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Abstract In late sixties, Furi and Vignoli proved fixed
point results for a-condensing mappings on bounded com-
plete metric spaces. Bugajewski generalized the results to
“weakly F-contractive mappings” on topological spaces(TS).
Bugajeski and Kasprzak proved several fixed point results
for ”weakly F-contractive mapping” using the approach
of lower(upper) semi-continuous functions. After that, by
modifying the concept of “weakly F-contractive mappings”,
the coupled fixed point results were proved by Cho, Shah and
Hussain on topological space. On different spaces, common
coupled fixed point results were discussed by Liu, Zhou
and damjanovic, Nashine and Shatanawi and many other
authors. In this work, we prove the common coupled fixed
point theorems by adopting the modified definition of weakly
F-contractive mapping v : T — T, where T is a topological
space. After that, we extend the result of Cho, Shah and
Hussain for Banach spaces to common coupled quasi solutions
enriched with a relevant transitive binary relation. Also, we
give an example in the support of proved result. Our results
extend and generalize several existing results in the literature.

Keywords  Topological Space, Weakly F-contractive
Mapping, Common Coupled Fixed Point, Relatively Compact
Set

1 Introduction

As already known that, if v : T — T is a “weakly con-
tractive mapping” for a compact metric space 7', then ~ has
a “fixed point” in T'(see [7]). In late sixties, the above con-
cept was extended by Furi and Vignoli ([8]) to c-condensing
mappings acting on a “bounded complete metric space” which
have been generalized by Bugajewski([2]) by make use of the
approach of "weakly F-contractive mappings” acting on a TS.

Chen et al.(J4]) introduced a more general notion

of “lower(upper) semi-continuous” function using KKM-
mappings which was redefined by Bugajewski ([3]) for weakly
F-contractive mappings to devise and demonstrate several
fixed point results.

In 2010, Shah et al.([[10]) take further the work of Bugajew-
ski ([3]]) to common fixed point results adopting the approach
of "weakly F-contractive mappings” in TS. As per need of
“coupled fixed point” results, Cho et al.([6]) modified the con-
cept of "weakly F-contractive mappings” v : T' x T" — T on
TST.

Further common coupled fixed point results was studied by
many authors([9],[11]]) in partially ordered metric space. By
using the semi-order method, Cho et al.([5]) discussed the solv-
ability of ”coupled quasi solutions” for the non-linear operator
equations.

In this work, we reformulate and prove the outcomes of Cho
et al.([6l]) for common coupled fixed points by make use of
the modified definition of “weakly F-contractive” mappings
v T — T, where T is a TS. Also, by taking certain iter-
ation of the mapping as weakly F-contractive, we give some
common coupled fixed point results. As a corollary, we get
a broadening to ”common coupled fixed points” of ( [6] ,theo-
rem 3) for “Banach spaces” with a quasimodulus enriched with
a relevant transitive binary relation.

2 Preliminaries

In this section, firstly we recollect the definition of a “lower
semi-continuous from above(lsca)” function introduced in [6]].

Definition 2.1 (/6]) Let T be a TS. A function~y : T xT — R
onTS T isforenamed to be Isca at a point (lg,mg) € T x T
if, for any net {(ly,m¢) }ren in T x T converging to (ly, mg)
such that y(ly, ,my,) < v(ly,,my,) for any ti,ta € A with
ta < t1, y(lo, mo) < limygen y(le, my).

A function v : T' x T — R is forenamed to be Isca if it is Isca
V (I,m)eT xT.
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Example 2.2 [6]] Let v : T x T — R where T = {(0,0)} U
R~ x R~ UR™" x R7 outlined by
(c.d) = c+d+1, if (¢,d) e RT x RTU{(0,0)};
new= c+d, if (¢,d)eR™ xR~
Clearly, at (0,0), ~y is Isca , but it is not "lower semi-
continuous” at (0, 0)

The subsequent lemmas establish some properties of Isca map-
pings.

Lemma 2.3 /4] Let v : T — R be an Isca function on com-
pactTS T. Then 3 ly € T such that v(lp) = inf{y(l) : | €
T}.

Lemma 2.4 [6] Let v,
tionon TS T. If v
composition function 11 = 72 0 7y;

: T x T — T be a continuous func-
: T — R is a Isca function, then the
:T x T — Ris also Isca.

Remark 2.5 Let v : T x T — T be a ”continuous function”
and F : TxT — RbelscaonTS T. Thenn : TxT — Rout-
lined by n(c,d) = F(c,v(c,d))( or n(c,d) = F(e,v(d,c)))
is also Isca. For, let {(ct,di)}ten be anetin T x T converg-
ing to a point (¢,d) € T x T. Since vy is continuous, we
have limep y(ct,dr) = (¢, d). Suppose that n(cy,,ds,) <
n(ce,, di,) if to <ty.Because F is Isca, we have

n(e,d) = Fle,y(e,d)) < limgep Fer,y(e,dy)) =
limy¢ep n(ct, dy)-

Definition 2.6 /3| LetF : T x T — RbelscaonTS T. The
mapping v : T — T is forenamed to be:

(1) “weakly F-contractive” if F(v(c),v(d)) <
F(c,d) V ¢,d € T withc # d;
(2)  7strongly F-expansive” if F(v(c),v(d)) >
F(c,d) ¥V ¢,d € T with ¢ # d.

Cho et al.([6l]) extended the above definitionina TS T to the
”product space” T x T'.

Definition 2.7 [6]] Let F : T x T — R be Iscaona TS T.
The mapping v : T x T — T is forenamed to be:

(1) “weakly F-contractive in the first coordinate” if
F(y(c,d),v(p.q)) < Fle,p) V cdpq € T with
(c,d) # (p,q);
(2) 7strongly
F(y(c,d),v(p,
(c,d) # (p,q);

(3) “weakly F-contractive in the second coordinate” if
F(y(e,d),v(p,q)) < F(dq) YV ecdpg € T with
(¢,d) # (p, @)

(4) strongly F-expansive in the second coordinate” if

F-expansive in the first coordinate” if
q)) > F(e,p) V e d,pgq € T with

F(y(c,d),v(p,q)) > F(d,q) V ¢ dp,q € T with
(c,d) # (p, @)

(5) “weakly contractive” if F(v(c,d),v(p,q)) <
min{F(c,p), F(d,q)} V ¢,d,p,q € T with (¢, d) # (p, q);
(6) strongly expansive” if F(vy(c,d),v(p,q)) >
max{F(c,p),F(d,q)} ¥V ¢,d,p,q € T with (c,d) # (p, q).
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Definition 2.8 /9] (1) An element (c,d) € T x T is called a
“coupled fixed point” of the mapping v : T x T — T on TS
T ifvy(c,d) = cand~y(d,c) =d.

(2) An element (c,d) € T x T is called a "coupled coinci-
dence point” of the mapping v : T xT — T andn:T — T
ifv(e,d) = n(c) and v(d, c) = n(d).

(3) An element (¢,d) € T x T onTS T iscalled a "com-
mon coupled fixed point” of the mapping v : T x T — T and
n:T —=Tifv(c,d) =n(c) =candvy(d,c) = n(d) = d.

(4) Let T be a TS. The mappings v : T X T — T and n :
T — T are commuting if n(y(c,d)) = v(n(c),n(d)) V ¢, d €
T.

3 Main Results

In this section, we enhance the results in [6] to the setting

of two mappings having a exactly one ”common coupled fixed
point”. Before this, we define the following terms which we
will use in our theorem.
Let us outline the two sets G = {l, : n > 1} and H =
{my : n > 1} where l,,, m,, are in any non-empty set T. Now
define the sets Agxng = {(ln,mn) : n > 1} and Apgxg =
{(mn,1,) : n > 1} where Agxy € G x H and Agyg C
H x G. Similarly Agyg € G x H and Agyg € H x G
where G denotes the closure of G and so on.

Theorem 3.1 Let~y : T xT — T andn : T — T are two
commuting mappings on a TS T such that for each countable
sets E,F C T,

E=~(Apxp)U{n(lo)} and F' = v(Apxp)U{n(mo)} =
E| F are relatively compact

where Apxp C E X F,Apxg CF X Eandly,mg € T. If
(i) v is "weakly F-contractive” and continuous or

(it) n is "weakly F-contractive” and continuous with n(E) C
En(F) CF,

then v and n have exactly one ”common coupled fixed point”.

proof. Let 1 = n(ly), m1 = n(myo) and outline the sequences
{ln}n>1 and {m,, },>1 in T in such a way: ,,41 = v(l,,, my),
Mp+1 = Y(my, ;). Outline the sets

G ={l,:n>1}and H = {m,, : n > 1}. Then, we have
G ={lps1:n>1}U{n(o)}
G = {y(ln,my) :n > 13U {n(lo)}
G =v(Laxu)U{n(lo)}
Similarly,

H =~(Amxa)U{n(mo)}

Therefore, by supposition, G and H are relatively compact.
LetW = (GXH)U(HX é) and Wa = (Ang)U(AHX(;).
Then W and W a are compact and contained in 7' x T" with Wa
contained in W.

Outline ¢ : WA — R by

(RO m)),
o) = {F(z,w»

if ~y is continuous

if 7 is continuous,
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forall (I,m) € Wa.

Since F is Isca so for continuity of + or n mappings, ¢ is
Isca by using Remark (2.5) and hence ¢ has a minimum,
say at (c,d) € Wa by Lemma (2.3). Therefore, either
(c,d) € Agxm or (c,d) € Apxa.

Case-1 Suppose that (¢,d) € Agxy and 7 is continuous
and weakly F-contractive. Then (d,c) € Agx¢. Hence 3
two sequences {(¢n,dn)} C Agxm and {(dn, )} C Apxa
such that lim, o0 (cn,dn) = (¢,d) and lim, o0 (dp,cn) =
(d,c).

Due to the continuity of v, we have

lim, oo Y(Cn,dn) = ~(c,d) and lim,_ oo y(dp,cn) =
7(d, c)

But ((¢n, dn), ¥(dn, cn)) =
Now, we proclaim that (v(c, d),

(cnt1,dnt1) € AgxH-
~(d, ¢)) = (¢, d). Suppose that

(v(e,d),v(d, c)) # (¢, d). Since v is weakly F-contractive, we
have
o(v(e, d),7(d, c)) = F(v(c,d), v(v(c, d),~(d; ¢)))

< min{F(c,v(c,d)),F(d,v(d,c))}
= min{¢(c,d), d(d,c)}
= ¢(C7 d)a

which is contravention to the minimality of ¢ at (¢, d). Hence
v¥(e,d) = cand y(d, c) = d.

One can easily see that (c) = c and n(d) = d.

Undoubtedly, if 1(c) # ¢ and n(d) # d, then we have

F(c,n(c)) = F(v(c,d),n(v(c,d))) =
F(v(c,d),v(ne,ne)) < F(e,nc), (because v and n are
commuting) which is contravention.

Similarly,

F(d,n(d)) = F(y(d,c),n(~(d; c))) =
F(y(d,c),v(nd,nc)) < F(d,nd), (because v and n are

commuting) which is contravention. Thus 7(c) = ¢, n(d) = d.

Case-2 Suppose that (¢,d) € Apye and 7 is contin-
uous and weekly F-contractive. Then (d,c) € Agxn.
Pursuing the proof of case-1, we can also wind up that

v(e,d) = ¢, v(d,c) = qandn(c) =c, n(d)=d.

(ii) Case-1: Suppose that (c,d) € Agxy and 7 is contin-
uous and weekly F-contractive with n(E) C E,n(F) C F.
Then ¢(l,m) = F(I,nl) as n is continuous. Put £ = G
and F = H then ¢ € G,d € H, g is continuous and
n(G) C G,n(H) C H signifies that n(c) € G,n(d) € H.
Now, we assert that n(c) = ¢,n(d) = d, for otherwise, we will
have

¢(ne,nd) = F(ne,nne) < F(e,ne) = o(c,d)

which is contradiction to the minimality of ¢ at (¢, d). Hence
n(c) = ¢ and n(d) = d. Now, suppose that y(c,d) # ¢ and
~(d, ¢) # d, then we have

F(d,y(c,d)) = F(ne,y(ne,nd)) = F(ne,n(y(c,d)) <
F(c,7v(c,d)) (because v and n are commuting) which is con-
travention. Hence (¢, d) = c.
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Similarly,

F(d,~(d,c)) = F(nd,v(nd, nc))

(
F(nd,n(~(d;c)))
F(g,7(d;c))

which is contravention. Hence v(d, ¢) = ¢
Thus v and 7 have a ’common coupled fixed point™.
Case-2: Suppose that (c,d) € Agxg and 7 is continuous
and weakly F-contractive with n(E) C Eandn(F) C F =
(d,c) € Agxpm means ¢ € H and d € G. Then ¢(I,m) =
F(l,nl) as n is continuous. Put F¥ = G and F = H. Then
d € G,c € H, n is continuous and 7(G) C G,n(H) C H
implies that n(d) € G, n(c) € H. Pursuing the proof of case-
1, we can also wind up that y(c,d) = ¢, 7(d,¢) = d and
n(e) = e,n(d) = d.
Uniqueness, suppose 3 (r,s) € Wa s.t. v(r,s) = n(r) = r
and (s, ) = 1(s) =
Then, we have

F(c,r) = F(y(¢,d),~(r;s)) <F(c,r)

F(g,5) = F(7(d, ), v(s,7)) <F(d,s)

F(c,d) = F(ne,nd) < F(c,d) (because n is weakly F-
contractive)

which is not true. Hence v and n have exactly one common
coupled fixed point.

If n = idp, then above theorem dwindle to [[|6],Theorem 3.1]

Corollary 3.2 [6|] Let v : T x T — T be a ”continuous and
weakly F-contractive” mappings such that for each countable
sets E,F C T,

E = 'Y(AEXF)U{ZO} and F' = ’Y(Apr)U{mo} = K, F
are relatively compact,

where Apxrp C EXF, NApyp CF x Eandlg,mg €T,
then vy has a "coupled fixed point” in T x T.

Corollary3.3 Let v : T xT — T andn : T — T be two
commuting mappings on a metric space (T, d) such that for
each countable sets E, F C T,
E=~(8pxp)U{nllo)}and F' = v(Apxe)U{n(mo)} =
E| F are relatively compact

where Apyr CEX F, Apyxg CF X Eandlg,mg € T. If
(1) 7y is "weakly contractive” and continuous or

(#4) m is "weakly contractive” and continuous with n(E) C
E,n(F)CF,

then v and 1 have exactly one common coupled fixed point.

proof. Taking F = d in above Theorem, we get desired result.

Corollary34 Let v : T'xT — T andn : T — T be two
commuting mappings on a compact TS T such that for each
countable sets E, F C T,

E = 1(Dpxr)U{n(lo)} and F = (D) U{n(mo)} =
E. F are closed,

where Npxr CE X F,Apxg CF x Eandly,mg € T. If
() v is "weakly contractive” and continuous or

(#3) m is "weakly F-contractive” and continuous with n(E) C
E.n(F)CF,

then v and 1 have exactly one common coupled fixed point.

proof. We get the desired result from Theorem (3.1).
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Theorem 3.5 Leth : T —T,r: T xT —Tandn:T —T
be mappings on a TS T. Set v* = h* o r and suppose that 3
lo,mo € T such that for each countable sets E, FF C T,

(i) E = ¥*"(Dpxr) U {n(l)} and F = 7*(Apxg) U
{n(mo)} = E, F are relatively compact,

(i) E = ¥ (Apur) U {n*(lo)} and F = +*(Apr) U
{n*(mo)} = E, F are relatively compact

where Apyr C E X F,Apxp C F x E and ~*, 1 commute
onT. If

(i) b and r are continuous and h* r are
contractive” or

(ii) n is continuous and n®
n(E) CE, n(F)CF,
then ~y and n have exactly one common coupled fixed point in
T xT.

“weakly F-

s "weakly F-contractive” with

proof. Sety* = h¥or. Letly = n*(ly), m1 = n¥(myg) for
any k € N and outline the sequences {l,,},>1 and {my }n>1
in T in such a way: I, 11 = Vi (ln, M), Mpy1 = YF (M, 1)
for each n > 1. Outline the sets

G={l,:n>1}and H = {m,, : n > 1}. Then, we have

G =v"(Laxm) U {n"(l)}

where, Agxpg = {(l,,my) :n > 1}.
Similarly,

H =~y"(Apxe) U{n®(mo)}

where, Apgxg = {(mn,1,) :n > 1}

And so, by assumption, GG and () are relatively compact.
LetW = (Gx H)U(HxG)and Wa = (Agxr)U(Drxa)
Then W and Wa are compact and conained in 7' x T with WA
contained in W.

Define ¢ : WA — R by

F(1,7*(1,m)), if v is continous
o(l,m) = ( k( ) e .
F(l,n"), if 1) is continous.

Since F is Isca so for continuity of « of  mappings, ¢ is Isca
by using Remark (2.5) and hence, say at (¢,d) € Wa, ¢ has a
minimum, by Lemma (2.3). Therefore, either (¢, d) € e
or (¢c,d) € Agxa.

Case-1: Assume that (¢, d) € Agx g and h*, r are continu-
ous and “weakly F-contractive”, it pursue that " is continuous
and “weakly F-contractive”. Then (d,c) € Apyg. Hence 3
two sequences { (¢, dn)} C Agxm and {(d,,, cn)} C Apxa

such that lim,, o (¢p, d,) = (¢,d) and lim, o (d,,, c) =
(d,c).

Since vk is continuous, we have

lim,, 00 ¥ (cnydn) = Y*(c,d) and lim,, o0 Y¥(dn, cn) =
7 (d, c)

But (’Y (enydn),y (dnacn)) (Cn—O—la n+1) € AGxH-
which signifies that (v*(c, d),v*(d, c)) € Agxm.

Now, we proclalm that (v*(c, d) k(d,c)) = (c,d). Suppose
that (v*(c, d),v*(d, c)) ) Since v* is weakly F-
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contractive, we have

o(v* (¢, d),7*(d, c)) = F(v*(c, d),7* (v*(c, d),7"(d, c)))
< min{F(c,v*(c,d)),F(d,~*(d,c))}

= min{¢(c, d), ¢(d,c)}

= ¢(C, d),
which is contravention to the minimality of ¢ at  (c¢,d).
Hence (7*(c,d), vi(d, c)) = (¢, d).
One can easily identify that n*(c) = c and n*q) = q.
Suppose that n*(c) # ¢ and n¥(d) # d, then we
have F(c,n"(c)) = F(F(e,d),n" (1 (e.d)) =
F(v*(c,d),v*(n*e,n*d)) < F(c,n¥e), (because v and

7 are commuting) which is contravention.

Similarly,
F(d,n"(d)) = F(yv*(d, c),n*(v*(d, c))) =
F(v*(d,¢),v*(n*d,n*c)) <  F(d,n"d),(because -

and 7 are commuting) which is contravention.  Thus,

(nkca de) = (¢,d).

Thus, (c,d) is common coupled fixed point of 7* n* and
hence of ~y and 7.

Case-2: Suppose that (¢, d) € Ay 4 and h¥, 7 are continuous
and weekly F-contractive. Then (d, c¢) € A 4 p. Pursuing the
proof of case-1, we can wind up that y(c,d) = ¢, v(d,c) =d
andn(c) =¢, n(d)=d.

(ii) Case-1: Suppose that (c,d) € Agxg and 7, is contin-
uous and weekly F-contractive with n(E) C E,n(F) C F.
Then ¢(I,m) = F(I,n*l) as n is continuous. Put £ = G
and F = H thenc € G, d € H, n is continuous and
n(G) € G,n(H) C H implies that n*c € G,n*d € H.

Now, we claim that nkc =c, nkd = d, for otherwise, we will
have

= ¢<C7 d)

which is contravention to the minimality of ¢ at (¢, d). Hence
nkc = c and n*d = d. Now, assume that v*(c,d) # c and
v*(d, c) # d, then we have

F(c,v"(c,d)) = F(n*e, 7" (n*c,n"d)) =
F(nke,n*(v*(c,d))) < F(c,7*(c,d)) (because v* and
7 are commuting) which is contravention. Hence 7" (¢, d) = c.
Similarly,

F(g,7"(d,c)) = F(n*d,v*(n*d,n"c)) =
F(n*d,n*(v*(d,c))) < F(d,~*(d,c)) (because v* and 7 are
commuting) which is contravention. Hence 7*(d, ¢) = d.
Case-2: Suppose that (¢,d) € Agxg and n* is continuous
and weakly F-contractive with n(E) C FE and n(F) C F
= (d,c) € AGXH means ¢ € H and ¢ € G. Then
#(l,m) = F(I,n*l) as n is continuous. Put £ = G
and F = H. Thend € G,c € H, 77 is continuous and
n(G) C G,n(H) C H implies that n*q € G,n*c € H.
Pursuing the proof of case-1, we can also wind up that
v(c,d) = ¢, v(d,c) =dandn(c) =c,n(q) =q

Uniqueness, suppose 3 (r,s) € Wa s.t. ¥5(r,s) = nfr = r

o(n"e,n"d) = F(n*e,n"n*c) < F(e,nke)

and v¥(s,7) = nFs = s.
Then, we have
F(c,r) = F(v*(c,d),7*(r,s)) < F(c,7)
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F(d,s) =F(7*(d,c).7"(s,7)) <
F(c,d) = F(n'c,n"d) < F(c,
F-contractive)
which is false. Thus, (¢, d) is the exactly one common coupled
fixed point of v*, n* and hence of ~ and 7.

F(d,s)

d) (because n* is weakly

Remark 3.6 In above theorem, if h = idy and k = 1,
then v = r and so Theorem 3.5 diminshes to Theorem 3.1.
Therefore, Theorem 3.5 generalizes the Theorem 3.1.

If T is taken as a Banach space, then we get a nice follow-up
of Theorem 3.5, on the survival of “common coupled fixed
point”.

Let a "Banach space” T having the transitive binary rela-
tion < such that for any o, B € T, we have

min{a, 8} = {07 l.fa =P

& B, ifB=2a
Theorem 3.7 Let a "Banach space” T with the "transitive bi-
nary relation” < such that ¥V I,m e T, | <X misoutlined
by ||l]| < ||ml|. Assume, further that B,p,q,n : T — T and
e: T xT — T are five mappings complying the subsequent
conditions:
(@) 0 = q(l) and [lq()| = 1] VI € T;
(b) the mapping B is linear, bounded and, for any k &

N, |B*I|| < ||l V¥ I €T suchthatl# 0with0 =< I;;

(c)if0 =1 < m, then Bl < Bm;

If either

(i) a(p(2) — pw)) < Ba(n(z) — n(w)) Vew € T

and q(e(l,m) — e(u,v)) = Bminz{qn(l — u),qn(m —

v)} v I,m,u,v € T and n is contractive,
(3.1)

or

(i) an(=) — n(w) < Bap(e) — pw) ¥ zw €

T and min<{gn(l — w),gn(m — v)} =

Bq(e(l,m) — e(u,v)) v I,myu,v € T and v is

contractive, (3.2)

with v, commuting on T

Ifv* = pFoe : T xT — T is a composition of the k'" iteration
p* and 1 and, further there exists lg, mg € T such that

E = y*(Apxr) U {n(lo)} and F = v*(Apxp) U {n(mo)}
= FE, F are relatively compact

or E = ’}/k(AEXF) U {nk(lo)} and F =
{n¥(mo)} == E, F are relatively compact
V countable sets E,F C T where ANgxr C E X F and
Apxgp C F x E, then v and 1 have exactly one common
coupled fixed pointinT' x T.

Y*(Apxe) U

proof. Assume that eqn (3.1) holds with v and 7 commuting
on T'. Then, we get

0 =< q(v*(l,m) = v*(u,v))
= q(p*(e(l,m) — p*(e(u, v)))
= Bq(pne(l,m) — pne(u,v))
= Bq(n’(l,m) — 1’ (u, v))
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m TR W mma R
=y
S
@

<F
< m;n{F Liu), F(m,v)}
0= q(v*(l,m) —¥*(u,v))
= q(p*(e(l,m)) — p*(e(u, v)))
= Bla(n(p(e(l,m))) — n(p(e(u,v))))]
= Bla(p(n(e(l,m))) — p(n(e(u,v))))]
= (I, m)) — n*(e(u,v)))
) )

IA
w

3 min{qn3(l —u),qn*(m —v)}

min{gn(l —u),qn(m —v)}

j

N

Therefore, beyond k-steps for k € N, we get

= 7*(u,v))
mjin{qn(l —u),qn(m —v)}

0 =< q(v*(l,m)
< Bk+1

Hence, it pursues that

= (u,0)|| = lla(¥* (1, m) = v (u,v))||
< ||BM! min{qn(l —u), n(m

9 (1, m)
—v) H|

— )}l
= min{[ln{l =) In(m —v)]}

< min{|[(0 = w)ll, [ (m — )}

< [[min{gn(l —u), gn(m

because 7 is contractive.

So, v* is “weakly contractive”. Due to the continuity of ~ , the
mappings v and 1 have a exactly one “common coupled fixed
point”in T x T.

(b) Assume that eqn (3.2) holds and ~ is contractive
V I,m € T with v, commuting. Now, the proof pursues if
we interchange v, 7 in (a) above.

The coming example exhibits Theorem 3.1.

Example 3.8 Let (co, ||.||oo) be a "Banach space” of all "null
real sequences”. Outline a set T = {u = {u,} € ¢o : uy, €
[0,1] V n > 1}. Let o, By, be the sequences in T such that
ap, Br € (0,1) for eachn > k and oy, B, — 0 asn — oo
where k € N. Define the mappings v : T x T — T and
n:T —T by

Vm) = fmlmma)t, 00) = (gl ¥ 1 =
{l}m_{mn}ETandﬁ)/n'[Ov ] [ ] [0 1} MNn *
[0,1] are s.t. for 1 <n <k,

[0,1] —
[V (lns M) — Yo (Sn, tn)| < min{|l, — snl, [mn —ta[}
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(1) — n(s)) < 1m0

and for each n > k,

'-Yn(lvu mn) = anlna ’Yn(mvu ln) = Bnmnv n((ln) = 3
We check the suppositions of Theorem 3.1.

(i) Clearly ~ and 7 are continuous.

(ii) For I, m € T, we have

[v(l,m) —~(s,t)|| = sup [V (Ins M) — Yn(Sn, tn)]

[n(l) = n(m)| = igfl) 1 (ln) — 1 (0|

Since the sequences {yn,(ln,mn)tn>1 5 {¥n(Sn,tn) tn>1
and {0y, (1) }n>1 are null sequences, 3 N € N such that

Sgl? [Yn (T, Mn) = Yn(8n, tn)| = YN (Ins mn) —Yn (s, tN)|

sup 1 (ln) — n(ma)| = [ (In) — n(mw)|.

Hence, we have

lv(l,m) —~(s,t)|| = [y~ (In, mn) — N (5N, )]
< min{|lN — uN\7 ‘SN — tN|}

= min{sup |ly — un/|,sup|sy — tn|}
n>1 n>1
= min{||ix —un|l; l[sn —tnll}

and

77 (1) = 10 (00 |
= |nn(In) — v (my)| < |In —my|

= 5up [l — | = ||l — ]
n>1

Thus ~ and n are weakly contractive and continuous map-
pings.Next assume that, for some countable sets E, M C T,
we have

E=7(8pxr) U{n(0c)}
F=7(Apxp) U{n(0)}.
That is E,F C [0,1] and hence their closures are com-

_ (an)?ln
pact.  Also 1p,(Yn(ln, my))

Y (N(ln); (M)
Thus by using Theorem 3.1, v and 1 have exactly one ”common
coupled fixed point” inT x T.

4 Conclusion

Firstly, we proved the common coupled fixed point theo-
rems by using the modified definition of weakly F-contractive
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mapping on a TS. After that we furnish an example based
on the proved result. Our results enlarge and generalise the
various results in literature.
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