ηkc)) =
F(ηkd, ηk(γk(d, c))) < F(d, γk(d, c)) (because γk and η are
commuting) which is contravention. Hence γk(d, c) = d.
Case-2: Suppose that (c, d) ∈ 4̄H×G and ηk is continuous
and weakly F-contractive with η(E) ⊆ E and η(F ) ⊆ F
=⇒ (d, c) ∈ 4̄G×H means c ∈ H̄ and q ∈ Ḡ. Then
φ(l,m) = F(l, ηkl) as η is continuous. Put E = G
and F = H . Then d ∈ Ḡ, c ∈ H̄ , η is continuous and
η(G) ⊆ G, η(H) ⊆ H implies that ηkq ∈ Ḡ, ηkc ∈ H̄ .
Pursuing the proof of case-1, we can also wind up that
γ(c, d) = c, γ(d, c) = d and η(c) = c, η(q) = q.
Uniqueness, suppose ∃ (r, s) ∈ W4 s.t. γk(r, s) = ηkr = r
and γk(s, r) = ηks = s.
Then, we have
F(c, r) = F(γk(c, d), γk(r, s)) < F(c, r)
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F(d, s) = F(γk(d, c), γk(s, r)) < F(d, s)
F(c, d) = F(ηkc, ηkd) < F(c, d) (because ηk is weakly
F-contractive)
which is false. Thus, (c, d) is the exactly one common coupled
fixed point of γk, ηk and hence of γ and η.

Remark 3.6 In above theorem, if h = idT and k = 1,
then γ = r and so Theorem 3.5 diminshes to Theorem 3.1.
Therefore, Theorem 3.5 generalizes the Theorem 3.1.

If T is taken as a Banach space, then we get a nice follow-up
of Theorem 3.5, on the survival of ”common coupled fixed
point”.

Let a ”Banach space” T having the transitive binary rela-
tion � such that for any α, β ∈ T , we have

min
�
{α, β} =

{
α, if α � β
β, if β � α.

Theorem 3.7 Let a ”Banach space” T with the ”transitive bi-
nary relation” � such that ∀ l,m ∈ T, l � m is outlined
by ‖l‖ ≤ ‖m‖. Assume, further that B, p, q, η : T → T and
e : T × T → T are five mappings complying the subsequent
conditions:
(a) 0 � q(l) and ‖q(l)‖ = ‖l‖ ∀l ∈ T ;
(b) the mapping B is linear, bounded and, for any k ∈
N, ‖Bkl‖ ≤ ‖l‖ ∀ l ∈ T such that l 6= 0 with 0 � l;;
(c) if 0 � l � m, then Bl � Bm;
If either
(i) q(p(z) − p(w)) � Bq(η(z) − η(w)) ∀z, w ∈ T
and q(e(l,m) − e(u, v)) � Bmin�{qη(l − u), qη(m −
v)} ∀ l,m, u, v ∈ T and η is contractive,

(3.1)
or
(ii) q(η(z) − η(w)) � Bq(p(z) − p(w)) ∀ z, w ∈
T and min�{qη(l − u), qη(m − v)} �
Bq(e(l,m) − e(u, v)) ∀ l,m, u, v ∈ T and γ is
contractive, (3.2)
with γ, η commuting on T.
If γk = pkoe : T×T → T is a composition of the kth iteration
pk and η and, further there exists l0,m0 ∈ T such that
E = γk(4E×F ) ∪ {η(l0)} and F = γk(4F×E) ∪ {η(m0)}
=⇒ E,F are relatively compact
or E = γk(4E×F ) ∪ {ηk(l0)} and F = γk(4F×E) ∪
{ηk(m0)} =⇒ E,F are relatively compact
∀ countable sets E,F ⊆ T where 4E×F ⊆ E × F and
4F×E ⊆ F × E, then γ and η have exactly one common
coupled fixed point in T × T.

proof. Assume that eqn (3.1) holds with γ and η commuting
on T . Then, we get

0 � q(γ2(l,m)− γ2(u, v))

= q(p2(e(l,m)− p2(e(u, v)))

� Bq(pηe(l,m)− pηe(u, v))

� Bq(η3(l,m)− η3(u, v))

F (γk(l,m), γk(u, v)) = F (pk(e(l,m)), pk(e(u, v)))

< F (e(l,m), e(u, v))

< min
�
{F (l, u), F (m, v)}

0 � q(γ2(l,m)− γ2(u, v))

= q(p2(e(l,m))− p2(e(u, v)))

� B[q(η(p(e(l,m)))− η(p(e(u, v))))]

� B[q(p(η(e(l,m)))− p(η(e(u, v))))]

� B2[q(η2(e(l,m))− η2(e(u, v)))

= B2q(e(η2l, η2m)− e(η2u, η2v))

� B3 min
�
{qη(η2l − η2u), q(η2m− η2v)}

= B3 min
�
{qη3(l − u), qη3(m− v)}

� B3 min
�
{qη(l − u), qη(m− v)}

Therefore, beyond k-steps for k ∈ N , we get

0 � q(γk(l,m)− γk(u, v))

� Bk+1 min
�
{qη(l − u), qη(m− v)}

Hence, it pursues that

‖γk(l,m)− γk(u, v)‖ = ‖q(γk(l,m)− γk(u, v))‖
≤ ‖Bk+1 min

�
{qη(l − u), qη(m− v)}‖

≤ ‖min
�
{qη(l − u), qη(m− v)}‖

= min
�
{‖η(l − u)‖, ‖η(m− v)‖}

≤ min
�
{‖(l − u)‖, ‖(m− v)‖}

because η is contractive.
So, γk is ”weakly contractive”. Due to the continuity of γ , the
mappings γ and η have a exactly one ”common coupled fixed
point” in T × T.
(b) Assume that eqn (3.2) holds and γ is contractive
∀ l,m ∈ T with γ, η commuting. Now, the proof pursues if

we interchange γ, η in (a) above.

The coming example exhibits Theorem 3.1.

Example 3.8 Let (c0, ‖.‖∞) be a ”Banach space” of all ”null
real sequences”. Outline a set T = {u = {un} ∈ c0 : un ∈
[0, 1] ∀ n ≥ 1}. Let αn, βn be the sequences in T such that
αn, βn ∈ (0, 1) for each n > k and αn, βn → 0 as n → ∞
where k ∈ N . Define the mappings γ : T × T → T and
η : T → T by
γ(l,m) = {γn(ln,mn)}, η(l) = {ηn(ln)}n≥1 ∀ l =
{ln},m = {mn} ∈ T and γn : [0, 1] × [0, 1] → [0, 1], ηn :
[0, 1]→ [0, 1] are s.t. for 1 ≤ n ≤ k,

|γn(ln,mn)− γn(sn, tn)| < min{|ln − sn|, |mn − tn|}

|γn(mn, ln)− γn(tn, sn)| < min{|ln − sn|, |mn − tn|}
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η((ln)− η(sn)) <
|ln − sn|

3

and for each n > k,
γn(ln,mn) = αnln, γn(mn, ln) = βnmn, η((ln) = αnln

3 .
We check the suppositions of Theorem 3.1.
(i) Clearly γ and η are continuous.
(ii) For l,m ∈ T , we have

‖γ(l,m)− γ(s, t)‖ = sup
n≥1
|γn(ln,mn)− γn(sn, tn)|

‖η(l)− η(m)‖ = sup
n≥1
|ηn(ln)− ηn(mn)|

Since the sequences {γn(ln,mn)}n≥1 , {γn(sn, tn)}n≥1

and {ηn(ln)}n≥1 are null sequences, ∃ N ∈ N such that

sup
n≥1
|γn(ln,mn)−γn(sn, tn)| = |γN (lN ,mN )−γN (sN , tN )|

sup
n≥1
|ηn(ln)− η(mn)| = |ηN (lN )− η(mN )|.

Hence, we have

‖γ(l,m)− γ(s, t)‖ = |γN (lN ,mN )− γN (sN , tN )|
< min{|lN − uN |, |sN − tN |}
= min{sup

n≥1
|lN − uN |, sup

n≥1
|sN − tN |}

= min{‖lN − uN‖, ‖sN − tN‖}

and

‖ηn(ln)− ηn(mn)‖
= |ηN (lN )− ηN (mN )| < |lN −mN |

= sup
n≥1
|ln −mn| = ‖ln −mn‖.

Thus γ and η are weakly contractive and continuous map-
pings.Next assume that, for some countable sets E,M ⊆ T ,
we have

E = γ(4E×F ) ∪ {η(0c0)}

F = γ(4F×E) ∪ {η(0c0)}.

That is E,F ⊆ [0, 1] and hence their closures are com-
pact. Also ηn(γn(ln,mn)) = η(αnln) = (αn)2ln

3 =
γn(η(ln), η(mn))
Thus by using Theorem 3.1, γ and η have exactly one ”common
coupled fixed point” in T × T .

4 Conclusion
Firstly, we proved the common coupled fixed point theo-

rems by using the modified definition of weakly F-contractive

mapping on a TS. After that we furnish an example based
on the proved result. Our results enlarge and generalise the
various results in literature.
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