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Abstract We analyze the quantum properties of the light generated by a three-level laser with an open cavity and coupled
to a two-mode squeezed vacuum reservoir via a single-port mirror. The three-level laser consists of three-level atoms available
in an open cavity and pumped from the bottom to the top level by means of electron bombardment. Applying the large-time
approximation scheme, we have obtained the steady-state solutions of the equations of evolution for the expectation values
of the atomic operators and the quantum Langevin equations for the cavity mode operators. Using the resulting steady-state
solutions, we have calculated the mean photon number, the variance of the photon number, and the quadrature variance for the
two-mode cavity light. We have seen that the light generated by the three-level laser is in a squeezed state and the squeezing
occurs in the plus quadrature. It so turns out that the maximum quadrature squeezing of the two-mode cavity light is 45.68%
for My = 0.59 and Ny = 0.27 below the vacuum-state level. In addition, we have shown that the effect of the squeezed
parameter is to increase the mean and variance of the photon number.

Keywords Operator dynamics, Photon statistics, Quadrature squeezing, Spontaneous emission

1 Introduction

Squeezed states of light have played a crucial role in the development of quantum physics. Squeezing is one of the
nonclassical features of light that has been extensively studied by several authors [[1} 2} 3| |4} 15 |6l [7, [8, 9} 10} (11} [12]. In
squeezed light the noise in one quadrature is below the vacuum-state level at the expense of enhanced fluctuations in the other
quadrature, with the product of the uncertainties in the two quadratures satisfying the uncertainty relation [9, [10]. Squeezed
light has potential applications in low- noise optical communication and weak signal detection [[10]. Squeezed light can be
generated by various quantum optical processes such as subharmonic generations [[1, [2} |3} 14, 5], four-wave mixing [2} 3],
resonance fluorescence [1} 18], second harmonic generation [1} |2, 3], and three-level laser under certain conditions [1}[10]. A
three-level laser is a quantum optical system in which light is generated by three-level atoms inside a cavity usually coupled to
a vacuum reservoir via a single- port mirror. When a three-level atom in a cascade configuration makes a transition from the
top to the bottom level via the intermediate level, two photons are generated. If the two photons have the same frequency, then
the three-level atom is called degenerate three-level atom otherwise it is called nondegenerate. The squeezing and statistical
properties of the light produced by three-level lasers when the atoms are initially prepared in a coherent superposition of
the top and bottom levels or when these levels are coupled by strong coherent light have been studied by several authors
[L3L 144 1150 16l 17, [18L 191 20]. These authors have found that these quantum optical systems can generate squeezed light
under certain conditions.

Moreover, Fesseha [9, 10] has studied the squeezing and the statistical properties of the light produced by a three-level
laser with the atoms placed in a closed cavity and pumped by electron bombardment. He has shown that the maximum
quadrature squeezing of the light generated by the laser, operating below threshold, is found to be 50% below the vacuum-
state level. Moreover, he has also found that the quadrature squeezing of the output light is equal to that of the cavity light. On
the other hand, this study shows that the local quadrature squeezing is greater than the global quadrature squeezing. He has
also found that a large part of the total mean photon number is confined in a relatively small frequency interval. In addition,
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Figure 1. Schematic representation of a three-level laser coupled to a two-mode squeezed vacuum reservoir.

Fesseha [10]] has studied the squeezing and the statistical properties of the light produced by a three-level laser with the atoms
placed in a closed cavity and pumped by coherent light. He has shown that the maximum quadrature squeezing is 43% below
the vacuum-state level, which is slightly less than the result found with electron bombardment.

In this paper, we seek to analyze the quantum properties of light emitted by three-level atoms available in an open cavity
coupled to a squeezed vacuum reservoir via a single port-mirror and pumped from the bottom level to the top level by the
means of electron bombardment. Thus taking into account the interaction of the three-level atoms with a resonant cavity light
and the damping of the cavity light by a vacuum reservoir, we obtain the photon statistics and the quadrature squeezing of the
cavity light. We carry out our calculation by considering the interactions of the cavity mode with the thermal reservoir via a
single port-mirror and the three-level atoms with the cavity mode as well as a vacuum reservoir.

2 Operator dynamics

We consider here the case in which N three-level atoms in a cascade configuration and available in an open cavity. We
denote the top, intermediate, and bottom levels of these atoms by |a)g, |b)x, and |c)x, respectively. We prefer to call the
light emitted from the top level light mode a and the one emitted from the intermediate level light mode b. We carry out our
analysis with light modes a and b having the same or different frequencies. In addition, we assume that light modes a and b
to be at resonance with the two transitions |a); — |b)x and [b)r — |¢)x, with direct transition between |a), and |c) to be
electric-dipole forbidden. The interaction of a three-level atoms with cavity modes a and b can be described at resonance by
the Hamiltonian [[10]

H =g (&;ka —afek 4 6fkh — BT&,’f) , 1)
where
& = |b)rral, )
and
& = |c)kr (b] 3)

are lowering atomic operators, & and b are the annihilation operators for the cavity modes, g is the coupling constant between
the atom and the cavity modes. We assume that the cavity modes are coupled to a two-mode squeezed vacuum reservoir via
a single-port mirror.

The quantum Langevin equations for the operators a and b are given by [9, [10]

da K. . p [
- = —Ea—z[a,H] + Fu(t), @
db Ky  oop on
o = b ilb ]+ Fy(2), ®

where & is the cavity damping constant and Fa(t) and Fb(t) are noise operators associated with squeezed vacuum reservoir
and having the following correlation properties:

(F,(t)) = (Fy(t)) =0, (6)
(YO E (1)) = (B () By (t) = kNod(t — 1), (7)

(FL()F(t) = (B () F] (1)) = w(No + 1)6(t — 1), ®)
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(FIOEFN() = (FJOF () = (Fa)Fa(t) = (By() Fy(t')) = —rMod(t —1'). ©
With the aid of Eqgs. (I), @), and (5), one can easily establish that
da K RN
AP S F,(t), 10
=~ — 900 + Fu(t) (10)
db K- .
— = ——b— g6t + Fy(t). 11
a 577 9% + Fy(t) (11)
Furthermore, the master equation for a three-level atom interacting with a squeezed vacuum reservoir is given by [10]
dp N
o = i+ {205/3&“ oioup— poitor +265061" — ol olp ﬁ&Z’“&f]
g(zvo +1) {2&,&@* —atap — pafa} + gNO [zzﬂpa —aatp— pafﬂ] (12)
+ gMO [2&;&& —a%p—pat+2atpat —a?p— p&“} ,
where
Ny = sinh?(r) (13)
My = sinh(r) cosh(r) (14)

with r being squeezed parameter and + is the spontaneous emission decay constant. We can rewrite Eq. (12) as
@77}} 2kAATk7 25 Atk aka  ank
o = U+ 5|26 iep — pi + 26§ pol" — if p— pig
K it oa — aats — saat
+ §(N0 +1)|2apa’" —atap — pata| + 2N0 2a"pa — aa'p — paa (15)

+ gMO [2@,3& —a?p—pa*+2atpat —at?p — ,3&*2] ,

where
s = la)ural, (16)
Ay = b)wn (0] (17)
Using Eq. (T), we can put Eq. (13)) in the form
dp . JUTIR JT
th) g [ Tkap paTka + O'b bp pagkb —afsk b — bJr paTUéf + pro{f}

[2 Fpolk —ilkp — pik + 268 polt — i

K L L P e (18)
§(N0 +1) {QapaT —atap — paTa} + §N0 {2atpa —aatp— paaT]
+ gMo [Zdﬁd —a2p— pa +2a'pat —at?p — ﬁd”} )
Now applying the relation
d dp »
along with Eq. (T8), we can easily establish that
d .k ~k ok bok
—(ok) = —(6k) + g | (ifa) — Gika) + (BTak)] 20)
d, i YAk N N Atk
S (ok) = —3(6k) + g [kD) — (D) + (a'eh)] @
dogy Yk ~ka ~kj
{58y = =2 k) + g [(oha) — (55B)] @)
d,. . ko St
Sy = =) + g [(6]"a) + (aa2)] (23)
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d - - ,
S0k = (k) — )] + g | (155) + (0]) — (fFa) — (aeh)] 24)
d N R
0y = (i) — g [ (6ak) + (61D)] 25)
where
o¢ = |chnlal, (26)
and
e = lehnicl. 27

We see that Egs. (20)-(23) are nonlinear differential equations and hence it is not possible to find exact time-dependent
solutions of these equations. We intend to over come this problem by applying the large-time approximation [[13[]. Then using
this approximation scheme, we get from Eqs. (10) and (TT) the approximately valid relations

2 2 A

=25k ZE.(), (28)
K K

~ 2 2 A

b= 95k L Zf ). (29)
K K

Evidently, these would turn out to be exact relations at steady state. Now combining Eqs. (Z8) and 29) with Eqgs. (20)-23),
we get

Dok = — b+ ael o8+ 22 [t Butt)) — Bt + (B (055)] (30)
Gioky =~ [2+ L] tob) + 22 [akFate)) — b B0 — (B (1)6%)] (1)
L8 =~ [2+ L]tk + 2 [t B0~ 0ER)] (2)
L0y =~ b+l ) + 22 [(o 1 Rute)) + (BN 0)o8)] (3)

D 0ak) = — b+ el () + b+ el ()
dt ) ) ) ) ) (34)

+ (B 055) + 6] Fu(t) — (61 Fu(0) — (B (1))
L0ty = by ) — 22 [(F oy + (6 R0))] G5)
where ,

=" (36)

is the stimulated emission decay constant.
We next proceed to find the expectation value of the product involving a noise operator and an atomic operator that appears
in Egs. (30) - (33). To this end, after removing the angular brackets, Eq. (33) can be rewritten as

d ok _ ok 20 [sikp ot () 5k ;
%na - [7+7C} Na + ; [Ja Fa(t) +Fa(t)0a:| +fa(t)7 (37)

where f,(t) is the noise operator associated with 7j,. A formal solution of this equation can be written as

t
i) = )0 [t B (G ) 4 FLOSAO)] + )] . o)
0

Multiplying Eq. (38) on the right by E, (t) and taking the expectation value of the resulting equation, we have

t
G OF0) = GO Ry 0004 [ et
0 (39)

{2: (1) Ful®) Fu0) + (B ()55 () Fu)] + <fa(t’)ﬁa(t)>] dt'.
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Ignoring the noncommutativity of the atomic and noise operators and neglecting the correlation between F,(t) and 6% (t'),

assumed to be considerably small 6], one can write the approximately valid relations
(GIF (&) Fa(t) Fa(t)) = (318 () (Fu(t) Fu(t)) =

(E()6a (1) Fa(t) = (G5 () ET(E) Fa(t) =

(fat)E (1)) = (ful®)(Fu(t)) = 0.

(40)

(41)
(42)

Now on account of these approximately valid relations along with the fact that a noise operator F at a certain time should not

affect the atomic variable at earlier time, Eq. (39) takes the form

() Fa(t)) =0,
(E ) Ey(t) =0,
(E () Fy () =0,
(Ef()ak 1) =0,
(Ff(t)og (1) =0.

‘We also take . .
(FI(0)5E®) = (Ff(t)ek ) =0,

With the aid of Eqs. #3)-{@9), we rewrite Eqs. (30), 1), 33), (34), and (33) as
d, .k

(6a) = — [y +7 (65),

il
T
D08y =~ by + el ),

Dby =~ b+ 2] ) + Iy -+ 2] ),

D 03E) = b+ el ).

(43)

(44)

(45)
(46)
(47)
(48)

(49)

(50)

(SD

(52)

(53)

(54)

We note that Eqs. (30) - (34) represent the equation of evolution for the atomic operators in the absence of the pumping
process. The pumping process must surely affect the dynamics of (7*) and (7)*). We seek here to pump the atoms by electron
bombardment. If 7, represents the rate at which a single atom is pumped from the bottom to the top level, then (/") increases
at the rate of 7, (7%) and (%) decreases at the same rate. In view of this, we rewrite Eqs. (52) and (54) as

d, i

— ) = = [y + 7] (i) + i), (55)
d, N A
g \e) = [v + el () — Ta(fe)- (56)
We next sum Egs. (50), (1)), (53), (53). and (56) over the N three-level atoms, so that
d
£<ma> = - [’7 + 76] <ma>7 (57)
d, . _ T, el
£<mb> = — [5 + 5} (1), (58)
d - . .
£<Na>:_[7+’7c] (Na) +7a(Ne), (59)
d , -~ . R
7<Nb> :_['7"_70} <Nb>+[7+'yc] <Na>a (60)
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in which

(61)

(62)

(63)

(64)

(65)

(66)

with the operators Na, Nb, and Nc representing the number of atoms in the top, intermediate, and bottom levels. In addition,

employing the completeness relation
M+ + e =1,

we easily arrive at

(Na) + (Vo) + (Ne) = N.
Furthermore, applying the definition given by Eq. (2)) and setting for any k

G = [b){al,

a

we have
me = N|b){al.

Following the same procedure, one can also check that

1y, = Nle) (0],
e = Nc){al,
No = Nla){al,
Ny = Nb){b],
Ne = Nle)(c],

where

Moreover, using the definition
m = 1g + My
and taking into account Eqgs. (70)-(73), it can be readily established that
mim = N(N, + Ny),
mim! = N(Ny + N.),
m? = Nn.
With the aid of Eq. (68), one can put Eq. (39) in the form

d
dt

—(No) = = [y + 7 + 7a] (No) + [N — (N3)].

(67)

(68)

(69)

(70)

(71)

(72)
(73)
(74)
(75)

(76)

77

(78)

(79)
(80)

81
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Applying the large-time approximation scheme to Eq. (60), we get
(Nb) = (Na). (82)
Thus on taking into account this result, Eq. (81]) can be written as

%<Na> = — [y 4 7e + 2ra] (No) + N7 (83)

The steady-state solution of Eq. (83)) is expressible as
rqoN

Ny = ——ret 84
< > Y+ Vet 2ra 64)
Using the steady-state solution of Eq. (61)) along with Eq. (82)), we have
. e
(Re) = T25(R). (85)
On account of Eq. (84), Eq. (83) takes the form
S + 7)) N
(N,) = M (86)
Y+ Ve + 21,

For 7, = 0, we see that (N,) = (N;) = 0 and (N.) = N. This result holds whether the atoms are initially in the top or
bottom level.
In the presence of N three-level atoms, we rewrite Eq. (I0) as [10]
da

K .
aa ke o I3
7 2a+>\ma+ﬁ a(t), (87)

in which X and f3 are constants whose values remain to be fixed. Applying Eq. (28), we get

L 4¢° . . 4
[a,a], = F(W{f —0r)+ ?[Fij] (88)
and on summing over all atoms, we have
. 49% . - 4N
[a.a"] = % (N — No) + = [Fa, F], (89)
where
N
la,a") = [a, ", (90)

k=1

stands for the commutator of @ and &' when light mode a is interecting with all the N three-level atoms. On the other hand,
applying the large-time approximation to Eq. (87)), one can easily find

- AN 4P
[@,a"] = N (N = Na) + —[Fu, F{]. O1
Thus on account of Egs. (89) and (9T)), we see that
g
A=+ 92
VN 2
B=+VN. (93)
In view of Egs. (92) and (93), Eq. (87) can be written as
da K g .
— =——0+ —="y NF,(t). 94
7 20+ st VNE,() (94)
Following a similar procedure, one can also readily establish that
o s 4g° | - AN
b.b1) = 5 (Ne = N3) + — 1, F]], 95)

K2
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db

K - g . ~

— =—=b+ — NFy(t). 96

= 50T Wik + VNFy(t) (96)

Furthermore, in order to include the effect of pumping process, we rewrite Egs. (57) and (58) as

d . R .

2 = —gma + Gal(t), o7
d I A

—mp = —=n Gp(t 98

i 5 + Gy(t) 93)

in which G, (t) and Gy (t) are noise operators with vanishing mean and y is a parameter whose value remains to be determined.

Employing the relation
d dm] dm
St = as 5 dMMa
7 <mama> < 7 ma>+<ma 7 > (99)

along with Eq. (97), we easily find

2 (mlina) = —plikiia) + (il Ga(®) + (GL (), (100)
from which follows p )
il — y — miG 5
TG = (N + - [ Ga(0) + (Gl (101
Now comparison of Egs. (83) and (I0T)) shows that
B="9+7 +2rq (102)
and X .
(b Ga(®) + (GL(tyia ) = ra N2 (103)
We observe that Eq. (I03)) is equivalent to
(GLOGE)) = raN5(t ). (104)
One can also easily verify that
(Ga®GLE)) = (v +7e)N?8(t — 1), (105)
Furthermore, adding Egs. (57) and (58)), we have
S = =3 byl ) = 3 b+ () (106
dt m) = 2 ’y ’yc m 2 ’y /YC ma 9

where 7 is given by Eq. (77). Upon casting Eq. (I06)) into the form

4

° e + G(D), (107)

= _Hp
2

MRS

one can also easily verify that x has the value given by Eq. (102) and
<GT(t)(;(t')> = roN26(t — t/). (108)

On the other hand, assuming the atoms to be initial in the bottom level, the expectation value of the solution of Eq. (97)
happens to be
{1ia(1)) = 0. (109)

Hence the expectation value of the solution of Eq. (94)) turns out to be
(a(t)) = 0. (110)
In view of Eqs. (94) and (T10), we claim that a(t) is a Gaussian variable with zero mean. One can also easily verify that
(b(t)) = 0. (111)

Then on account of Eqs. (96) and (TTT), we realize that b(t) is a Gaussian variable with zero mean.
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Furthermore adding Egs. (IT0) and (TT1]), we obtain

(¢) =0, (112)
where R
é=a-+b. (113)
In addition, adding Egs.((94) and (96)), we get
de_ K,y 9, ;
E__QC—I_\/NWH_\/NFC“)’ (114)
where . R R
F.(t) = F,(t) + Fp(t) (115)
and 7 is given by Eq. (77). One can also easily check that
(F.(t)) =0, (116)
(FI(0)F.(t)) = 2Nowo(t — '), (117)
(FLOEL) = (FO)Fu(t) = —2xMod(t — 1), (118)
(FL(t)FI(t) = 26(No +1)5(t — t'). (119)

In view of Egs. (T12) and (TT4), we see that ¢ is a Gaussian variable with zero mean.

3 Photon statistics

In this section we wish to calculate the mean and variance of the photon number for the two-mode cavity light at steady
state. To this end, using the relation

ot c
jt<éT(t)é(t)> = <d dt(t) é(t)> + <c (t )dd(t)> (120)
along with Eq. (TT4), we readily find
4 ety ENEIOE L1t (tym mf(t)e
Z(Ee) = —rw(e'(t) (t)>+\/ﬁ[< (t)m(t)) + (i’ (t)e(t))] 1)
+ VN [(EL(e®) + (@ () Fu(0))]

Next we seek to evaluate (¢ ()r(t)). Applying the large-time approximation, one gets from Eq. (TT4) the approximately
valid relation

2 2V N -
(t) = —Lin+ 2 F(1). (122)
kVIN K
Multiplying the adjoint of Eq. (I22)) on the right by 7(¢) and taking the expectation value of the resulting expression, we get

209N 5,0+ () + 22X (B ). (123)

(@ (tym(t)) =

We now proceed to evaluate (Ff (¢)rn(t)). To this end, a formal solution of Eq. (T07) can be written as
t
m(t) = m(0)e 5t +/ - L Sia(t’) + G (1)t (124)
0
Multiplying Eq. (129) on the left by Fj (t) and taking the expectation value of the resulting expression, we have

(X (@)ma () + (FIOGE)at'. (125)

(FL(eyin(0) = (Fl @) 8 + [ 80014

Taking into account the fact that a noise operator F' at a certain time should not affect the atomic variable at earlier time and
assuming that the cavity mode and atomic mode operators are not correlated, we get

(El(t)ym(t)) = 0. (126)



196 Three-Level Laser Coupled to Squeezed Vacuum Reservoir

120

1001 ]

60 ]

mean photon number

2 :

Figure 2. Plots of the mean photon number for the two-mode cavity light at steady state [Eq. (I33)] for k = 0.8, 7. = 0.4, v = 0.2, Nop = 0.2 (solid
curve), Ng = 0 (dashed curve), and N = 50.

On account of this result, Eq. (123)) takes the form

At A 2gV'N _, - .
(e Om(t)) = == [(Na()) + (Ny()]: (127)
We next seek to evaluate (£ (¢)é(t)). To this end, a formal solution of Eq. (TT4) can be written as
. .
&(t) = &(0 e*%t+/ e 50 | () + VNEL( ] dt'. 128
() = ¢(0) | Wi (") o(t) (128)

Multiplying Eq. (T28) on the left by £ (¢) and taking the expectation value of the resulting expression, we get

<A5(t)6(t)>=<A5(t)6(0)>6*%t+/0 e 3071 %(i(t)m(t’»ﬁ/m J(t)ﬁc(t’»} dt'. (129)

In view of Egs. (TT7) and (T26) along with the fact that a noise operator £ at a certain time should not affect the atomic
variable at earlier time, Eq. (129) becomes

(Fi(t)e(t)) = VN Nok. (130)
Now on account of Egs. (127) and (I30) along with their complex conjugates, we can rewrite Eq. (I21)) as
d

" (efw)et)) = —r (e (t)e) + — (N (1)) + (Ny (1)) | + 2V N Nyk. (131)
The steady-state solution of this equation is expressible as
(#6) = 12 [(Na) + ()] + 2N No. (132)
Following a similar procedure, one can establish that
(eety = % [(Ne) + (No)] + 2N (N + 1), (133)
(@) = %<mc> — 2M,N. (134)
In view of Egs. (82), (84), and (86), Egs. (132) and (I33) can be rewritten as
ey = % [%} 12NN, (135)
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iy Ve [ Y FYetTa }
')y =— | ————— | N+2N(Ny +1). 136
fof) = 2 | D (Vo +1) (136)
In the absence of squeezed parameter (r = 0), the mean photon number of the two-mode cavity light has the form
2N
fip = Je (e ) (137)
K \Y+ 7Y +2r,

It can be seen from the plots in Fig. 2 that the mean photon number of two- mode cavity light is greater in the presence of
squeezed parameter than in the absence of squeezed parameter. In other words, the effect of squeezed parameter is to increase
the mean photon number.

Furthermore, the variance of the photon number for the two-mode cavity light is expressible as

(An)? = ((&Te)?) — (¢Té)2 (138)
Using the fact that ¢ is a Gaussian variable with zero mean, we readily get
(An)* = (efe)(eel) + (&*1)(e). (139)

We now proceed to calculate the expectation value of the atomic operator 1. following the approach presented in [10]. To
this end, applying the identity given by Eq. (67), the state vector of a three-level atom can be put in the form

[r) = calar) + cblbr) + celek), (140)
in which
ca = (ak|vr), (141)
ey = (br|vr), (142)
ce = {ck ). (143)

The state vector described by Eq. (T40) can be used to determine the expectation value of an atomic operator formed by a pair
of identical energy levels or by two distinct energy levels between which transition with the emission of a photon is dipole
forbidden. One can thus readily establish that

(ila) = caCa, (144)
(i) = cect, (145)
and
(6F) = cqct. (146)
We then see that
(o) = (i) (), (147)
and on taking |(5¥)| to be real, we see that
(o)) = \/ (k) (k) (148)
so that upon summing over k from 1 up to N, we get
(i) =\ (Na)(No). (149)
On account of this, Eq. takes the form
(%) = Lo/ (Na) (V) — 20N, (150)

K

Now using Eq. (83)), we have

(@) = %\/Vj%WJ — 2MyN. (151)

In view of Egs. (132)), (I33), and (T51), Eq. (139) becomes
(An)? = (’V <<fva> + <Nb>> + 2NN0> (1 (<Nb> + <Nc>) +2N(Np + 1))

R

2
+ <%, [ Ve iy - QNMO)
K T

(152)
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Finally, on account of Egs. (82), (84), (83), and along with Eq. (152)), we arrive at

1 3 c _ ¢ c
(An)? = 152 (WH) +2nN(1_N0_7”N0_ 7+ MO)

4 Ta a Ta
(153)
+ NQ(7 ez g [T Ve Ny, +4M§).
Ta Ta
In the absence of squeezed parameter (r = 0), we readily find
1
(An)* = Zﬁ2 (3n+2) + 2Nn, (154)
where .
n= YT e (155)
Ta

Now inspection of Eq. (I53) indicates that (An)? > 7 and hence the photon statistics of the two-mode cavity light is super-
Poissonian. Our result shows that the photon number variance of the two-mode cavity light is greater than the one obtained
by Fesseha [10]]. This must be due to the reservoir noise operators.

4 Quadrature squeezing

We now proceed to calculate the quadrature squeezing of the two-mode cavity light in the entire frequency interval. To
this end, the squeezing properties of the two-mode cavity light are described by two quadrature operators defined by

by =é e (156)
and
- =i(éh —¢). (157)
It can be readily established that [[15]
[, ] = 208 ((N,) — (N.)) — 4N, (158)
K
It then follows that [[16]
Acilem > L ((N) = (N,) +2N. (159)
Upon setting , = 0, we see that
AciAc_ > LN 42N, (160)
K
This represents the quadrature variance for two-mode vacuum state. The variance of the quadrature operator is expressible as
(Acy)? = £((e" £8)%) F [(c + &), (161)
so that on account of Eq. (I12), we have
(Acs)? = (&te) 4 (&) £ (&) £ (¢%). (162)
Now employing Eqs. (68), (132), (133), and (I51)), we arrive at
(Acy)? = % (N + (Na) +2 7‘:%0\7@)) + 4NNy + 2N — 4M N, (163)
(Ac_)2 =1 (N b)) — 2,10 <Na>> + 4NNy + 2N + 4MN. (164)
K Ta

Moreover, on setting 7, and Ny = Mo = 0 in Eqs. (I63) and (164), we get
(Acy)? = (Ac )2 = LN 4 2N. (165)
K

This indeed represents the quadrature variance of a two-mode vacuum state. We seek to calculate the quadrature squeezing
of the two-mode cavity light relative to the quadrature variance of the two-mode cavity vacuum state. We then define the
quadrature squeezing of the two-mode cavity light by

S = CH St A (166)
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Figure 3. Plot of the quadrature squeezing at steady state, [Eq. (T68)] vers[as rq for k = 0.8, 7. = 0.4, v = 0.2, Mp = 0.59, and for Ng = 0.27.
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Now employing Eqs. (I64) and (163)), one can put Eq. (T66) in the form

o AR(Mo—No) ¥ (2022 (o) + ()

- . 167
(Ve + 2K) =N +2N (167)
On account of Eq. (84), Eq. takes the form
Ak(My — N, . /2 1
g= Mo—No) 7 Vi1 (168)
Ye + 26 Yet+26\ n+2

We note that, unlike the mean photon number, the quadrature squeezing does not depend on the number of atoms. This
implies that the quadrature squeezing of the cavity light is independent of the number of photons. The plot in Fig. 3 indicate
that the maximum quadrature squeezing is 45.68% below the vacuum-state level and this occurs when the three-level laser is
operating below threshold .

5 Conclusion

In this paper we have studied the statistical and squeezing properties of the light generated by three-level atoms available in
an open cavity and pumped to the top level by electron bombardment at constant rate. Applying the large-time approximation
scheme, we have obtained the steady-state solutions of the equations of evolution for the expectation values of the atomic
operators and the quantum Langevin equations for the cavity mode operators.

Using the resulting steady-state solutions, we have calculated the mean photon number, the variance of the photon number,
and the quadrature variance for the two-mode cavity light. We have seen that the light generated by the three-level laser is in
a squeezed state and the squeezing occurs in the plus quadrature. It so turns out that the maximum quadrature squeezing of
the two-mode cavity light is 45.68% below the vacuum-state level. Our result shows that the maximum quadrature squeezing
is less than the one obtained by Fesseha [10]. This is due to the vacuum reservoir noise. In addition, we have shown that the
effect of the squeezed parameter is to increase the mean and variance of the photon number.
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