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Abstract The concept of differential invariant, along with
the concept of invariant differentiation, is the key in modern
geometry [1]-[10]. In the Erlangen program [3] Felix Klein
proposed a unified approach to the description of various ge-
ometries. According to this program, one of the main problems
of geometry is to construct invariants of geometric objects with
respect to the action of the group defining this geometry. This
approach is largely based on the ideas of Sophus Lee, who in-
troduced continuous geometry groups of transformations, now
known as Lie groups, into geometry. In particular, when con-
sidering classification problems and equivalence problems in
differential geometry, differential invariants with respect to the
action of Lie groups should be considered. In this case, the
equivalence problem of geometric objects is reduced to finding
a complete system of scalar differential invariants.

The interpretation of the k— order differential invariant as a
function on the space of k— jets of sections of the correspond-
ing bundle made it possible to operate with them efficiently,
and using invariant differentiation, new differential invariants
can be obtained.

Differential invariants with respect to a certain Lie group
generate differential equations for which this group is a sym-
metry group. This allows one to apply the well-known inte-
gration methods to such equations, and, in particular, the Li-
Bianchi theorem [4].

Depending on the type of geometry, the orders of the first
nontrivial differential invariants can be different. For exam-
ple, in the space R3 equipped with the Euclidean metric, the
complete system of differential invariants of a curve is its cur-
vature and torsion, which are second and third order invariants,
respectively.

Note that scalar differential invariants are the only type of
invariants whose components do not change when changing
coordinates. For this reason, scalar differential invariants are
effectively used in solving equivalence problems.

In this paper differential invariants of Lie group of one
parametric transformations of the space of two independent
and three dependent variables are studied. It is shown method
of construction of invariant differential operator.Obtained

results applied for finding differential invariants of surfaces.
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1 Introduction

Let GG be a Lie group of transformations of Riemannian man-
ifold M of dimension n with Riemannian metric g.

Definition 1. A function F'(z) is called an invariant of the
group of transformations of G if F/(x) = F(gx) for each ele-
ment g € G.

Example 1. Consider the group of motions of the Euclidean
plane

X' (z,y) = (zcost + ysint; —xsint + ycost), (1)

where ¢t € R. The function F'(z,y) = 2% + y? is an invariant
under the rotation group, since

22 +y? = (zcost + ysint)* + (—wsint + ycost)®  (2)

forallt € R.
For the group of rotations of the Euclidean plane , the in-
finitesimal generator is vector field

X=- %—&—xg. 3)

Let G be the Lie group, the transformations of the Rieman-
nian manifold M. If the group G is an k -dimensional Lie
group, then it has the same % infinitesimal generators (vector
fields) [6]. The following theorem is known [8]:

Theorem 1. The function F'(x) is an invariant of the group
of transformations of G if and only if X (F") = 0 holds for each
infinitesimal generator X of the group G.

Definition 2. Let M, B be smooth manifolds and p € M.
Let f,g : M — B be smooth mappings satisfying the condi-

tion f(p) = g(p) = q.
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1) f has a first-order tangency with g at the point p if (df), =
(dg)p as the map T, M — T,B.

2) f has a contact of k th order with g at the point p if the map
(df) : TM — T B has a contact of order (k—1) with map (dg)
at each point 7}, M. This fact can be written as follows: f ~j g
at the point p (k -positive number) [2].

Example 2. Let f,g: R — R, f(x) = 23, g(z) = 2* + 2°.
Then f ~3 g at the point 0 (k = 2). In fact, f(0) = g(0) =
0, f'(0) = ¢'(0 ) =0, f"(0) = ¢g"(0) = 0.

We denote by J¥(M, B), , the sets of equivalence classes
with respect to the ”~y, at the point p” in the space of map-
pings f : M — B satisfying the condition f(p) = ¢. We put
Jk(Mv B) - U(p,q)e]V[xB Jk(Mv B)P#I'

Definition 3.The set J* (M, B) is called the space of k -jets.

The action of the group G on M gives rise to some ac-
tion of the group on J¥(M, B). This action is called the k
-prolongation of the group G on J*(M, B).

We let G(%) denote the associated prolonged group action on
the jet space J*(M, B). The infinitesimal generators of the k
-th prolongation of the group G to J*(M, B) are k - prolonga-
tions of infinitesimal generators of the group G [9].

For example, the first and second prolongations of the vector
field (3) are respectively vector fields

0 0 0
1 _ 2 v 2
X y8x+xay+(1+y )763/ 4)
and
X(2) :7y£+932+(1+y/) 9 +3y/ " 0 (5)

ox Oy oy’ oy"!

Definition 4. The function I € C°°(J*(M, B)) is called a
differential invariant of order k of the group G if it is preserved
under the action of the k -th prolongation G on J*(M, B), that
is, g(I) = I for any transformation g € G*).

Differential invariants of Lie group of transformations are
studied in the papers [1], [6]- [10].

The following theorem is known [8]:

Theorem 2. The function [ is an invariant of order k of the
transformation group G if and only if it is the first integral of

the infinitesimal generator of the group G(*)

2 Main Part

Let G be a Lie group of transformations of the space of
two independent u, v and three dependent 1, x2, x3 variables
, and following vector field

X=§1(u,v,x)8+§2uvx +anuvl‘ (6)

is infinitesimal generator of the group G.

It is known that any Lie group is similar to the group of
translations. This property of the groups is remarkable and its
use permits simplification of finding of differential invariants
of the group ([10],page 28).

In order to use this possibility we produce the replacement
of variables.
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Let us consider functions F} (u,x) and Fy(v,x) which are
solutions of following equation

X(F)=1. (7

Let I1(u,v, ), Is(u,v,x) and Iz (u,v,x) be are functionally
independent invariant functions of the group G, i.e. they are
satisfy following equations

X(;)=0,i=1,2,3. (®)

We will replace the variables in the space of
(u,v, 21,23, 23) by putting

SZFl(u’x)7t:F2(Uam)7 )

Yi :Ii(u7vvx)a (10)

where ¢ = 1, 2, 3. Using easy deductions, we can verify that in
variables (s,t,y1, Y2, y3) the vector field (6)has the following
form

(1)

This form of the vector field X shows that the group G is sim-
ilar to the group of translations. Moreover in the coordinates
(s,t,y1,Y2,y3) forany k € N for k — th prolongation X (*¥) of
the vector field (11) it holds equality X ) = X [8].

Let us recall differentiation operator D is called invari-
ant differentiation operator with respect group G if it holds
DX (F) = XD(F) for any smooth function F[6].

It follows from the form of the vector field (11) invariant dif-
ferentiation operators for the group G are following operators
of total derivatives: D = D, + Dy.

If we put
i
Os Ok y Qik =

5kyi
Otk

then we can write total derivatives in following forms:

Pik =

f+§jp“ +2p12 (12)
+Zq21 +Zq12 (13)
We have the following equalities
D, = 1 D (14)
s Zquy1 usy
D, = LD (15)
t — DyFQ vy

which will allow us to return to the old variables, where
D,, D,— also operators of total derivatives with respect u, v.

Let denote by D¥(F) derivatives D¥ + D¥(F) of order k.

Thus we have the following theorem.

Theorem-3. Suppose I, I3, I3 are independent invariants of
the group G, F(u, z), F5(v, x), are solutions of the equation
X(F) = 1. Then functions I;(u,v,z) and D*(I;) are differ-
ential invariants of order k.



Mathematics and Statistics 8(3): 347-352, 2020

Let us find differential invariants of surfaces. We consider a
surface which is given by equations

in R3.
We can put

r=uy=0v,z=2zu,v) 17

and get space of two independent =,y and one dependent
z = z(x,y) variables. Let consider the group of conformal
transformations of the Euclidean space R3(z,y, 2)

X': R® > R3, (18)
where
X'(x,y,2) = (ze', y exp(t), zexp(t)),
where ¢ € R, with infinitesimal generator
X:x%—i—y%—l—z%. (19)
The function ) )
I,y 2) = =

is an invariant under the group (18).

From the equation
X(F)=1

we obtain L
Fi(z,2) = 3 In(xz).

1
Fy(y,z) = 3 In(zz).
We will replace the variables in the space of (z, y, z) by putting
s=Fi(z,2),t = F(y, 2),w = I(z,y, 2).

Now we can use formulas (14)and (15) to find differential in-
variants of the surface (16). By produce derived necessary cal-
culations, we find the following first-order differential invari-
ants

Y2

(1) _ 1’227
! z+y2l,

(1 _
z—l—xz;’I

5 =

By invariant differentiating the differential invariants of the
first order, we obtain the second order differential invariants e

1~ 90ys 22y, — ZaZy
' (z422)%(z +yz)’
22y, — ZaZy

1Y =2
2 xyz(z+yz;)2(z+wzz)7

Zp + TZp) — 122

(z +22y)3
Taking into account that the obtained differential invariants are

functions of other invariants, we can find more simple differ-
ential second-order invariants:

I§2) = 23:22(

)

2
[(2) _ T™Zga
4 2+ T2y
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1 _ Yy
5 - I
2+ T2y
1(2) _ LYZay
6 - ’
Z+yzy
2 = &
7 Z+Yzy

Let G be a group of motions of the Euclidean space
R3(x,y, z), where two independent z,y and one dependent z
variables

X' RS R teR, (20)

where
X'(x,y,2) = (zcost + zsint,y + t, —xsint + zcost)

with infinitesimal generator

X:—zﬁ—kg—kzg.

21
dy Oy 0z @h

The function I(x, z) = V2 + 22 is an invariant under the
actionof the group (20).
From the equation

X(F)=1
we obtain
Fi(x,z) = arcsin -
[z% + 2%]2
Fa(y, 2) = y.

We will replace the variables in the space of (z, y, z) by putting
s=Fi(z,2),t = Fy(y, 2),w=I(z,2).

Using easy deductions, we can verify that in variables (s, t, w)
the vector field (21) has the following form

o 0

9s ot

This form of the vector field X shows that the group G is sim-
ilar to the group of translations.

Now we can use formulas (14)and (15) to find differential
invariants of the surface (16). By produce derived necessary
calculations, we find the following first-order differential in-

variants ,
/
2z, + I(l) -z +vy
P02
xT

=

z—xz yzl — 2’

By invariant differentiating the differential invariants of the
first order, we obtain the second order differential invariants

I(g) 1+ zg 22 + 22
Vo n — 2 T (2, — 2)2)
@ _ 1t z v? + 22
= z
2 yZ;_Z yy(yzy_z)ga
1+ 22 2 + 22
I?(,2) =Ty s T ey 2’
(x2h — 2) (xzl — z)
@ _ zg + 2Zyy _ z2z§
4 (x2—|—,22)% (962—1—22)%7
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Now we have following second order differential invariant
which is functions of obtained second order differential invari-
ants

2

Ty

(1+ 22+ 22)?

@ _ ZpaZyy — %

It is known second order differential invariant K (2 is Gauss
curvature of the surface which is grafics of the function z =

z(z,y).

3 The case of a single independent vari-
able

Let us consider the case there is a single independent vari-
able z and single dependent variable y.

This case is considered in the paper [11]. In this case one
consider function F'(y, 2) which is solution of following equa-
tion

X(F)=1.
Let I(x,y) be a invariant function of the group G, i.e. it satisfy
following equation
X(I)=0.
We will replace the variables in the space of (x, y) by putting
s = F(z,y),

z=1I(z,y).

This case is shown in following example.

Example-3. Let us find the differential invariant of the ro-
tation group of the plane (1). The finding of differential in-
variants reduces to finding the first integrals of the system of
ordinary differential equations. By the theorem-2, the function
1 is an invariant of the second order if and only if

X()=XOD1)=x31)=0

From these relations we obtain the following system of equa-
tions

dr _dy _ _dy _

—y oz 14+y?

dy//
Sy/y//

we get invariant function

_ dy
— =z

I= /2492

From the equation 42
—y

From the equation
X(F)=1

we obtain
X

By using invariant differential operator we have first order dif-
ferential invariant

F(z,y) = arcsin

-y
T4 yy
and second order differential invariant

7

Y

Iy = 1+ y2)32
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This invariant is the curvature of the curve y = y(x).

This case of single independent variable is also considered
in papers [7]-[9]. As shown in this papers if I(z,u(™) is any
(non-constant ) differential invariant , the corresponding in-

variant differential operator is D = Dpz which maps J to

% = D,J/D,I. Therefore, starting from a pair of differen-
tial invariants (or, more generally, a single differential invariant
and a contact- invariant horizontal one-form) we construct an
infinite sequence of order differential invariants.

Let us apply this procedure for example above. We consider

two invariants
I=+/2? + 92,
-y
T+ yy'
of order 0 and first order respectively.In this case we have got

z+yy'
/22 + 2
y'(@® +y°) + A +y*)(2y +y))
(= +yy')? '
As result we have following second differential invariant

DI =

D 1M =

y// 1+ y/2
(x+yy)?  (x+yy)*
We now first and second prolongations of the the infinitesi-

mal generator for the group of rotations of the Euclidean plane
(4),(5). So we can check that

19 = (% + 47)

X(l)([(l)) — O,X(2)(I(2)) —0.

From this equalities follows that functions 7(") and I?) are
differential invariants of first and second order respectively.

4 Invariants of submersions

In this section we discuss second order differential invariants
of submersions.

Let us consider submersion

H:R™ — R, (22)

i.e. differentiable function of maximal rank. According to the
theorem on rank for every ¢ € R! full primage H!(c) is a
smooth manifold of dimension n — 1. Thus connected compo-
nents of level surfaces L, = {x : H(z) = c} generate foliation
F' codimension one.

We want to find differential invariants of the group of one
parametrical transformations which respects foliation F.

Let

1 .2

(x,y,2) = (", 2°... 122

1,2 . l
?x/,L7y 7y "'7yn7z )Z ""Z)7
cartesian coordinates in R"™ where 2n + 1 = m. If
F(z,y,z),H(x,y,z) are smooth functions, we define their
Poisson bracket to be the function

" OF O0H
{FH}= ; dyt Ozt

" OF O0H
— Oz’ oyt

(23)
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The space R™ is a Poisson manifold with above defined Pois-
son bracket.

Definition -3. Let M be a Poisson manifold and H : M —
R a smooth function. The Hamiltonian vector field associated
with H is the unique smooth vector field Xz on M satisfying
Xuy(F) = {F,H} = —{H, F} for every smooth function
F:M — R.

In this case of the canonical Poisson bracket on R™, m =
2n+1, the Hamiltonian vector field corresponding to H (z,y, 2)
is clearly

—~,0H 0 OH 9
Xn = ;{ dxi By’ Oy dai g @4)

The corresponding flow is defined by the system of ordinary
differential equations

dx? 0H dy' _ OH dz!

i Tyt dw ot

(25)

It is known that the function H (z,y, z) first integral for the
system (25). It follows from here the flow of the system (25)
translates every leaf of the foliation F onto it [5] .

Thus vector field X generate the group G of one paramet-
rical transformations which respects foliation F. If we want to
find differential invariants of the group G one can use the func-
tion H(x,y, z) as invariant.

Let us consider functions F;(x,y), ¢ = 1,2, - -, 2n, which
are solutions of following equation

X(F) =1 (26)

The function H (x, y, z) satisfy following equation

Xu(H(z,y,2)) =0.

We will replace the variables in the space of (z,y,z) by
putting
S; = Fi(l'vy)azj = Zj,

wherei =1,2,---,2n, 5 =1,2,--- 1. Using easy deductions,
we can verify that in variables (s, z) the vector field (24)has

the following form
2n Pl
X = .

By applying differentila oprators (total derivatives) D, to the
function H(x,y,z) we can find differential invariants of the
foliation, generated by submersion (22).

Now let us show this procedure on example. We consider
the submersion

H(z,y,2) =2 +y* — 2. 27)
wherem =3,n=1,1l=1.

The Hamiltonian vector field corresponding to H (x, y, z) is
clearly is the vector field (3). From equations (26) we find

F} = arctan g, Fy = arcsin S + z.
T
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We will replace the variables in the space of (z, y, z) by putting
s; = Fi(z,y),z=z

where ¢ = 1,2. In new system coordinate the vector field (3)
has following form

0 7]

X=—+_——.
881_'_882

By applying total derivative operator
D, + D,

to the function H(x, y, z) we can find differential invariants of
the foliation, generated by submersion (27).

Now as a result of small calculations we have following sec-
ond order differential invariant

4
(1 4a? + 492)27
which is Gauss curvature of a level surface of the submersion
(27) at the point (x,y, ).

5 Conclusion

We have considered two problems in this paper. First prob-
lem is a problem on second order differential invariants of the
one parametrical tranformations. Results on this problem ob-
tained in this paper shows that how can be used the fact that any
Lie group is similar to the group of translations. This property
of Lie group is remarkable and its use permits simplification
of finding of differential invariants of the group. But we have
technical problems with finding functionally independent in-
variant functions of the group. Finding functionally indepen-
dent invariant functions is a equivalent to the finding of first
integrals of the system of ordinary differential equations. In
general finding of first integrals of the system of ordinary dif-
ferential equations is very complicated.

Second problem in this paper deals with geometry of sub-
mersions. The study of the geometry of submersions is closely
related to the geometry of foliations, which is an important
section of modern geometry. Submersion generates a foliation
whose leaves are level surfaces of the submersion. Therefore,
studying the geometry of submersions is important in the the-
ory of foliations. We have pointed out how can be find geomet-
rical characteristics of a submersion which are invariants of the
Lie group action.
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