
Mathematics and Statistics 8(3): 293-298, 2020
DOI: 10.13189/ms.2020.080307

http://www.hrpub.org

On the Geometry of Hamiltonian Symmetries

Narmanov Abdigappar∗, Parmonov Hamid

Faculty of Mathematics, National University of Uzbekistan, Tashkent, 100174, Tashkent, Uzbekistan 

Received February 10, 2020; Revised March 2, 2020; Accepted March 12, 2020

Copyright ©2020 by authors, all rights reserved. Authors agree that this article remains permanently open access under the terms of
the Creative Commons Attribution License 4.0 International License

Abstract The problem of integrating equations of mechan-
ics is the most important task of mathematics and mechanics.
Before Poincare’s book ”Curves Defined by Differential Equa-
tions”, integration tasks were considered as analytical prob-
lems of finding formulas for solutions of the equation of mo-
tion. After the appearance of this book, it became clear that
the integration problems are related to the behavior of the tra-
jectories as a whole. This, of course, stimulated methods of
qualitative theory of differential equations.

Present time, the main method in this problem has become
the symmetry method. Newton used the ideas of symmetry for
the problem of central motion. Further, Lagrange revealed that
the classical integrals of the problem of gravitation bodies are
associated with invariant equations of motion with respect to
the Galileo group. Emmy Noether showed that each integral
of the equation of motion corresponds to a group of transfor-
mations preserving the action. The phase flow of the Hamilton
system of equations, in which the first integral serves as the
Hamiltonian, translates the solutions of the original equations
into solutions. The Liouville theorem on the integrability of
Hamilton equations was created on this idea. The Liouville
theorem states that phase flows of involutive integrals generate
an Abelian group of symmetries

Hamiltonian methods have become increasingly important
in the study of the equations of continuum mechanics, includ-
ing fluids, plasmas and elastic media.

In this paper it is considered the problem on the Hamiltonian
system which describes of motion of a particle which is at-
tracted to a fixed point with a force varying as the inverse cube
of the distance from the point. We are concerned with just one
aspect of this problem, namely the questions on the symmetry
groups and Hamiltonian symmetries. It is found Hamiltonian
symmetries of this Hamiltonian system and it is proven that
Hamiltonian symmetry group of the considered problem con-
tains two dimensional Abelian Lie group. Also it is constructed
the singular foliation which is generated by infinitesimal sym-
metries which invariant under phase flow of the system.

In the present paper, smoothness is understood as smooth-
ness of the class C∞.

Keywords Poisson Bracket, Poisson Manifold, Hamilto-
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1 Introduction

Given a smooth manifoldM a Poisson bracket onM assigns
to each pair of smooth, real-valued functions F,H : M → R
another smooth, real-valued function, which we denote by
F,H. There are certain basic properties that such a bracket op-
eration must satisfy in order to qualify as a Poisson bracket.

Definition -1. A Poisson bracket on a smooth manifoldM is
an operation that assigns a smooth real-valued function {F,H}
on M to each pair F,H of smooth, real-valued functions, with
the basic properties:

(1) Bilinearity: {λF + µP,H} = λ{F,H}+ µ{P,H},
{F, λH + µP} = λ{F,H}+ µ{F, P} for constants λ, µ ∈

R,

(2) Skew-Symmetry: {F,H} = −{H,F},
(3) Jacobi Identity: {{F,H}, P} + {{P, F}, H} +
{{H,P}, F} = 0

(4) Leibniz’ Rule: {F,H · P} = {F,H} · P +H · {F, P}.
(Here · denotes the ordinary multiplication of real-valued

functions.)
A manifold M with a Poisson bracket is called a Poisson

manifold, the bracket defining a Poisson structure on M. The
notion of a Poisson manifold is slightly more general than that
of a symplectic manifold, or manifold with Hamiltonian struc-
ture; in particular, the underlying manifold M need not be
even-dimensional. This is borne out by the standard examples
from classical mechanics.

Let M be the Euclidean space Rm with coordinates

(p, q, z) = (p1, p2..., pn, q1, q2..., qn, z1, z2..., zl),

where 2n + l = m. If F (p, q, z), H(p, q, z) are smooth func-
tions, we define their Poisson bracket to be the function

{F,H} =
n∑

i=1

∂F

∂qi
∂H

∂pi
−

n∑
i=1

∂F

∂pi
∂H

∂qi
. (1)
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This bracket is clearly bilinear and skew-symmetric; the ver-
ifications of the Jacobi identity and the Leibniz rule are simple
exercises.

We note the particular bracket identities

{pi, pj} = 0, {qi, qj} = 0, {qi, qj} = δji ,

in which i and j run from 1 to n, and δji is the Kronecker
symbol.

Definition-2. Let M be a Poisson manifold. A smooth,
real-valued function C : M → R is called a distinguished
function if the Poisson bracket of C with any other real-valued
function vanishes identically, i.e. {C,H} = 0 for all H :M →
R.

In the case of the canonical Poisson bracket on Rm the only
distinguished functions are the constants, which always satisfy
the requirements of the definition.

Definition -3. Let M be a Poisson manifold and H : M →
R a smooth function. The Hamiltonian vector field associated
with H is the unique smooth vector field XH on M satisfying
XH(F ) = {F,H} = −{H,F} for every smooth function
F :M → R.

In the case of the canonical Poisson bracket on Rm, m =
2n+l, the Hamiltonian vector field corresponding toH(p, q, z)
is clearly

XH =

n∑
i=1

{∂H
∂pi

∂

∂qi
− ∂H

∂qi
∂

∂pi
}. (2)

The corresponding flow is obtained by integrating the system
of ordinary differential equations

dpi

dt
= −∂H

dqi
,
dqi

dt
=
∂H

dpi
,
dzl

dt
= 0. (3)

There is a fundamental connection between the Poisson
bracket of two functions and the Lie bracket of their associated
Hamiltonian vector fields, which forms the basis of much of
the theory of Hamiltonian systems. It is well known following
theorem [6].

Theorem-1. Let M be a Poisson manifold and let F,H :
M → R be smooth functions with corresponding Hamiltonian
vector fields XF , XH . The Hamiltonian vector field associated
with the Poisson bracket of F and H is the Lie bracket of the
two Hamiltonian vector fields:

X{F,H} = −[XF , XH ].

The Hamiltonian vector field associated with H(x) has the
form

XH =

m∑
i=1

{
m∑
j=1

J ij(x)
∂H

∂xj
} ∂

∂xi
,

where J ij(x) = {xi, xj}.

2 MAIN PART
Let us consider system of ordinary differential equations in

Hamilton’s form

dx

dt
= J(x)∇H(x). (4)

where H(x)− Hamiltonian, J ij(x) = {xi, xj}− the structure
matrix , defining Poisson bracket.

Example-1. On the plane, the Hamiltonian vector field cor-
responding to the function

H(p, q) =
1

2
(p2 + q2)

has the form.

XH = −q ∂
∂p

+ p
∂

∂q
.

The corresponding Hamiltonian system of differential equa-
tions

dp

dt
= −q, dq

dt
= p. (5)

Definition -4. A function P (x, t) is called the first inte-
gral of system (4) if for the solution x(t) it holds P (x(t), t) =
const for all t.

For system (5), the function

H(p, q) =
1

2
(p2 + q2)

is the first integral.
The first integrals are easily described using the Poisson

bracket. The following theorem is known ([6], p. 494) on the
first integrals of the system

Theorem-2. The function P (x, t) is the first integral of the
Hamiltonian system (4) if and only if

dP

dt
+ {P,H} = 0. (6)

for all t. In particular, a time-independent function P (x) is the
first integral if and only if

{P,H} = 0. (7)

everywhere.
The following corollary follows from this theorem.
Corollary 1. If the Hamiltonian H of the Hamiltonian sys-

tem (4) does not depend on time, then it itself is automatically
the first integral.

In fact, the function

H(p, q) =
1

2
(p2 + q2)

is also the first integral of system (5).
Corollary 2. Any distinguished function with respect to the

Poisson bracket given by the matrix J ij(x) = {xi, xj} is the
first integral of the Hamiltonian system (4).

Let us recall that one parametrical group of transformations
is called symmetry group of system (4), each element of the
group transforms solutions of system (4) to other solutions of
(4.)Symmetry group of system (4) is called Hamiltonian sym-
metry group if its infinitesimal generator is Hamiltonian vector
field. In this case infinitesimal generator of symmetry group is
called infinitesimal symmetry (4).

For systems of Euler-Lagrange equations, first integrals arise
from variational symmetry groups; for Hamiltonian systems
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this role is played by the one-parameter Hamiltonian symmetry
groups.

Example-2. The Hamiltonian vector field

W = − p

p2 + q2
∂

∂p
− q

p2 + q2
∂

∂q
(8)

corresponding to the function

P (p, q) = arctang
q

p

is Hamiltonian symmetry for the system (5).
Flow of this vector field consists following diffeo-

morphisms:

Xs : (p, q)→


p(s) =

p

ρ

√
ρ2 − 2s

q(s) =
q

ρ

√
ρ2 − 2s

where ρ =
√
p2 + q2.

Every diffeomorphism Xs translates trajectory (p(t), q(t))
of the system (5) to following curves

ps(t) =
p (t)

ρ0

√
ρ02 − 2s

qs(t) =
q(t)

ρ0

√
ρ02 − 2s

.
We can check that

d

dt
ps (t) = −qs (t)

d

dt
qs (t) = ps (t)

.

It follows from here for every s a curve (ps(t), qs(t)) is a tra-
jectory of the system (5). Thus vector field (8) is a Hamiltonian
symmetry for the system (5).

This example shows that if vector field XP is infinitesimal
symmetry of (4), the function P (x, t) is not necessarily first
integral for the system (4).

In this case it holds following theorem.
Theorem 3. Let system (4) does not dependent from t, XP

is a Hamiltonian symmetry of (4), where the function P− does
not dependent from t. Then, for each solution x(t) of system
(4), it holds P (x(t), t) = at + b for all t, where a, b− are
constant.

Proof. If the function P (x, t) is the first integral, then it
is obvious that for each solution x(t) of system (1) it holds
P (x(t), t) = b for all t.

Let XP be a Hamiltonian symmetry of (4).The symme-
try condition implies that the Hamiltonian vector field associ-
ated with the function dP/dt + {P,H} vanishes everywhere,
and hence this combination must be a distinguished function
C(x, t) : dP/dt+ {P,H} = C(x, t).

Since the function H,P are independent of , we have
{P,H} = C = a is a constant function.

We put G =
∫ t

0
{P,H}dt = at + b. Along the solution of

system (1) takes place dG/dt = a.

Now we can verify that the function P0 = P −G is the first
integral: dP0/dt+ {P0, H} = −dG/dt+ {P,H} = 0.

Thus, for each solution to system (4) it holds P (x(t), t) =
at+ b for all t, where a, b− are constant. Proof is complete.

Let us consider Hamiltonian system

dp1
dt

= 0,
dp2
dt

=
p21 − 1

q32
,
dq1
dt

=
p1
q22
,
dq2
dt

= p2. (9)

where H(p1, p2, q1, q2) =
1
2{p

2
2 +

p2
1

q22
− 1

q22
}.

This system is a system of equations of motion of a particle
which is attracted to a fixed point with a force varying as the
inverse cube of the distance: q2 and q1 are respectively the
radius vector and vectorial angle of the particle referred to the
center of force.

In [9] by integrating this system it is found the equation of
the orbit described by the particle in polar coordinates. We
will find Hamiltonian symmetries of system (9)which allow us
to find first integrals.

Theorem 4. The Hamiltonian vector fields associated with
functions

P1 =
1

2
p21, P2 =

1

2

p22
p21 − 1

− 1

2

1

q22
. (10)

are Hamiltonian symmetries of Hamiltonian system (9).
Proof. Let us to find Hamiltonian vector fields associated

with functions P1, P2, P3.

XP1 = p1
∂

∂q1
, (11)

XP2
= − 1

q32

∂

∂p2
− p1p

2
2

(p21 − 1)2
∂

∂q1
+

p2
p21 − 1

∂

∂q2
, (12)

We need also to find Hamiltonian vector field associated
with functions H.

XH =
p21 − 1

q32

∂

∂p2
+
p1
q32

∂

∂q1
+ p2

∂

∂q2
. (13)

By the Theorem-1 we have

[XPi
, XH ] = −X{Pi,H}

for every function Pi.
Now by using formula (1) we will calculate Poisson brackets

of the of functions H and Pi : {Pi, H} = 0.
It follows from here

[XPi , XH ] = 0.

It is well known in this case the flow of vector field XPi
maps

solutions of system (9) into solutions, i.e. one parametric group
of transformations generated by vector field XPi is Hamilto-
nian symmetry group of the system (9). Proof of the theorem
is complete.

It is easy to check for the Lie brackets [XP1
, XP2

] of vector
fields XP1

, XP2
it holds equality:

[XP1 , XP2 ] = 0. (14)
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It follows from this equality
Corollary 3. Hamiltonian symmetry group of the system

(9) contains two dimensional Lie group whose Lie algebra is
generated by vector fields XP1 , XP2 .

Now we will study of geometry of orbits of vector fields
XP1

, XP2
.

Let us recall a notion of orbit. Let D be a system of smooth
vector fields defined on M . The system D can contain finitely
or infinitely many smooth vector fields. For a vector field X ∈
D, byXt(x) we denote the integral curve ofX passing through
a point x ∈M for t = 0. The mapping t −→ Xt(x) is defined
in some domain I(x), which in general depends not only on
the field X but also on the initial point x.

Throughout the following, we assume that t ∈ I(x). If the
domain I(x) of the curve t −→ Xt(x) coincides with the real
line for each x ∈ M , then the vector field X is said to be
complete.

Definition-5. The orbit L(x) of a family D of vector fields
through a point x is the set of points y inM such that there exist
real numbers t1, t2, ..., tk and vector felds Xi1 , Xi2 , ..., Xik in
D (where k is an arbitrary positive integer) such that

y = Xtk
ik
(X

tk−1

ik−1
(...(Xt1

i1
)...)).

Obviously, if the familyD consists of a single vector field, then
the orbit is a smooth curve (a one-dimensional manifold).

Numerous investigations have been devoted to the study of
geometry of orbits of vector fields [1],[4]-[8].

The fundamental result in study of orbits is Sussmann theo-
rem [8], which asserts that every orbit of smooth vector fields
with Sussmann topology has differential structure with respect
to which it is a immersed submanifold of M.

Recall that a mapping P that takes each point x ∈ M to
some subspace P (x) ⊂ TxM is called a distribution. If dim
P (x) = k for all x ∈ M , then P is called a k-dimensional
distribution. A distribution P is said to be smooth if, for each
point x ∈ M , there exists a neighborhood U(x) of that point
and smooth vector fieldsX1, X2, ..., Xm defined on U(x) such
that the vectors

X1(y), X2(y), ..., Xm(y)

form a basis of the subspace P (y) for each y ∈ U(x). A fam-
ily D of smooth vector fields naturally generates the smooth
distribution that takes each point x ∈ M to the subspace P (x)
of the tangent space TxM spanned by the set

D(x) = {X(x) : X ∈ D}.

Obviously, the dimension of the subspace P (x) can vary from
point to point.

A distribution P is said to be completely integrable if, for
each point x ∈M , there exists a connected submanifold Nx of
the manifold M such that TyNx = P (y) for all y ∈ Nx.

The submanifold Nx is callled an integral submanifold of
the distribution P . For a vector field X , we write X ∈ P if
X(x) ∈ P (x) for all x ∈M .

A distribution P is said to be involutive if the inclusion
X,Y ∈ P implies that [X,Y ] ∈ P , where [X,Y ] is the Lie
bracket of the fields X and Y .

The Frobenius theorem ([3], page 10) provides a necessary
and suffcient condition for the completely integrability of a dis-
tribution of constant dimension.

Theorem Frobenius. A distribution P on a manifold M is
completely integrable if and only if it is involutive.

Let A(D) be the smallest Lie algebra containing the set D.
By setting Ax(D) = {X(x) : X ∈ A(D)}, we obtain an
involutive distribution PD : x → Ax(D). If the dimension
dimAx(D) is independent of x, then the distribution PD : x→
Ax(D) is completely integrable by the Frobenius theorem.

If the dimension dimAx(D) depends on x, then, as exam-
ples show, the distribution PD : x→ Ax(D) is not necessarily
completely integrable.

The Frobenius theorem generalized by Hermann to distribu-
tions of variable dimension provides a necessary and sufficient
condition for the complete integrability of distributions which
is finitely generated [4].

Definition-6. A system of vector fields

D = {X1, X2, ..., Xk}

on M is in involution if there exist smooth real-valued functions
f lij(x), x ∈M, i, j, l = 1, ..., k such that for each (i, j) it takes

[Xi, Xj ] =

k∑
l=1

f lij(x)Xl.

Theorem(Herman). The system

D = {X1, X2, ..., Xk}

of smooth vector fields on M generates completely integrable
distribution if and only if it is in involution.

Theorem-5. The orbits of the system of Hamiltonian vector
fields D = {XP1

, XP2
} generate singular foliation, any leaf of

which is invariant with respect flow of the system (9).
Proof. It follows the involutiveness of the system D of

Hamiltonian vector fields from equality (10). By Hermann the-
orem the system D is completely integrable.

Since XPi
(Pj) = 0 for i, j = 1, 2, every orbit of the system

D is contained in the one of connected components of level
surfaces

NC : P1(p1, p2, q1, q2) = C1, P2(p1, p2, q1, q2) = C2,

where C = (C1, C2) ∈ R2.
As TxNC = Ax(D) for every point x ∈ NC every con-

nected component of level surface N is integral submanifold
for the distribution

PD : x→ Ax(D),

where TxN− tangent space of the submanifold N at the point
x ∈ N.

Let N− be one of connected components of level surface
NC . Then for every x ∈ N we have L(x) ⊂ N, where
L(x)− a orbit of the system D. It follows from [4],[8] it holds
dimL(x) ≥ dimAx(D) for all x. By using this fact it is not
difficult to check that dimL(x) = dimN for every x ∈ N, i.e.



Mathematics and Statistics 8(3): 293-298, 2020 297

L(x), N are manifolds the same dimension. Therefore, the set
L(x) is an open subset of N.

Different orbits do not intersect by definition of a orbit.
Since the the submanifold N is a connected set, it cannot be
a union of different orbits. It follows from here L(x) = N for
every x ∈ N.

Thus the orbits of the the system of Hamiltonian vector fields
D = {XP1

, XP2
} are connected components of level surfaces

NC , which generate singular foliation on R4.
It is also clear any leaf of this foliation is invariant under

flow of the system (9). Proof of the theorem-5 is complete.
Let us consider functions

H(p, q) =
1

2
p22 +

1

2

p21
q22
− 1

2

1

q22
, P2 =

1

2

p22
p21 − 1

− 1

2

1

q22
. (15)

This functions satisfy conditions Liouville-Arnold theorem.
In dynamical systems theory, the Liouville -Arnold theorem

states that if, in a Hamiltonian dynamical system with n de-
grees of freedom, there are also known n first integrals of mo-
tion that are independent and in involution, then there exists a
canonical transformation to action-angle coordinates in which
the transformed Hamiltonian is dependent only upon the action
coordinates and the angle coordinates evolve linearly in time.
Thus the equations of motion for the system can be solved in
quadratures if the canonical transform is explicitly known [2].

Using Liouville- Arnold theorem we can formulate follow-
ing theorem.

Theorem 6. 1.Functions (15) are in involution i.e
{P2, H} = 0;

2. The level manifold

NC : H(p1, p2, q1, q2) = C1, P2(p1, p2, q1, q2) = C2,

where C = (C1, C2) ∈ R2, is invariant with respect to the
phase flow of the system (9);

3. The orbits of the system of Hamiltonian vector fieldsD =
{XH , XP2

} generate singular foliation, any leaf of which is
invariant with respect flow of the system (9).

Proof. Statement (1) is clear: {P2, H} = 0; Statement (2)
of the Theorem- 6 follows from the Liouville- Arnold theo-
rem. The proof of Statement (3) is similar to the proof of the
theorem-5.

Comments. I. We can consider differentiable map

ϕ : R2 → N (16)

where
ϕ(t, s) = Xt(Y s(p, q)),

Xt, Y s are respectively flows of vector fields XH and XP2
,

(p, q) ∈ N, N− connected component of level surface.
At regular points rank of ϕ equal 2, at singular points it is 1.

Rank of ϕ equal to the rank of vectors XH and XP2 .
If the point (p, q)− is regular, the leaf (orbit) is diffeomor-

phic to R2.
At points p1 = 0, p2 = 0 vector fields XH and XP2

are
collinear, that’s why at this points orbits of singular foliation is
a one dimensional manifold. This one dimensional manifold is
given by equations

p1 = 0, q1 = 0, q2 = const. (17)

At points p1 = 0, p2 = 1 vector fields XH and XP2 are
not collinear. It follows from here rank of ϕ equal 2, therefore
at this point orbits of singular foliation is a two dimensional
manifold. This two dimensional manifold is given by equations

p1 = 0, q1 = const. (18)

II. If we consider Hamiltonian system

dp1
dt

= 0,
dp2
dt

= − 1

q32
,
dq1
dt

= − p1p
2
2

(p21 − 1)2
,
dq2
dt

=
p2

p21 − 1
,

associated with function

P2 =
1

2

p22
p21 − 1

− 1

2

1

q22
,

any leaf of foliation from theorem-6 also is invariant with re-
spect flow of this system.
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