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Abstract In this article, we investigate bicomplex triple
Laplace transform in the framework of bicomplexified fre-
quency domain with Region of Convergence (ROC), which is
generalization of complex triple Laplace transform. Bicom-
plex numbers are pairs of complex numbers with commutative
ring with unity and zero-divisors, which describe physical in-
terpretation in four dimensional space and provide large class
of frequency domain. Also, we derive some basic properties
and inversion theorem of triple Laplace transform in bicomplex
space. In this technique, we use idempotent representation
methodology of bicomplex numbers, which play vital role in
proving our results. Consequently, the obtained results can be
highly applicable in the fields of Quantum Mechanics, Signal
Processing, Electric Circuit Theory, Control Engineering, and
solving differential equations. Application of bicomplex triple
Laplace transform has been discussed in finding the solution
of third-order partial differential equation of bicomplex-valued
function.
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1 Introduction

Enormous efforts have been done in past few years in the
applications of bicomplex functions and fine research has been
developed. The concept of bicomplex numbers was introduced
by Segre [6], in order to compactly describe physical interpre-
tation in four-dimensional space. Set of bicomplex numbers
is a commutative ring with unity and zero divisors which con-
tains the commutative ring of hyperbolic numbers and the field

of complex numbers. In fact, bicomplex numbers are gen-
eralization of complex numbers and hyperbolic numbers [9].
Hence, adverse to quaternions, bicomplex numbers are com-
mutative with some non-invertible elements interpolated on the
null cone.

The concept of holomorphic functions of a bicomplex vari-
able is generated by Futagawa [15, 16]. Some fundamental
results in the theory of bicomplex holomorphic functions were
given by Dragoni [11] while Price [10] and Rönn [29] have
evolved the bicomplex function theory and algebra.

Recently, enormous efforts have been done to expand the
theory of integral transforms in bicomplex space and studied
their applications by Agarwal et al. [19, 20, 21, 23]. How-
ever, in recent bicomplex Schödinger equation and some of its
properties studied by Rochon and Trembley [8] and self adjoint
operators were defined for finite and infinite dimensional bi-
complex Hilbert spaces [9, 26, 27]. An analytical method to
solve bicomplex version of Schrödinger equation corresponds
to the Hamiltonian system was studied by Banerjee [2]. Lavoie
et al. [28] examined the quantum harmonic oscillator problem
in bicomplex numbers and obtained eigenvalues and eigenkets
of the bicomplex harmonic oscillator. Kumar et al. [25] in-
troduced the bicomplex version of topological vector spaces
and topological modules were developed by Kumar and Saini
[24] over the ring of bicomplex numbers. Cerejeiras et al.
[17] reconstructed a bicomplex sparse signal with high prob-
ability from a reduced number of bicomplex random samples.
Ghanmi and Zine [4] introduced bicomplex Segal-Bargmann
and fractional Fourier transforms.

Double Laplace transform proposed by Van der Pol [31] and
applied by Humbert [18] in the study of hypergeometric func-
tions; by Jaeger [12] to solve boundary value problems in heat
conduction. The complex double Laplace transform was ex-
panded to multiple Laplace transform in n independent com-
plex variables by Estrin and Higgins [30]. Applications of
triple Laplace transform in solving third order partial differen-
tial Mboctara equation was discussed by Atangana [1]. Agar-
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wal et al. [22] generalized double Laplace transform to bicom-
plex double Laplace transform and found some applications.

For solving the large class of partial differential equations of
bicomplex-valued function, we require integral transforms de-
fined for large class. In this procedure we derive triple Laplace
transform in bicomplex space with ROC that can be competent
the transferring signals from real-valued (x, y, z) domain to bi-
complexified frequency (ξ, η, γ) domain.

This article is organised as follows:
In Section 3, we introduce triple Laplace transform in bicom-
plex space with ROC. Some fundamental properties of triple
Laplace transform in bicomplex space are presented in Sec-
tion 4. In Section 5, we introduce the inversion formula for
triple Laplace transform in bicomplex space. In Section 6, we
discuss application of bicomplex triple Laplace transform in
finding the solution of third-order partial differential equations
of bicomplex-valued functions and last Section 7 contains the
conclusion.

2 Preliminaries on Bicomplex Numbers
We start with an unconventional interpretation of the set of

complex numbers C which is ordered pair of two real numbers
in complex plane with a non-real unit i1 s.t. i21 = −1 as follows

C = {z = x+ i1y : x, y ∈ R}, (1)

where R is the set of real numbers. In similar way, the set of
bicomplex numbers C2 which is ordered pair of two complex
numbers with non-real units i1 and i2 s.t. i21 = i22 = −1,
i1i2 = i2i1 = j, j2 = 1 as follows

C2 = {ξ = z1 + i2z2 : z1, z2 ∈ C}. (2)

Or

C2 = {ξ = x0 + i1x1 + i2x2 + jx3 : x0, x1, x2, x3 ∈ R}.
(3)

An important characteristic of bicomplex numbers is the un-
ambiguous representation using the idempotent elements e1 =
1+i1i2

2 and e1 = 1−i1i2
2 with e1+e2 = 1 and e1e2 = e2e1 = 0.

In fact, for every ξ = z1 + i2z2 ∈ C2, we get

z1 + i2z2 = (z1 − i1z2) e1 + (z1 + i1z2) e2

= P1(ξ)e1 + P2(ξ)e2,

where the projections P1 : C2 → C and P2 : C2 → C are
defined as P1(z1 + i2z2) = z1 − i1z2 and P1(z1 + i2z2) =
z1 + i1z2, respectively. {e1, e2} is idempotent basis of bicom-
plex numbers. For further details of bicomplex holomorphic
functions and bicomplex numbers you can refer [7, 10, 14].

3 Bicomplex Triple Laplace Transform
Let f(x, y, z) be a bicomplex-valued function of three vari-

ables x, y, z > 0, which is piecewise continuous and has expo-
nential order K1, K2, and K3 w.r.t. x, y, and z, respectively.

The bicomplex Laplace transform (see, Kumar and Kumar [5])
w.r.t. x is

Lx[f(x, y, z); ξ] =

∫ ∞
0

e−ξxf(x, y, z)dx

= f̄(ξ, y, z), ξ ∈ Ω1 ⊂ C2 (4)

where

Ω1 = {ξ = ξ1e1 + ξ2e2 ∈ C2 : Re(P1 : ξ) > K1

and Re(P2 : ξ) > K1} (5)

or

Ω1 = {ξ ∈ C2 : Re(ξ) > K1 + |Imj(ξ)|} (6)

where Imj(ξ) denotes the imaginary part of ξ w.r.t. j. The
integral in (4) is convergent and bicomplex holomorphic in Ω1.
Similarly, bicomplex Laplace transform of f(x, y, z) w.r.t. y is

Ly[f(x, y, z); η] =

∫ ∞
0

e−ηyf(x, y, z)dy

= f̄(x, η, z), η ∈ Ω2 ⊂ C2 (7)

where

Ω2 = {η = η1e1 + η2e2 ∈ C2 : Re(P1 : η) > K2

and Re(P2 : η) > K2} (8)

or

Ω2 = {η ∈ C2 : Re(η) > K2 + |Imj(η)|} (9)

where (7) is convergent and bicomplex holomorphic in Ω2.
And bicomplex Laplace transform of f(x, y, z) w.r.t. z is

Lz[f(x, y, z); γ] =

∫ ∞
0

e−γzf(x, y, z)dz

= f̄(x, y, γ), γ ∈ Ω3 ⊂ C2 (10)

where

Ω3 = {γ = γ1e1 + γ2e2 ∈ C2 : Re(P1 : η) > K3

and Re(P2 : η) > K3} (11)

or

Ω3 = {γ ∈ C2 : Re(γ) > K3 + |Imj(γ)|} (12)

Now, taking the bicomplex Laplace transform of (4) w.r.t. y
and z and using (7) and (10), we have

Lx,y,z[f(x, y, z); ξ, η, γ]

=

∫ ∞
0

∫ ∞
0

∫ ∞
0

e−(ξx+ηy+γz)f(x, y, z)dxdydz

=
¯̄̄
f(ξ, η, γ), (ξ, η, γ) ∈ Ω (13)

the integral on right hand side is convergent and bicomplex
holomorphic in

Ω =
{

(ξ, η, γ) ∈ C3
2 : ξ ∈ Ω1, η ∈ Ω2, and γ ∈ Ω3

}
.
(14)

Now, we define the bicomplex triple Laplace transform as
follows:
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Definition 3.1. Let f(x, y, z) be a bicomplex-valued function
of three variables x, y, z > 0, which is piecewise continuous
and has exponential order K1, K2, and K3 w.r.t. x, y, and
z, respectively. We call the transform in (13) bicomplex triple
Laplace transform.

4 Properties of Bicomplex Triple
Laplace Transform

In this section, we present some fundamental properties of
bicomplex triple Laplace transform.

Proposition 4.1 (Linearity Property). Let ¯̄̄
f(ξ, η, γ) and

¯̄̄g(ξ, η, γ) be bicomplex triple Laplace transforms of two
bicomplex-valued functions f(x, y, z) and g(x, y, z) of
x, y, z > 0 with ROC Ω1 and Ω2, respectively. Then

Lx,y,z[c1f(x, y, z) + c2g(x, y, z)]

= c1
¯̄̄
f(ξ, η, γ) + c2 ¯̄̄g(ξ, η, γ), (ξ, η, γ) ∈ Ω = Ω1 ∩ Ω2.

where c1 and c2 are arbitrary constants.

Proof. From the definition (13), we have

Lx,y,z[c1f(x, y, z) + c2g(x, y, z)] =∫ ∞
0

∫ ∞
0

∫ ∞
0

e−(ξx+ηy+γz)[c1f(x, y, z) + c2g(x, y, z)]dxdydz

=c1

∫ ∞
0

∫ ∞
0

∫ ∞
0

e−(ξx+ηy+γz)f(x, y, z)dxdydz

+ c2

∫ ∞
0

∫ ∞
0

∫ ∞
0

e−(ξx+ηy+γz)g(x, y, z)dxdydz

=c1
¯̄̄
f(ξ, η, γ) + c2 ¯̄̄g(ξ, η, γ).

Thus,

Lx,y,z[c1f(x, y, z) + c2g(x, y, z)]

= c1
¯̄̄
f(ξ, η, γ) + c2 ¯̄̄g(ξ, η, γ).

Proposition 4.2 (Change of Scale Property). Let f(x, y, z)
be bicomplex-valued function of x, y, z > 0 such that
Lx,y,z[f(x, y, z)] =

¯̄̄
f(ξ, η, γ). Then

Lx,y,z[f(α1x, α2y, α3z)] =
1

α1α2α3

¯̄̄
f

(
ξ

α1
,
η

α2
,
γ

α3

)
,

(ξ, η, γ) ∈ Ω and α1, α2, α3 > 0

where Ω defined in (14).

Proof. From the definition (13), we have

Lx,y,z[f(α1x, α2y, α3z)]

=

∫ ∞
0

∫ ∞
0

∫ ∞
0

e−(ξx+ηy+γzf(α1x, α2y, α3z)dxdydz

=

∫ ∞
0

∫ ∞
0

e−(ηy+γz)

(∫ ∞
0

e−ξxf(α1x, α2y, α3z)dx

)
dydz

=
1

α1

∫ ∞
0

∫ ∞
0

e−(ηy+γz)

(∫ ∞
0

e−
ξ

α1
pf(p, α2y, α3z)dp

)
dydz,

[Taking α1x = p]

=
1

α1

∫ ∞
0

∫ ∞
0

e−(ηy+γz)f̄

(
ξ

α1
, α2y, α3z

)
dydz

=
1

α1α2

∫ ∞
0

e−γz
(∫ ∞

0

e−
η
α2
q f̄

(
ξ

α1
, q, α3z

)
dq

)
dz,

[Taking α2y = q]

=
1

α1α2

∫ ∞
0

e−γz ¯̄f

(
ξ

α1
,
η

α2
, α3z

)
dz

=
1

α1α2α3

∫ ∞
0

e−
γ
α3
r ¯̄f

(
ξ

α1
,
η

α2
, r

)
dz, [Taking α3z = r]

=
1

α1α2α3

¯̄̄
f

(
ξ

α1
,
η

α2
,
γ

α3

)
.

Thus,

Lx,y,z[f(α1x, α2y, α3z)] =
1

α1α2α3

¯̄̄
f

(
ξ

α1
,
η

α2
,
γ

α3

)
.

Proposition 4.3 (First Shifting Property). Let f(x, y, z)
be bicomplex-valued function of x, y, z > 0 such that
Lx,y,z[f(x, y, z)] =

¯̄̄
f(ξ, η, γ). Then

Lx,y,z
[
eax+by+czf(x, y, z)

]
=

¯̄̄
f(ξ − a, η − b, γ − c),

(ξ − a, η − b, γ − c) ∈ Ω

where Ω defined in (14).

Proof. From the definition (13), we have

Lx,y,z
[
eax+by+czf(x, y, z)

]
=

∫ ∞
0

∫ ∞
0

∫ ∞
0

e−(ξx+ηy+γz)eax+by+czf(x, y, z)dxdydz

=

∫ ∞
0

∫ ∞
0

e−(η−b)y−(γ−c)z
(∫ ∞

0

e−(ξ−a)xf(x, y, z)dx

)
dydz

=

∫ ∞
0

e−(γ−c)z
(∫ ∞

0

e−(η−b)y f̄(ξ − a, y, z)dy
)
dz

=

∫ ∞
0

e−(γ−c)z ¯̄f(ξ − a, η − b, z)dz

=
¯̄̄
f(ξ − a, η − b, γ − c).

Thus,

Lx,y,z
[
eax+by+czf(x, y, z)

]
=

¯̄̄
f(ξ − a, η − b, γ − c).
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Proposition 4.4 (Triple Laplace Transform of Derivatives).
Let f(x, y, z) be bicomplex-valued function of x, y, z > 0 such
that Lx,y,z[f(x, y, z)] =

¯̄̄
f(ξ, η, γ). Then

Lx,y,z [fxyz(x, y, z)]

= ξηγ
¯̄̄
f(ξ, η, γ)− ξη ¯̄f(ξ, η, 0)− ηγ ¯̄f(0, η, γ)− γξ ¯̄f(ξ, 0, γ)

+ ξf̄(ξ, 0, 0) + ηf̄(0, η, 0) + γf̄(0, 0, γ)− f(0, 0, 0),

(ξ, η, γ) ∈ Ω

where Ω defined in (14) and
fxyz(x, y, z) = ∂3

∂x∂y∂z f(x, y, z).

Proof. From the definition (13), we have

Lx,y,z [fxyz(x, y, z)]

=

∫ ∞
0

∫ ∞
0

e−(ηy+γz)
[
e−ξxfxyz(x, y, z)dx

]
dydz

=

∫ ∞
0

∫ ∞
0

e−(ηy+γz)
[
e−ξxfyz(x, y, z)

∣∣∞
x=0

+ξ

∫ ∞
0

e−ξxfyz(x, y, z)dx

]
dydz

=

∫ ∞
0

∫ ∞
0

e−(ηy+γz)
[
−fyz(0, y, z) + ξf̄yz(ξ, y, z)

]
dydz

=

∫ ∞
0

e−γz
[
−
∫ ∞

0

e−ηyfyz(0, y, z)dy

+ξ

∫ ∞
0

e−ηy f̄yz(ξ, y, z)dy

]
dz

=

∫ ∞
0

e−γz
[
−e−ηyfz(0, y, z)

∣∣∞
y=0
− η

∫ ∞
0

e−ηyfz(0, y, z)dz

+ ξ

{
e−ηy f̄z(ξ, y, z)

∣∣∞
y=0

+ η

∫ ∞
0

e−ηy f̄z(ξ, y, z)dy

}]
dz

=

∫ ∞
0

e−γz
[
fz(0, 0, z)− ηf̄z(0, η, z)− ξf̄z(ξ, 0, z)

+ξη ¯̄fz(ξ, η, z)
]
dz

=

∫ ∞
0

e−γzfz(0, 0, z)dz − η
∫ ∞

0

e−γz f̄z(0, η, z)dz

− ξ
∫ ∞

0

e−γz f̄z(ξ, 0, z)dz + ξη

∫ ∞
0

e−γz ¯̄fz(ξ, η, z)dz

=
[
e−γzf(0, 0, z)

∣∣∞
0

]
+ γ

∫ ∞
0

e−γzf(0, 0, z)dz

− η
[
e−γz f̄(0, η, z)

∣∣∞
0

]
− ηγ

∫ ∞
0

e−γz f̄(0, η, z)dz

− ξ
[
e−γz f̄(ξ, 0, z)

∣∣∞
0

]
− ξγ

∫ ∞
0

e−γz f̄(ξ, 0, z)dz

+ ξη
[
e−γz ¯̄f(ξ, η, z)

∣∣∣∞
0

]
+ ξηγ

∫ ∞
0

e−γz ¯̄f(ξ, η, z)dz

=ξηγ
¯̄̄
f(ξ, η, γ)− ξη ¯̄f(ξ, η, 0)− ηγ ¯̄f(0, η, γ)− γξ ¯̄f(ξ, 0, γ)

+ ξf̄(ξ, 0, 0) + ηf̄(0, η, 0) + γf̄(0, 0, γ)− f(0, 0, 0).

Proposition 4.5. Let f(x, y, z) be bicomplex-valued function
of x, y, z > 0 such that Lx,y,z[f(x, y, z)] =

¯̄̄
f(ξ, η, γ). Then

Lx,y,z [xyzf(x, y, z)] = − ∂3

∂ξ∂η∂γ
¯̄̄
f(ξ, η, γ),

(ξ, η, γ) ∈ Ω

where Ω defined in (14).

Proof. From the definition (13), we have

∂3

∂ξ∂η∂γ
¯̄̄
f(ξ, η, γ)

=

(
∂3 ¯̄̄
fe1(ξ1, η1, γ1)

∂ξ1∂η1∂γ1

)
e1 +

(
∂3 ¯̄̄
fe2(ξ2, η2, γ2)

∂ξ2∂η2∂γ2

)
e2

=

(
∂3

∂ξ1∂η1∂γ1

∫ ∞
0

∫ ∞
0

∫ ∞
0

e−ξ1x−η1y−γ1zfe1(x, y, z)dxdydz

)
e1

+

(
∂3

∂ξ2∂η2∂γ2

∫ ∞
0

∫ ∞
0

∫ ∞
0

e−ξ2x−η2y−γ2zfe2(x, y, z)dxdydz

)
e2

where ¯̄̄
f(ξ, η, γ) =

¯̄̄
fe1(ξ1, η1, γ1)e1 +

¯̄̄
fe2(ξ2, η2, γ2)e2,

ξ = ξ1e1 + ξ2e2, η = η1e1 + η2e2, and γ = γ1e1 + γ2e2.
Applying Leibniz’s rule for complex functions [13, p. 243], we
get

∂3

∂ξ∂η∂γ
¯̄̄
f(ξ, η, γ)

=(−1)3

{(∫ ∞
0

∫ ∞
0

∫ ∞
0

e−ξ1x−η1y−γ1zxyzfe1(x, y, z)dxdydz

)
e1

+

(∫ ∞
0

∫ ∞
0

∫ ∞
0

e−ξ2x−η2y−γ2zxyzfe2(x, y, z)dxdydz

)
e2

}
=−

∫ ∞
0

∫ ∞
0

∫ ∞
0

e−(ξ1e1+ξ2e2)x−(η1e1+η2e2)y−(γ1e1+γ2e2)zxyz

× (fe1(x, y, z)e1 + fe2(x, y, z)e2) dxdydz

=−
∫ ∞

0

∫ ∞
0

∫ ∞
0

e−ξx−ηy−γzxyzf(x, y, z)dxdydz.

Thus,

Lx,y,z [xyzf(x, y, z)] = − ∂3

∂ξ∂η∂γ
¯̄̄
f(ξ, η, γ).

In general

Lx,y,z
[
xlymznf(x, y, z)

]
=(−1)l+m+n ∂l+m+n

∂ξl∂ηm∂γn
¯̄̄
f(ξ, η, γ).

Proposition 4.6 (Division by xyz). Let f(x, y, z) be
bicomplex-valued function of x, y, z > 0 such that
Lx,y,z[f(x, y, z)] =

¯̄̄
f(ξ, η, γ). Then

Lx,y,z

[
f(x, y, z)

xyz

]
=

∫ ∞
ξ

∫ ∞
η

∫ ∞
γ

¯̄̄
f(ξ, η, γ)dξdηdγ,

(ξ, η, γ) ∈ Ω

where Ω defined in (14) and provided the integral on right hand
exists.
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Proof. From the definition (13), we have

¯̄̄
f(ξ, η, γ) =

∫ ∞
0

∫ ∞
0

∫ ∞
0

e−ξx−ηy−γzf(x, y, z)dxdydz, (15)

where ξ = ξ1e1 + ξ2e2, η = η1e1 + η2e2, γ = γ1e1 + γ2e2,
and f(x, y, z) = fe1(x, y, z)e1 + fe2(x, y, z)e2. Therefore,

¯̄̄
f(ξ, η, γ) =

¯̄̄
fe1(ξ1, η1, γ1)e1 +

¯̄̄
fe2(ξ2, η2, γ2)e2

=

(∫ ∞
0

∫ ∞
0

∫ ∞
0

e−ξ1x−η1y−γ1zfe1(x, y, z)dxdydz

)
e1

+

(∫ ∞
0

∫ ∞
0

∫ ∞
0

e−ξ2x−η2y−γ2zfe2(x, y, z)dxdydz

)
e2.

(16)

Integrating (16) w.r.t. ξ, η, and γ from ξ to∞, η to∞, and γ
to∞, respectively, we have

∫ ∞
ξ

∫ ∞
η

∫ ∞
γ

¯̄̄
f(ξ, η, γ)dξdηdγ

=

(∫ ∞
ξ1

∫ ∞
η1

∫ ∞
γ1

¯̄̄
fe1(ξ1, η1, γ1)dξ1dη1dγ1

)
e1

+

(∫ ∞
ξ2

∫ ∞
η2

∫ ∞
γ2

¯̄̄
fe2(ξ2, η2, γ2)dξ2dη2dγ2

)
e2

=

[∫ ∞
ξ1

∫ ∞
η1

∫ ∞
γ1

(∫ ∞
0

∫ ∞
0

×
∫ ∞

0

e−ξ1x−η1y−γ1zfe1(x, y, z)dxdydz

)
dξ1dη1dγ1

]
e1

+

[∫ ∞
ξ2

∫ ∞
η2

∫ ∞
γ2

(∫ ∞
0

∫ ∞
0

×
∫ ∞

0

e−ξ2x−η2y−γ2zfe2(x, y, z)dxdydz

)
dξ2dη2dγ2

]
e2.

By change of order of integration, we have∫ ∞
ξ

∫ ∞
η

∫ ∞
γ

¯̄̄
f(ξ, η, γ)dξdηdγ

=

[∫ ∞
0

∫ ∞
0

∫ ∞
0

(∫ ∞
ξ1

∫ ∞
η1

×
∫ ∞
γ1

e−ξ1x−η1y−γ1zfe1(x, y, z)dξ1dη1dγ1

)
dxdydz

]
e1

+

[∫ ∞
0

∫ ∞
0

∫ ∞
0

(∫ ∞
ξ2

∫ ∞
η2

×
∫ ∞
γ2

e−ξ2x−η2y−γ2zfe2(x, y, z)dξ2dη2dγ2

)
dxdydz

]
e2

=

(∫ ∞
0

∫ ∞
0

∫ ∞
0

e−ξ1x−η1y−γ1z

xyz
fe1(x, y, z)dxdydz

)
e1

+

(∫ ∞
0

∫ ∞
0

∫ ∞
0

e−ξ2x−η2y−γ2z

xyz
fe2(x, y, z)dxdydz

)
e2

=

∫ ∞
0

∫ ∞
0

∫ ∞
0

e−(ξ1e1+ξ2e2)x−(η1e1+η2e2)y−(γ1e1+γ2e2)z

×
(
fe1(x, y, z)e1 + fe2(x, y, z)e2

xyz

)
dxdydz

=

∫ ∞
0

∫ ∞
0

∫ ∞
0

e−ξx−ηy−γz
f(x, y, z)

xyz
dxdydz

=Lx,y,z

[
f(x, y, z)

xyz

]
.

Thus,

Lx,y,z

[
f(x, y, z)

xyz

]
=

∫ ∞
ξ

∫ ∞
η

∫ ∞
γ

¯̄̄
f(ξ, η, γ)dξdηdγ.

Proposition 4.7 (Triple Laplace Transform of Integrals). Let
f(x, y, z) be bicomplex-valued function of x, y, z > 0 such
that Lx,y,z[f(x, y, z)] =

¯̄̄
f(ξ, η, γ). Then

Lx,y,z

[∫ x

0

∫ y

0

∫ z

0

f(u, v, w)dudvdw

]
=

¯̄̄
f(ξ, η, γ)

ξηγ
,

Re(ξ) > |Imj(ξ)| , Re(η) > |Imj(η)| , Re(γ) > |Imj(γ)| .

Proof. Let

g(x, y, z) =

∫ x

0

∫ y

0

∫ z

0

f(u, v, w)dudvdw.

Hence, we have

gxyz(x, y, z) = f(x, y, z) and g(0, 0, 0) = 0

∴ Lx,y,z [gxyz(x, y, z)] = L[f(x, y, z)] =
¯̄̄
f(ξ, η, γ).

Now, from the Proposition 4.4, we have

Lx,y,z [gxyz(x, y, z)] = ξηγ ¯̄̄g(ξ, η, γ)− ξη¯̄g(ξ, η, 0)

− ηγ ¯̄g(0, η, γ)− γξ ¯̄g(ξ, 0, γ) + ξḡ(ξ, 0, 0) + ηḡ(0, η, 0)

+ γḡ(0, 0, γ)− g(0, 0, 0)

⇒ ¯̄̄
f(ξ, η, γ) = ξηγ ¯̄̄g(ξ, η, γ)− ξη¯̄g(ξ, η, 0)− ηγ ¯̄g(0, η, γ)

− γξ ¯̄g(ξ, 0, γ) + ξḡ(ξ, 0, 0) + ηḡ(0, η, 0) + γḡ(0, 0, γ)
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Therefore,

¯̄̄g(ξ, η, γ) =
¯̄̄
f(ξ, η, γ)

ξηγ
+

¯̄g(ξ, η, 0)

γ
+

¯̄g(0, η, γ)

ξ
+

¯̄g(ξ, 0, γ)

η

− ḡ(ξ, 0, 0)

ηγ
− ḡ(0, η, 0)

ξγ
− ḡ(0, 0, γ)

ξη
.

But ¯̄g(ξ, η, 0) = 0, ¯̄g(0, η, γ) = 0, ¯̄g(ξ, 0, γ) = 0, ḡ(ξ, 0, 0) =
0, ḡ(0, η, 0) = 0, and ḡ(0, 0, γ) = 0. Therefore,

¯̄̄g(ξ, η, γ) =
¯̄̄
f(ξ, η, γ)

ξηγ

∴ Lx,y,z[g(x, y, z)] =
¯̄̄
f(ξ, η, γ)

ξηγ
.

Hence,

Lx,y,z

[∫ x

0

∫ y

0

∫ z

0

f(u, v, w)dudvdw

]
=

¯̄̄
f(ξ, η, γ)

ξηγ
.

Proposition 4.8. Let f(x, y, z) be a periodic function of pe-
riod T1, T2, and T3 w.r.t. x, y, and z respectively. Then the
bicomplex triple Laplace transform is given by

Lx,y,z[f(x, y, z)] =

∫ T1

0

∫ T2

0

∫ T3

0
e−ξx−ηy−γzf(x, y, z)dxdydz

(1− e−T1ξ) (1− e−T2η) (1− e−T3γ)
,

Re(ξ) > |Imj(ξ)| ,Re(η) > |Imj(η)| , and Re(γ) > |Imj(γ)| .

Proof. Let f(x, y, z) be a periodic function with period T1

w.r.t. x. Then for ξ ∈ C2 and Re(ξ) > |Imj(ξ)| , see Agarwal
et al. [21]

Lx[f(x, y, z)] =

∫ T1

0
e−ξxf(x, y, z)dx

1− eT1ξ
= f̄(ξ, y, z) (17)

Similarly, for η ∈ C2 and Re(η) > |Imj(η)| taking the bicom-
plex Laplace transform of (17) w.r.t. y, we have

Ly
[
f̄(ξ, y, z)

]
= ¯̄f(ξ, y, z) =

∫ T2

0
e−ηy f̄(ξ, y, z)dy

1− e−T2η

=
1

1− e−T2η

∫ T2

0

e−ηy
∫ T1

0
e−ξxf(x, y, z)dx

1− eT1ξ
dy

=

∫ T1

0

∫ T2

0
e−ξx−ηyf(x, y, z)dxdy

(1− eT1ξ) (1− eT2η)
. (18)

And for γ ∈ C2 and Re(γ) > |Imj(γ)| taking the bicomplex
Laplace transform of (18) w.r.t. z, we have

Lz

[
¯̄f(ξ, η, z)

]
=

¯̄̄
f(ξ, η, γ) =

∫ T3

0
e−γz ¯̄f(ξ, η, z)dz

1− e−T3γ

=
1

1− e−T3γ

∫ T3

0

e−γz
∫ T1

0

∫ T2

0
e−ξx−ηyf(x, y, z)dxdy

(1− eT1ξ) (1− eT2η)
dz

=

∫ T1

0

∫ T2

0

∫ T3

0
e−ξx−ηy−γzf(x, y, z)dxdydz

(1− e−T1ξ) (1− e−T2η) (1− e−T3γ)
.

Thus,

Lx,y,z[f(x, y, z)] =

∫ T1

0

∫ T2

0

∫ T3

0
e−ξx−ηy−γzf(x, y, z)dxdydz

(1− e−T1ξ) (1− e−T2η) (1− e−T3γ)
.

5 Inversion
In this section, we derive the inversion formula for bicom-

plex triple Laplace transform.

Proposition 5.1. Let f(x, y, z) be bicomplex-valued function
of x, y, z > 0 such that Lx,y,z[f(x, y, z)] =

¯̄̄
f(ξ, η, γ). Then

f(x, y, z) = − 1

8π3i1

∫
Γ1

∫
Γ2

∫
Γ3

eξx+ηy+γz ¯̄̄
f(ξ, η, γ)dξdηdγ,

(ξ, η, γ) ∈ Ω

where Ω defined in (14) and Γ1, Γ2, and Γ3 are Bromwich
closed contours in bicomplex space.

Proof. Taking the inverse bicomplex Laplace transform [3] of
¯̄̄
f(ξ, η, γ) w.r.t. γ, we get

L−1
γ

[
¯̄̄
f(ξ, η, γ)

]
= ¯̄f(ξ, η, z) =

1

2πi1

∫
Γ3

eγz
¯̄̄
f(ξ, η, γ)dγ

(19)

Similarly, taking inverse bicomplex Laplace transform of (19)
w.r.t. η, we have

L−1
η

[
¯̄f(ξ, η, z)

]
= f̄(ξ, y, z) =

1

2πi1

∫
Γ2

eηy ¯̄f(ξ, η, z)dη

=
1

(2πi1)2

∫
Γ2

eηy
(∫

Γ3

eγz
¯̄̄
f(ξ, η, γ)dγ

)
dη

= − 1

4π2

∫
Γ2

∫
Γ3

eηy+γz ¯̄̄
f(ξ, η, γ)dηdγ

(20)

And, taking inverse bicomplex Laplace transform of (20) w.r.t.
ξ, we have

L−1
ξ

[
f̄(ξ, y, z)

]
= f(x, y, z) =

1

2πi1

∫
Γ1

eξxf̄(ξ, y, z)dξ

=− 1

8π3i1

∫
Γ1

eξx
(∫

Γ2

∫
Γ3

eηy+γz ¯̄̄
f(ξ, η, γ)dηdγ

)
dξ

=− 1

8π3i1

∫
Γ1

∫
Γ2

∫
Γ3

eξx+ηy+γz ¯̄̄
f(ξ, η, γ)dξdηdγ.

Hence,

f(x, y, z) = − 1

8π3i1

∫
Γ1

∫
Γ2

∫
Γ3

eξx+ηy+γz ¯̄̄
f(ξ, η, γ)dξdηdγ.

6 Application
In this section, we present application of bicomplex triple

Laplace transform in finding the solution of some kind of third-
order partial differential equation of bicomplex-valued func-
tion.

Consider the third order partial differential equation of the
type

∂3u(x, y, z)

∂x∂y∂z
+ u(x, y, z) = f(x, y, z), x, y, z > 0 (21)
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where u : R3 → C2 and f : R3 → C2 can be expressed ex-
plicitly as

u(x, y, z) = u0(x, y, z) + i1u1(x, y, z) + i2u2(x, y, z) +
i1i2u3(x, y, z) and f(x, y, z) = f0(x, y, z) + i1f1(x, y, z) +
i2f2(x, y, z) + i1i2f3(x, y, z).

Taking bicomplex triple Laplace transform of (21) on both
sides and applying Proposition 4.4, we have

ξηγ ¯̄̄u(ξ, η, γ)− ξη ¯̄u(ξ, η, 0)− ηγ ¯̄u(0, η, γ)− γξ ¯̄u(ξ, 0, γ)

+ ξū(ξ, 0, 0) + ηū(0, η, 0) + γū(0, 0, γ)− u(0, 0, 0)

+ ¯̄̄u(ξ, η, γ) =
¯̄̄
f(ξ, η, γ)

⇒ ¯̄̄u(ξ, η, γ) =
¯̄̄
f(ξ, η, γ)

1 + ξηγ
+

ξη

1 + ξηγ
¯̄u(ξ, η, 0)+

ηγ

1 + ξηγ
¯̄u(0, η, γ) +

γξ

1 + ξηγ
¯̄u(ξ, 0, γ)− ξ

1 + ξηγ
ū(ξ, 0, 0)

− η

1 + ξηγ
ū(0, η, 0)− γ

1 + ξηγ
ū(0, 0, γ) +

u(0, 0, 0)

1 + ξηγ
.

(22)

Applying the inversion formula for bicomplex triple Laplace
transform, we have

u(x, y, z) = − 1

8π3i1

∫
Γ1

∫
Γ2

∫
Γ3

eξx+ηy+γz ¯̄̄u(ξ, η, γ)dξdηdγ,

(ξ, η, γ) ∈ Ω

where Ω defined in (14), ¯̄̄u(ξ, η, γ) defined in (22), and Γ1, Γ2,
and Γ3 are Bromwich closed contours in bicomplex space.

7 Conclusion
In this article, we derive bicomplex triple Laplace transform

and its properties which is a natural extension of the complex
triple Laplace transform [1]. It is applicable in solving some
kind of third-order partial differential equation of bicomplex-
valued function due to large class of frequency domain. Bi-
complex numbers being basically four dimensional hypercom-
plex numbers, provide large class of frequency domain.

Acknowledgements
The authors are very grateful to experts for their appropriate

and constructive suggestions to improve this article.

REFERENCES
[1] A. Atangana, A note on the triple Laplace transform and

its applications to some kind of third-order differential
equation, Abstract and Applied Analysis, 2013, Article id
769102, 1-10, 2013.

[2] A. Banerjee, On the quantum mechanics of bicomplex
Hamiltonian system, Annals of Physics, 377, 493-505,
2017.

[3] A. Banerjee, S.K. Datta, and A. Hoque, Inverse Laplace
transform for Bi-complex variables, Mathematical in-
verse problems, 1(1), 8-14, 2014.

[4] A. Ghanmi and K. Zine, Bicomplex analogs of Segal-
Bargmann and fractional Fourier transforms, Adv. Appl.
Clifford Algebras, 29(4), Paper No. 74, 1-20, 2019.

[5] A. Kumar and P. Kumar, Bicomplex version of Laplace
Transform, International Journal of Engg. and Tech.,
3(3), 225-232, 2011.

[6] C. Segre, Le rappresentazioni reale delle forme comp-
lesse’e Gli Enti Iperalgebrici, Math. Ann., 40, 413-467,
1892.

[7] D. Alpay, M.E. Luna-Elizarrarás, M. Shapiro, and D.C.
Struppa, Basics of Functional Analysis with Bicomplex
Scalars, and Bicomplex Schur Analysis, Springer Briefs
in Mathematics, Springer, Cham, 2014.

[8] D. Rochon and S. Tremblay, Bicomplex Quantum Me-
chanics: I. The generalized Schrödinger equation, Ad-
vances in Applied Clifford Algebras, 14(2), 231-248,
2004.

[9] D. Rochon and S. Tremblay, Bicomplex Quantum Me-
chanics: II. the Hilbert space, Advances in Applied Clif-
ford Algebras, 16, 135-157, 2006.

[10] G.B. Price, An Introduction to Multicomplex Spaces and
Functions, Marcel Dekker Inc., New York, 1991.

[11] G.S. Dragoni, Sulle funzioni olomorfe di una variable
bicomplessa, Reale Acad. d’Italia Mem. Class Sci. Fic.
Mat. Nat., 5, 597-665, 1934.

[12] J.C. Jaeger, The solution of boundary value problems by
a double Laplace transformation, Bull. Am. Mathematical
Soc., 46(8), 687-693, 1940.

[13] J.H. Mathew and R.W. Howell, Complex Analysis for
Mathematics & Engineering, Jones & Bartlett Publishers,
2012.

[14] M.E. Luna-Elizarrarás, M. Shapiro, D.C. Struppa, and
A. Vijiac, Bicomplex Holomorphic Functions : The Al-
gebra, Geometry and Analysis of Bicomplex Numbers,
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