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Abstract In this article, we investigate bicomplex triple
Laplace transform in the framework of bicomplexified fre-
quency domain with Region of Convergence (ROC), which is
generalization of complex triple Laplace transform. Bicom-
plex numbers are pairs of complex numbers with commutative
ring with unity and zero-divisors, which describe physical in-
terpretation in four dimensional space and provide large class
of frequency domain. Also, we derive some basic properties
and inversion theorem of triple Laplace transform in bicomplex
space. In this technique, we use idempotent representation
methodology of bicomplex numbers, which play vital role in
proving our results. Consequently, the obtained results can be
highly applicable in the fields of Quantum Mechanics, Signal
Processing, Electric Circuit Theory, Control Engineering, and
solving differential equations. Application of bicomplex triple
Laplace transform has been discussed in finding the solution
of third-order partial differential equation of bicomplex-valued
function.

Keywords Bicomplex functions, Triple Laplace transform
and Bicomplex Laplace transform.
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1 Introduction

Enormous efforts have been done in past few years in the
applications of bicomplex functions and fine research has been
developed. The concept of bicomplex numbers was introduced
by Segre [6], in order to compactly describe physical interpre-
tation in four-dimensional space. Set of bicomplex numbers
is a commutative ring with unity and zero divisors which con-
tains the commutative ring of hyperbolic numbers and the field

of complex numbers. In fact, bicomplex numbers are gen-
eralization of complex numbers and hyperbolic numbers [9].
Hence, adverse to quaternions, bicomplex numbers are com-
mutative with some non-invertible elements interpolated on the
null cone.

The concept of holomorphic functions of a bicomplex vari-
able is generated by Futagawa [15, 16]. Some fundamental
results in the theory of bicomplex holomorphic functions were
given by Dragoni [11] while Price [10] and Ronn [29] have
evolved the bicomplex function theory and algebra.

Recently, enormous efforts have been done to expand the
theory of integral transforms in bicomplex space and studied
their applications by Agarwal et al. [19, 20, 21, 23]. How-
ever, in recent bicomplex Schodinger equation and some of its
properties studied by Rochon and Trembley [8] and self adjoint
operators were defined for finite and infinite dimensional bi-
complex Hilbert spaces [9, 26, 27]. An analytical method to
solve bicomplex version of Schrédinger equation corresponds
to the Hamiltonian system was studied by Banerjee [2]. Lavoie
et al. [28] examined the quantum harmonic oscillator problem
in bicomplex numbers and obtained eigenvalues and eigenkets
of the bicomplex harmonic oscillator. Kumar et al. [25] in-
troduced the bicomplex version of topological vector spaces
and topological modules were developed by Kumar and Saini
[24] over the ring of bicomplex numbers. Cerejeiras et al.
[17] reconstructed a bicomplex sparse signal with high prob-
ability from a reduced number of bicomplex random samples.
Ghanmi and Zine [4] introduced bicomplex Segal-Bargmann
and fractional Fourier transforms.

Double Laplace transform proposed by Van der Pol [31] and
applied by Humbert [18] in the study of hypergeometric func-
tions; by Jaeger [12] to solve boundary value problems in heat
conduction. The complex double Laplace transform was ex-
panded to multiple Laplace transform in n independent com-
plex variables by Estrin and Higgins [30]. Applications of
triple Laplace transform in solving third order partial differen-
tial Mboctara equation was discussed by Atangana [1]. Agar-
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wal et al. [22] generalized double Laplace transform to bicom-
plex double Laplace transform and found some applications.

For solving the large class of partial differential equations of
bicomplex-valued function, we require integral transforms de-
fined for large class. In this procedure we derive triple Laplace
transform in bicomplex space with ROC that can be competent
the transferring signals from real-valued (z, y, z) domain to bi-
complexified frequency (£, 7,~y) domain.

This article is organised as follows:
In Section 3, we introduce triple Laplace transform in bicom-
plex space with ROC. Some fundamental properties of triple
Laplace transform in bicomplex space are presented in Sec-
tion 4. In Section 5, we introduce the inversion formula for
triple Laplace transform in bicomplex space. In Section 6, we
discuss application of bicomplex triple Laplace transform in
finding the solution of third-order partial differential equations
of bicomplex-valued functions and last Section 7 contains the
conclusion.

2 Preliminaries on Bicomplex Numbers

We start with an unconventional interpretation of the set of
complex numbers C which is ordered pair of two real numbers
in complex plane with a non-real unit i, s.t. i2 = —1 as follows

C={z=z+41y : z,y € R}, (1)
where R is the set of real numbers. In similar way, the set of
bicomplex numbers Co which is ordered pair of two complex

numbers with non-real units i; and iy s.t. 7 = i3 = —1,
i1 = i9iy = 7, j2 = 1 as follows
(CQ = {f =21 + i222 P 21,22 € (C} (2)

Xo,T1, 22,3 € R}.

3)

={{ =0 +i121 + iz + jx3 :

An important characteristic of bicomplex numbers is the un-
ambiguous representation using the idempotent elements e; =
% ande; = HTW withe;+ey; = land ejeg = ege; = 0.
In fact, for every £ = z1 + 1229 € Co, we get

z1 + 920 = (21 —t122) €1 + (21 + i122) €2

= P1(§)er + Pa(§)ez,

where the projections P; : Co — Cand Py : Co — C are
defined as Pl (Zl + igZQ) = 21 — ilzg and Pl(zl + iQZQ) =
21 + i1 22, respectively. {e1, ea} is idempotent basis of bicom-
plex numbers. For further details of bicomplex holomorphic
functions and bicomplex numbers you can refer [7, 10, 14].

3 Bicomplex Triple Laplace Transform

Let f(z,y, z) be a bicomplex-valued function of three vari-
ables z, y, z > 0, which is piecewise continuous and has expo-
nential order K7, Ko, and K3 w.r.t. x, y, and z, respectively.
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The bicomplex Laplace transform (see, Kumar and Kumar [5])
w.I.t. T 1S

LAﬂmywﬁfth ¢ f (2, y, 2)dx

=f(&y,2), e cC &
where
O ={{=Ce1 +&e2 € Cot Re(Pr: ) > Ky
andRe(Py : &) > K} (5)
or

O ={£€Cy : Re(§) > Ky + [Im; (&)} (6)

where Im; () denotes the imaginary part of { w.r.t. j. The
integral in (4) is convergent and bicomplex holomorphic in 2.
Similarly, bicomplex Laplace transform of f(z,y, z) w.r.t. y is

Ly[f(z,y,2); 1] =/0 e f(z,y,2)dy

= f(z,n,2), nedcC ()
where
Qo ={n=me1 +mez € Ca: Re(P1:n) > Ko
and Re(P2 : 1) > K>} 3
or
Qs ={n € Cy : Re(n) > K + [Im;(n)[} )

where (7) is convergent and bicomplex holomorphic in Qs.
And bicomplex Laplace transform of f(x,y, z) w.r.t. z is

MU@wﬂﬁﬂzé e F(a,y, 2)dz

= f(z,y,7), yeQCCy  (10)
where
Q3 ={y="me1+y2e2€Cs: Re(P1:7n) > K3
and Re(Ps : ) > K3} (11)
or
Q3 ={y€Cs : Re(y) > Kz + [Im;(v)[}  (12)

Now, taking the bicomplex Laplace transform of (4) w.r.t. y
and z and using (7) and (10), we have

Loy, [f(2,y,2); £1,7]
/ / / _(§m+"y+72)f(x y, z)dxdydz
— f(&m7),  (&my) €Q (13)

the integral on right hand side is convergent and bicomplex
holomorphic in

0= {(67777’7) E(Cg : 66911 776927 and7€Q3}~

(14)

Now, we define the bicomplex triple Laplace transform as
follows:
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Definition 3.1. Ler f(x,y, 2) be a bicomplex-valued function
of three variables x,y,z > 0, which is piecewise continuous
and has exponential order K1, K5, and K3 w.r.t. x, y, and
z, respectively. We call the transform in (13) bicomplex triple
Laplace transform.

4 Properties of Bicomplex
Laplace Transform

Triple

In this section, we present some fundamental properties of
bicomplex triple Laplace transform.

Proposition 4.1 (Linearity Property). Let f(&,7m,v) and
G(&,m,7) be bicomplex triple Laplace transforms of two
bicomplex-valued functions f(x,y,z) and g(x,y,z) of
x,y,z > 0 with ROC Q4 and Qs, respectively. Then

Lx,y,z[clf(x7y? Z) + ng(x, Y, Z)]
Zle(fy7777)+02§(fa77»7>7 (6”77’7) EQ:Ql QQQ-

where c1 and co are arbitrary constants.

Proof. From the definition (13), we have

ezl f(T,y,2) + cogl,y, 2)] =
/// @) f (2, y, 2) + cag(x, y, 2)|dadydz

“f
+62/ / / e ETTY2) g (1 y, 2)dadydz
o Jo Jo

:lez(fﬂ%,}/) + 025(577777)'

£””J”7y+"’z)f(:z, y, z)dxdydz

Thus,

L:c,y,z£01 f(l’, Y, Z) + 029(337 Y, Z)]
= le(gﬂr}?r}/) + 625(577777)'

Proposition 4.2 (Change of Scale Property). Let f(z,y,2)
be bicomplex-valued function of x,y,z > 0 such that

Lay.:[f(2,y,2)] = F(&,n,7). Then

L f(& o
arasaz” \a1’ as ag)’

(&,m,7v) € Qand oy, az, 03 > 0

Ly y - [f(a1z, a0y, azz)] =

where () defined in (14).
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Proof. From the definition (13), we have

myz CVll' 0422/70432)]
:/ / e—(mﬁw) (/ e_fwf(alx,agy,agz)dx> dydz
// ) </6 o1 f(p,aay,agz)dp> dydz,

[Taking oz = p)

/ / —(rzy-MZ)f ( § , QY a32> dydz
— —Yz _ch 5
€ 2 f —,q,032 dq dZv
041042 0 0 (€3]

[Taking asy = ¢]
1 oo
= / e~ f (§ LA agz) dz
102 Jo ap Q2

1 X _a,=
= / e 7" f <€,n7r> dz, [Taking azz =r
0

e ETFNIVE £ (0 1) ooy, cvg 2 )dadydz

a1a2a3 a1 Qg
FleE o
Taropas’ \arl s’ as
Thus,

=(& n ~
Loy 2 [flarz; oy, asz)] = aloézagf (041’ as’as )

Proposition 4.3 (First Shifting Property). Let f(x,vy,2)
be bicomplex-valued function of x,y,z > 0 such that

Lz,y,z[f(‘r?% Z)] = f(§7 77"7)- Then

[eax—&-by-ﬂ—cz‘f(

:fi(g_aan_bary_c)v
(f—@ﬂ?—bﬁ_c)eg

L z,y,7)]

Z,Y,z

where Q) defined in (14).

Proof. From the definition (13), we have

T,Y,2

/ I
/ / —(n=b)y=(y=c)z </ <€a>“’f(x,y,z)dx) dydz
:/O e~z /O —(n= b)yf(g—a,y,z)dy> dz

:/ ei(vic)zf:-(g —a,n — ba Z)dZ
0

:f(€ —a,n — b”y—C).
Thus,

[ az+by+cz.f($7 v, Z)]

~(abnytyz) gaztbytes ¢y g 2 dedydz

Lyy.- [e”%y“zf(x, y,2)] = f:(§ —a,n—b,y—c).
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Proposition 4.4 (Triple Laplace Transform of Derivatives).
Let f(x,y, z) be bicomplex-valued function of x,y, z > 0 such

that Ly, .| f(z,y,2)] = f(€,1,7). Then

Lz,y,z [f:z:yz (1'7 Y, Z)]

— ey F(&m, ) — EnF(&m,0) — v F(0,m, ) — vEF (€, 0,y
+£F(£,0,0) +1f(0,1,0) +vf(0,0,7) — £(0,0,0),
(&m,7) €Q

where ) defined in (14) and
3
fzyz(zvyaz) = %yazf(xayaz)

Proof. From the definition (13), we have

x,Yy,z fryz z, Y,z )]

//
R

-i{/ e_fmfyz(:r,y,z)dx} dydz
0

/ / [~ Fy= (0,4, 2) + €5, (€, 2)] dyd>

e [

+§/0 e"yfyz(f,y,z)dy} dz

(W 72) (6787 £, (2, y, 2)dz] dydz

ny+'yz) Ezfyz(%y,Z)Eo:O

—(ny+vz)

:/0 e 7® |:_6T/yfz(07y’z)|;°_0 _77/0 einyfz(ovyaz)dz

+ g{e_nyfz(§7y7z)|2i0 + 77/0 e_nyfz(f,y,z)dy}] dz
:/0 e * [f2(0307z)_7]f2(077]az)_gfz(fvoaz)

+enf. (&, Z)} dz
= /OO e 7%£.(0,0,2)dz — 77/Oo e 7 £.(0,m, 2)dz

0 0

- I _z aov d TE :z s 1 d

e[ erhEon o [ e
= [e’”zf((),(),z)]go] + ’y/ e 7% £(0,0,2)dz
0

-n [ei’yzfi(oana Z)|SO] - 777/0 ei’yzfi(oan7 Z)dZ

[ f(E,0,2)[7] - &y /O ¢ F(€,0,2)dz

+&n [e_'yzf(fm,z)‘o } +£77v/0 e f(&n, 2)dz

25777]%(5, , 'Y) f - ’yff(f, 07 ’7)

i —&nf(&.0,0) =y f(0,n.7)
+§f(§7070) (0 m, )+’Yf(07077)_f(07070)'
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Proposition 4.5. Let f(x,y, z) be bicomplex-valued function
of 1.y, 2 > 0 such that Ly, - [f(,y, 2)] = f(&,1,7). Then
3

Lx z IRR) = - f s s )
(&m,7) €Q
where ) defined in (14).
Proof. From the definition (13), we have
0 =
Mf(fa 7,7)

e (&mm) 0 ey (€2,m2,72)
=|\—Fr i |lat| (G |e
0&10mom 0820m2072
_ < o3 /0700/20—51£—n1y—71zf61 (3;‘, v, z)dxdydz) e
0&10mOm
-z —Eax—n2y—"y22
* (8523772572/ / / fea (x Yoz )dxdydz) “

where f(& n,7) = .fe1 (1,m,m)er + fez (&2:m2,72) €2,
§=&er +&ea,m=1mer + 1262, and y = y1€1 + Y262
Applying Leibniz’s rule for complex functions [13, p. 243], we
get

3 _

oeandn f(&n.7)

{</ / /6 SETIYTN S gy 2 fo (2,1, 2 )dfvdde)el
+ </ / / 652:”""’y'YQnyzfeQ(x,y,z)dxdydz) 62}

0 Jo Jo
7/oo/oo/027(§1e1+£zez)zf(mel+nzez)y7(7161+7262)zzyz

f51 z,Y,z 61 +f52($ Y,z )62) dxdydz

/ / / LYY g (2, y, 2)dadyd.

Thus,
o =
Leys ey f (2,9, 9] = ez F(En.7)
In general
Lyy,- [xlymznf(x’y, )]
Ima 8l+m+n =
—(—1 m "7
O
Proposition 4.6 (Division by zyz). Letr f(x,y,z) be
bicomplex-valued function of z,y,z > 0 such that
Ly [f(2,y,2)] = F(§1,7). Then
LY,z 5
Lx,y,z{ ] / / / J(&m,~)dEdndry,
(&n,v) €9

where ) defined in (14) and provided the integral on right hand
exists.
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Proof. From the definition (13), we have

f&n,

/// TEEIYTYE f (g, y, z)dadydz, (15)

where § = {161 + &2e2, 1 = nrer + ez, ¥ = Y11 + 1202,
and f(z,y,2) = fe,(x,y,2)e1 + fe,(x,y, 2)es. Therefore,

fe1 (&1,m,m)er + fez (&2,m2,72)e2

—517C my— ’lef (x,y,z)dxdde> el

/ / —&2x—n2y— "/2Zfe2(;p Y, 2 )dmdde) €2.

(16)

NISve
A

Integrating (16) w.r.t. £, 7, and ~y from & to oo, 77 to oo, and y
to oo, respectively, we have

/:0/ / F(&,m,v)dedndy

(/1 /] . fel(&,m,%)déldmd%)

" (/2 /,,:o /;o f% (527772,’72)d€2d772d72) es

ACLEUT |
/ ThemmynE f ($7y,z)dxdydz> dérdnidy | eq

AL LU

X/ 6521ﬂ2y722fe2(x7y’z)dxdydz) d£2d772d72 €2.
0 i
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By change of order of integration, we have

// " (€ dedndy
L

></ e5130771yVlzfel(f,y,z)d&dnldfyl) dwdydz} el
71
AL
0 0 0 2 72
X / e—§2z—nzy—“/2zfez (l'ayyz)d§2d"72d’}/2) dl‘dydz:| es
Y2
> & o e‘fﬂ—my—'ylz
N </ / / ———Jalz, yaz)dxdydz) el
o Jo Jo TYZ
00 00 (00 p—E2x—N2Y Y22
+ (/ / / 7.]‘-62 (Ia y7 Z)dxdydz) €9
o Jo Jo TYZ
:/OO /oo /00 67(5161+§262)a:7(n1el+n282)y,(7161+7262)2
0 0 0

(fel(x y,Z)el +f€2(x y,z)e )d dydz
Yz

/// e L) g,

TYz

Thus,

L. [f(x, Y, 2)]

TYZ

_ /5 Oo/n h :of(f,n,v)dé“dndv-

Proposition 4.7 (Triple Laplace Transform of Integrals). Let
f(x,y,2) be bicomplex-valued function of x,y,z > 0 such

that Ly, .[f(x,y,2)] = f(f 7,7). Then

,yz[///fuvwdudvdw}:

Re(&) > |Im;(§)|, Re(n) > [Im;(

O

F(&m7)
&y
), Re(y) > [Im;(v)] .

///fuvwdudvdw

)

Proof. Let

9(z,y,z

Hence, we have

Gay=(2,y,2) = f(x,y,z) and g(0,0,0) =0
Lyy,- [gxyz(zvyv Z)] = L[f(%ya Z)] = f(§v7777)'
Now, from the Proposition 4.4, we have
Lay.z [9oy= (2,9, 2)] = Envg(&,m. ) — €ng(€,m,0)
—n79(0,m,7) —v£3(£,0,v) +£3(£,0,0) +1g(0,7,0)
+ A/g(ov 07 ’Y) - g(oa 07 0)
=F(&m7) = Emg(&m ) — g€, ) mv3(0,1,7)

—7£9(£,0,7) +£g(£,0,0) +ng(0,71,0) +~vg(0,0,7)
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Therefore,
B ) = f(&m,7) §(£ 7, )Jr g(0,7m,7) n g(£,0,7)
Eny v § n
3(£,0,0)  g(0,7,0) §(0,0,7)
my &y &n

But §(fa7770) = 07 .6(077777) = 07 5(570,’7) = 07 Q(E,0,0) =
0, g(0,7,0) = 0, and g(0,0,~) = 0. Therefore,

F(&m.7)

g(&mn,v) = ey

f(ﬁ,rm).

Lw,y,z[g(xayvz)] = 577’7

Hence,
A _f(fﬂ?ﬁ)
Lyy.» {/0 /0 /0 f(u, v, w)dudvdw T

Proposition 4.8. Ler f(x,y, z) be a periodic function of pe-
riod Ty, Ts, and T3 w.rt. x, y, and z respectively. Then the
bicomplex triple Laplace transform is given by

O

Lm,y,z [f(za Y, Z)]

fT3 —Ew=nY=Yz f (2., 2)drdydz L;I [f(&nﬂ)] = f_(&yaz) =

(1 —e NE) (1 —e=T2m) (1 — e~ Ts7)

Re(&) > [Im;(§)[, Re(n) > |Im;(n)|, and Re(vy) > |Im;(7)| .

Proof. Let f(z,y,z) be a periodic function with period T}
w.r.t. . Then for ¢ € Cy and Re(&) > [Im;(§)|, see Agarwal
etal. [21]

fOTl e_&cf(xa Y, Z)d.’l)

1—eTt

L [f(x,y,2)] = =f(&y,z) AD

Similarly, for n € C; and Re(n) > [Im,(n)| taking the bicom-
plex Laplace transform of (17) w.r.t. y, we have

_ o=y (e, y, 2)d
= flepa) = ot IR

e (e y, 2)da
Yy dy
1—ehnt

Ly [f(ga Y, Z)]

a 1
_1 — e_TZn 0

o o e Ty, 2)dady

(1 —eTi&) (1 —eTomn)

And for v € Cy and Re(y) > |Im; ()| taking the bicomplex
Laplace transform of (18) w.r.t. z, we have

_ - Ts o=z F(¢€,n, 2)d
L, |:f(§7777 Z)} = f(ga 77?7) = fO 61 7f(7€T31:/Y Z) -

_ 1 —vz fO ’ 751’ nyf LY,z )d:cdy
1 e—TiW 0 ‘ (1 —eh8) (1 — eT2n) :

f f03 e~V f (g y, 2)dadydz
- (1fe 11€) (1 — e=T2m) (1 — e~ T57) ’

(18)

Thus,

Ty T2 pT3 —gm ny— ’Yzf(x
Ly [f(z,y,2)] = 0 _Jo fo

(1—e D6 (1—e Tm)(1— e—Tsv)
O
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5 Inversion
In this section, we derive the inversion formula for bicom-
plex triple Laplace transform.

Proposition 5.1. Let f(x,y, z) be bicomplex-valued function
of 1.y, 2 > 0 such that Ly, - [ (,y, 2)] = f(&,71.7). Then

/ / / ST F (e . ) dedndy,
87T 11 r, JTy JI
& mn,v) e

where ) defined in (14) and T'y, I's, and T's are Bromwich
closed contours in bicomplex space.

f(z,y,2

Proof. Taking the inverse bicomplex Laplace transform [3] of
f(&m,y) wrt. 7, we get

S FEn ] = flems) =

/F e'yzf(&nw)dv
) (19)

27Ti1

Similarly, taking inverse bicomplex Laplace transform of (19)
w.r.t. , we have

i L e 2

- @%ﬁ/e (/e”f(&nﬁ)th) dn

= 471.2// e (€, ) dndry
'y JT5
(20)

And, taking inverse bicomplex Laplace transform of (20) w.r.t.
&, we have

. [f(s,y,zﬂ — fy2) = g [ €

T 8n%, / (/Fz /FS (3 n,’y)dndv> de

Y L N B
87T Zl r, JIs JIy

Hence,

Fl@y,2) = —g /// STTRNE (¢, y)dedndry.
711 Jr,JIsJTy

O

6 Application

In this section, we present application of bicomplex triple
Laplace transform in finding the solution of some kind of third-
order partial differential equation of bicomplex-valued func-
tion.

Consider the third order partial differential equation of the

type
Pu(z,y,z)

+ u(z,y, 2) z,y,z>0 (21)
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where v : R® — Cy and f : R? — Cs, can be expressed ex-
plicitly as

u(x, Y, Z) = Uo(l‘, Y, Z) + ilul(ma Y, Z) + i2u2(-r7 Y, Z) +
Z'17:211'3(1‘7 Y, Z) and f(xa Y, Z) = fO(xv Y, Z) + ilfl(xa Y, Z) +
iQfQ(I, Y, Z) =+ i1i2f3(x7 Y, Z)

Taking bicomplex triple Laplace transform of (21) on both
sides and applying Proposition 4.4, we have

Enya(€,m,~) — Ena(€,n,0) — nya(0,m,v) — v&u(, 0,7)
+&u(€,0,0) +nu(0,n,0) + ~u(0,0,v) —u(0,0,0)

+a(&,m,7) = f(&,n,7)

= B f(ﬁ,n,v) &n

a(0,m,7) + u(&,0,7) -

u(&,m,0)+

Ul
1+&ny
_m

L+&ny

1+£mﬂ(€’0’0)
u(0,0,0)

L+&ny
(22)

Y
1+&ny

Y _
%(0,0,v) +
L+ &y ( )

’174(0, , O) -

Applying the inversion formula for bicomplex triple Laplace
transform, we have

1 -
— Extny+yz 5 dédnd
u(z,y, 2) pr /n /Fz /F36 u(&,n,v)dédndy,

(&m,7) € Q

where (2 defined in (14), (£, 1, ) defined in (22), and T'y, 'y,
and I's are Bromwich closed contours in bicomplex space.

7 Conclusion

In this article, we derive bicomplex triple Laplace transform
and its properties which is a natural extension of the complex
triple Laplace transform [1]. It is applicable in solving some
kind of third-order partial differential equation of bicomplex-
valued function due to large class of frequency domain. Bi-
complex numbers being basically four dimensional hypercom-
plex numbers, provide large class of frequency domain.
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