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Abstract In a theory of space curves, especially, a helix is
the most elementary and interesting topic. A helix, moreover,
pays attention to natural scientists as well as mathematicians
because of its various applications, for example, DNA, carbon
nanotube, screws, springs and so on. Also there are many
applications of helix curve or helical structures in Science such
as fractal geometry, in the fields of computer aided design and
computer graphics. Helices can be used for the tool path de-
scription, the simulation of kinematic motion or the design of
highways, etc. The problem of the determination of parametric
representation of the position vector of an arbitrary space
curve according to the intrinsic equations is still open in the
Euclidean space E® and in the Minkowski space F3. In this
paper, we introduce some characterizations of a non-null slant
helix which has a spacelike or timelike axis in E}. We use
vector differential equations established by means of Frenet
equations in Minkowski space E3. Also, we investigate some
differential geometric properties of these curves according to
these vector differential equations. Besides, we illustrate some
examples to confirm our findings.

Keywords Frenet Formulae, Spacelike  Curve,
Timelike Curve, Position Vector, Slant Helix.

1 Introduction

The curves are a fundamental structure of differential ge-
ometry. In the differential geometry of a regular curve in the
Euclidean 3-space E3, it is well-known that one of the impor-
tant problem is the characterization of a regular curve [1-5].
One of the interesting characteristics of such curves is that the
ratio 7/k is a constant, where 7 and « stands for the torsion
and curvature of the curve, respectively. A curve of constant

slope or general helix is defined by the property that, the tan-
gent lines make a constant angle with a fixed direction. A nec-
essary and sufficient condition that a curve to be general helix
in Minkowski space E7 is that ratio of curvature to torsion be
constant. Indeed, a helix is a special case of the general helix.
If both curvature and torsion are non-zero constants, it is called
a helix or a W-curve [2-8].

The study of this curve in E3 dates from 1802 when Lan-
cret stated that “a curve is a helix if and only if the ratio 7/x
is constant along the curve”[9]. Intuitively, the helix grows lin-
early in the direction of the axis. And also, it is known that a
space curve o whose normal lines make a constant angle with
a fixed direction is called a slant helix [6,10]. We remark that
the principal normal lines of a cylindrical helix is perpendicu-
lar to fixed direction, so that a cylindrical helix is a slant he-
lix. Helices arise in nanosprings, carbon nanotubes, a-helices,
DNA double and collagen triple helix, the double helix shape
is commonly associated with DNA, since the double helix is
structure of DNA [1-7]. They constructed a molecular model
of DNA in which there were two complementary, antiparallel
(side-by-side in opposite directions) strands of the bases gua-
nine, adenine, thymine and cytosine, covalently linked through
phosphodiesterase bonds (for details, see [2-12]).

In this work, we use vector differential equations established
by means of Serret—Frenet formulae to give some characteriza-
tions of the above mentioned classes of curves that lie fully in
Minkowski 3-space E}. We hope our results will be helpful
to mathematicians who are specialized on mathematical mod-
eling.

2 Preliminaries
To meet the requirements in the next sections, here, the basic

elements of the theory of curves in the Minkowski 3-space E?}
are briefly presented. There exists a vast literature on the sub-
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ject including several monographs(see for example [13-24]).
Let Ef be the three-dimensional Minkowski space, that is, the
three-dimensional real vector space R* with the metric

(dx,dx)=dx? + dx3 — dx3

where (21, T2, ¥3) denotes the canonical coordinates in R3. An
arbitrary vector x of E3 is said to be spacelike if (x,x)>0 or
x = 0, timelike if (x,x)<0 and lightlike or null if (x,x)=0
and x # 0. A timelike or light-like vector in E is said to be
causal. For x €3} the norm is defined by | x| = /| (x,x)|,
then the vector x is called a spacelike unit vector if (x, x)=1
and a timelike unit vector if (x,x)= —1. Similarly, a regular
curve in F} can locally be spacelike, timelike or null (light-
like), if all of its velocity vectors are spacelike, timelike or null
(lightlike), respectively. For any two vectors x = (1, T2, -3)
andy = (y1,y2,ys3) of E}, the inner product is the real num-
ber (x,y) = x1y1 + x2y2 — w3y3 and the vector product is
defined by

x Xy = ((w2y3 — x3y2), (T3y1 — 1¥3), —(T1y2 — T211)) -

Many features of inner product spaces have analogues in
the Minkowski space. For example, in the Euclidean space
E3 the Schwarz inequality permits the definition of the
Euclidean angle between two vectors x and y as the unique
number 0 < 6 < 7 such that (x,y) = ||x]| ||y]| cosf. In the
Minkowski space E? we have the following: Let us consider
two non-null vectors x and y € E$ such that they span a time-
like plane E?; in this plane we can consider an orthonormal
basis {i, j}, with (i,i)=1, and (j,j)= —1. Vectors x and y
can be written in this basis as x = z1i+x2j and y = y1i+y2]j.

Definition 1. Let us consider two non-null vectors x and y in
E} [11-14].

(i) Let us assume that x and y are spacelike vectors, then

o [f they span a spacelike plane; there is s a unique real num-
ber 0 < 0 < 7 such that

(x,y) = |Ix|| |ly]| cos 6. This number is called the spacelike
angle between the vectors x and y.

e [f they span a timelike plane; there is s a unique real number
0 > 0 such that

(x,y) = e||x|| |ly]| cosh 6, where ¢ = +1 or ¢ = —1 ac-
cording to sign(xze) = sign(ys) or sign(xa) # sign(ys),
respectively. This number is called the central angle between
the vectors x and y.

(ii) Let us assume that x and y are timelike vectors, then
there is a unique real number 0 > 0 such that (x,y) =
e ||x]| ly || cosh 6, where e = +1 ore = —1 according to x and
y have different time-orientation or the same time-orientation,
respectively. This number is called the Lorentzian timelike an-
gle between the vectors x and y.

(iii) Let us assume that x is spacelike and y is timelike, then
there is a unique real number 0 > 0 such that (x,y) =
e||x|| ly]| sinh 6, where ¢ = +1 or ¢ = —1 according to
sign(ze) = sign(y1) or sign(xs) # sign(y1). This num-
ber is called the Lorentzian timelike angle between the vectors
xandy.
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Let @ = «(s) be a unit speed non-null curve in E5 has a
spacelike or timelike rectifying plane; by (s) and 7(s) we
denote the natural curvature and torsion of o = «(s), respec-
tively. Consider the Serret-Frenet frame {t(s), n(s), b(s)}
associated with curve o = «(s), then the Frenet formulae read
[5-9]:

t/ 0 K 0 t
/ , d
n = —eperk O T n |, = e
b’ 0 —€1607 0 b §
(1)

where g = (t,t)= +1, eg=(n,n)==+1, eo = (b,b) = +1,
€p€1€2 = —1.
Let m be a fixed point in E. Then

St(1) = {x €E} | [x — m|* =1}, )
is the Lorentzian unit sphere and
HE(1) = {x €B} | |x —m|* = ~1}, 3)

is the hyperbolic unit sphere.

3 Characterizations of Slant Helix

It is important to point out that, in contrast to what happens
in Euclidean space, in Minkowski ambient space we can not
define the angle between two vectors (except that both vectors
are of timelike type). For this reason, we give the Minkowski
version of the slant helix which has been defined in the Eu-
clidean 3-space E? as a curve for which (n,u) is a nonzero
constant, where n is the unit principal normal vector of the
curve @ = «(s) [10].

3.1 Spacelike Slant Helix with a Spacelike Axis

Let us first we consider that « = «(s) be a regular unit speed
spacelike curve with a spacelike or timelike principal normal in
E3. Then for non zero constant a spacelike slant helix with a
spacelike axis in E¥ is defined by

(u,n)=a = const., (u,u)=1. 4)

Theorem 1. Let oo = «(s) be a unit speed non-null curve in
E3 and k(s) > 0. Then the following statements hold:

(i) «(s) is a spacelike slant helix with a spacelike principal
normal and a spacelike axis if and only if for some indefinite
integrals of k, and T, the function

£(6) = ([ was)? = ([ rasp, 5)

is a constant b. For any 0 < 8 < /2, if we let a = cos 0, then
b = tan?#.

(ii) a(s) is a spacelike slant helix with a timelike principal nor-
mal and a spacelike axis if and only if for some indefinite inte-
grals of k, and T, the function

6 = ([ kasp? ([ sy ©)

is a constant b. For any real number 6 > 0, if we let a = sinh 6,
then b = coth? 6.
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Proof. By the assumption we have ({(u,t)) = ak, ((u,b)) =
at. Then we can write out the components of u in the follow-
ing form:

u :a(/ kds)t(s) —|—an(s)+a(/ Tds)b(s). @)

Case (i): Since (u,u)=1, for some indefinite integrals of x,
and 7, we obtain

(=) =a(( [ kasf = ([rasp) @

This means that if « = cos @, then b = tan2 6, as claimed.
Conversely, let us assume that

(/ kds)? — (/ 7ds)? = b. )

Then we have b = tan? 6. Let
m(s) = cos 9(/ kds)t + cos fn— cos 9(/ Tds)b.  (10)

By Frenet’s equations and the assumption, we have

dm(s)

=0.
ds

(1)

Hence m(s) is a constant spacelike unit vector satisfying
(n,u) = cosé.
Case (ii): By a similar procedure as in Case (i), we have

(1+a?) = a2[(/ kds)* + (/ rds)?). (12)
This means that if @ = sinh 0, then b = coth? 0, as well.
Conversely, let us assume that
(/ kds)? + (/ Tds)? = b. (13)

Then we have b = coth? 6. Let

m(s) = —sinh 9(/ kds)t + sinh fn— sinh 9(/ 7ds)b.
(14)
As stated in the above case, we have

dm(s)

ds

Hence m(s) is a constant spacelike unit vector satisfying
(n,u) = sinh 6. O

3.2 Spacelike Slant Helix with a Timelike Axis

Now, we consider that & = «(s) be a regular unit speed
spacelike curve with a spacelike or timelike principal normal
in E. Then for non zero constant a spacelike slant helix with
a timelike axis in £ is defined by

(u,n)=a = const., (u,u)= —1. (15)
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Theorem 2. Suppose that a(s) be a unit speed spacelike curve
with k(s) > 0. Then the following statements hold.:

i) a(s) is a spacelike slant helix with a spacelike principal nor-
mal and a timelike axis if and only if for some indefinite inte-
grals of k, and T, the function

£(6) = ~( [ kasp? o+ ( [ iy

is a constant b. For any 6 > 0, if we let a = sinh 6, then
b = coth’ 6.

ii) «(s) is a spacelike slant helix with a timelike principal
normal and a timelike axis if and only if for some indefinite
integrals of k, and T, the function

5 = ([ kasp? o+ ( [ sy

is a constant b. For any real number 6 > 0, if we let a = cosh 6,
then b = tanh? 6.

(16)

a7

/ ’

Proof. By the assumption we have ((u,t)) = ak, ((u,b)) =
at. Then we can write out the components of u in the follow-
ing form:

u :a(/ kds)t(s) +an(s)+a(/ 7ds)b(s).  (18)

Case (i): Since (u, u)= —1, for some indefinite integrals of x,
and 7, we obtain

(1+a?) = a2[—(/ kds)? + (/ Tds)?]. (19)

This means that if @ = sinh 6, then b = coth? 6, as claimed.

Conversely, let us assume that

—(/ kds)? + (/ Tds)? = b.

Then we have b = coth? 6. Let

(20)

m(s) = sinh 0(/ kds)t + sinh fn— sinh@(/ Tds)b. (21)

By the assumption we have

dm(s)

=0.
ds

Hence m(s) is a constant timelike unit vector satisfying
(n,u) = sinh 6.
Case (ii): As stated in the above case, we have

(-1+a%) = a2[(/ kds)? + (/ Tds)?). (22)
This means that if @ = cosh 6, then b = tanh? 6.
Conversely, let us assume that
(/ kds)® + (/ 7ds)? = b. (23)
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Then we have b = tanh? 0. Let
m(s) = cosh 9(/ kds)t — cosh fn+ cosh 9(/ Tds)b. (24)
By the assumption we have

dm(s)

ds

Hence m(s) is a constant timelike unit vector satisfying
(n,u) = cosh#.
Case (ii): Since (u,u)=1, for some indefinite integrals of &,
and 7, we obtain

1—ad®= a2[—(/ kds)? + (/ Tds)?]. (25)
This means that if « = cos @, then b = tan? 6.
Conversely, let us assume that
—(/ kds)? + (/ rds)? = b, 26)

Then we have b = tan? 6. Let
m(s) = — cos 9(/ kds)t + cos fn— cos 9(/ 7ds)b. (27)

By Serret-Frenet formulae and the assumption, we have

dm(s)
ds
Hence m(s) is a constant spacelike unit vector satisfying
(n,u) = cosd. O

3.3 Timelike Slant Helix with a Spacelike or Timelike
Axis

Here, We consider that o = «(s) be a regular unit speed
timelike curve with a spacelike or timelike axis in E3. Then
for non zero constant a timelike slant helix with a spacelike or
timelike axis in E is defined by

(u,n)= —a = const., (28)

where u is a spacelike or timelike axis of a(s).

Theorem 3. Let o = a(s) be a unit speed timelike curve in E}
with k(s) > 0. Then the following statements hold.:

(i) a(s) is a timelike slant helix with a spacelike axis if and
only if for some indefinite integrals of k, and T, the function

£(6) = ~( [ wasp? + ([ i

is a constant b. For any 0 < 0 < /2, if we let a = cos 0, then
b = tan? 6.

(ii) «(s) is a timelike slant helix with a timelike axis if and
only if for some indefinite integrals of k, and T, the function

6 = ([ kdsp? = ([ rasp,

is a constant b. For any real number 6 > 0, if we let a = sinh 6,
then b = coth? 6.

(29)

(30)
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Proof. By the assumption we ((u,t)) =
—ak, ({(u,b)) = ar. Then we can write out the com-

ponents of u in the following form:

have

u= —a(/ kds)t(s) — an(s)+a(/ Tds)b(s). 31)

Case (i): Since (u,u)=1, for some indefinite integrals of x,
and 7, we obtain

1-a®= a2[—(/ kds)? + (/ rds)?). (32)

This means that if ¢ = cos @, then b = tan2 6, as claimed.
Conversely, let us assume that

—(/ kds)? + (/ rds)? = b.

Then we have b = tan? 6. Let

(33)

m(s) = — cos 9(/ kds)t + cos fn— cos 9(/ Tds)b. (34)

By Serret-Frenet formulae and the assumption, we have

dm(s)

=0.
ds

Hence m(s) is a constant spacelike unit vector satisfying
(n,u) = cosé.
Case (ii): By a similar procedure as in Case (i), we have

(1+a?) = aQ[(/ kds)? — (/ s, (39)
This means that if @ = sinh 6, then b = coth? 6.
Conversely, let us assume that
(/ kds)? — (/ 7ds)? = b. (36)

Then we have b = coth? 6. Let

m(s) = —sinh 9(/ kds)t + sinh fn— sinh 9(/ Tds)b.
(37
As stated in the above case, we have

dm(s)

ds

Hence m(s) is a constant timelike unit vector satisfying
(n,u) = sinh 6. O

3.4 Example

Now, we give an example of a spacelike and timelike slant
helix in Minkowski 3-space E} and illustrate its pictures by
using Mathematical program.

Let us first consider the following explicit parametric represen-
tation of a spacelike slant helix of E}:

z(u) = (v1(u), 2(u), 23(0)),
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where
e
z1(u) = —sinvu,
f
a . c .
xo(u) = 7 Sin Au + 5 sin i,
x3(u) = f% cos \u + g COS [,

where a,b,c,d, e, f,\, u, v are constants. Since its position
vector is a spacelike vector, it lies on the pseudo-sphere (see
Fig. 1 and Fig. 2).

And we also consider the explicit parametric representation of
a timelike slant helix:

y(v) = (1(v), y2(v),y3(v)),

where
y(v) = % sinh Av + g sinh pv,
ya(v) = % cosh 2w — < cosh L,
b d
ys(v) = © sinh vu,

So, the curve lies on the hyperboloid of one sheet (see Fig. 3
and Fig. 4). Figure 2. z(u) lies on the pseudo-sphere.

Figure 1. The spacelike slant helix z(u).

4 Conclusions

100

In the three-dimensional Minkowski space, some character-
izations of a spacelike and timelike slant helix have a non-null
axis are introduced. By using vector differential equations es-
tablished by means of Serret-Frenet equations in Minkowski
space E3, the differential geometric properties of these curves

Figure 3. The timelike slant helix y(v).
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Figure 4. y(v) lies on the hyperboloid of one sheet.

are investigated. Finally, by using Wolfram Mathematica 0.7,
an example for a spacelike and timelike slant helix is given and
illustrated.
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