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Abstract In 2016, Muralisankar and Jeyabal
introduced the concept of &— Compatible maps and
studied the set of common fixed points. They generalized
the Banach contraction, Kannan contraction, Reich
contraction and Bianchini type contraction to obtain some
common fixed point theorems for &— Compatible
mappings which don’t involve the suitable containment of
the ranges for the given mappings in the setting of metric
spaces. Motivated by this new concept of mappings, we
establish a new approach for some common fixed point
theorems via e -compatible maps in context of complete
partial metric space including a directed graph G=(V,E).
By the remarkable work of Jachymski in 2008, we extend
the results obtained by Muralisankar and Jeyabal in 2016.
In 2008, Jachymski obtained some important fixed point
results introduced by Ran and Reurings (2004) using the
languages of graph theory instead of partial order and gave
an interesting approach in this direction. After that, his
work is considered as a reference in this domain.
Sometimes, there are some mappings which do not satisfy
the contractive nature on whole set M(say) but these can be
made contractive on some subset of M and this can be done
by including graph as shown in our Example 2.6 which is
provided to substantiate the validity of our results.

Keywords Common Fixed Point, Complete Partial
Metric Space, € -Compatible Map, Directed Graph

MSC: 47H09; 47H10; 47E10

1. Introduction and Preliminaries

French mathematician Maurice Frechet in 1906
introduced the concept of metric space. By following the
work of Frechet, several generalization of metric space

came out by several authors and one of the generalization is
partial metric space that introduced by Mathews [14] to
obtain appropriate mathematical models in the theory of
computation.

In the research of modern mathematics, the theory of
fixed point is one of the most powerful tools. By the fixed
point theorems, we mean that Theorems concerning the
existence and properties of fixed point. The classical
theorem formulated by Stephen Banach in 1922, in
non-linear functional analysis which state that a
contraction mapping on complete metric space (M,d) has a
unique fixed point and also conveys the method how to
compute the fixed point through iteration process. This
famous Banach principle also gave birth to many other
remarkable fixed point theorem such as Ciric (1974),
Rhoadas (1996), Kirk (1983), Park (1998), Nulder (1969)
and etc.

Study of common fixed point has been at the centre of
high-spirited research activity. In 1976, Jungck [4]
generalized the Banach contraction principle for more than
one mapping to obtain common fixed point theorems for
commuting mappings such that one of them is continuous.
His theorem states that,

Theorem 1.1[4]. Let (M, d) be a complete metric space
and let fand g be commuting self-maps of M satisfying
the conditions:

i) fMc gM
i)  d(fx, fy) <0 d(gx, gy), for all »,y €M and some
a € (0,1).

If g is continuous then fand g have a unique common
fixed point.

Onwards, Jungck and Rhoades [3] have introduced the
concept of compatibility of maps which is weaker
condition than weak commutativity and obtained some
common fixed point results for these kind of mappings.
Generally, common fixed point theorem involves
conditions on commutativity, continuity, completeness and
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suitable containment of ranges of the involved mappings
apart from an propitious contraction condition and
investigators in this area are aimed at weakening one or
more of these conditions. In this direction, one more step is
taken out by other researchers to find common fixed point
via & —compatible map which doesn’t involve suitable
containment of ranges of the involved mappings.

In current trend of research, the study of fixed point
theory involving graph inhabits/occupies a noteworthy
place in many fields. In 2008, Jachymaski [9] was studied
first the Banach Contraction Principle on a metric space
with a graph. The results obtained byJachymaski
generalize the many recent results of other researchers
obtained in a partially ordered metric space. According to
Jachymaski, using the language of graph theory instead of a
partial ordering is more convenient. A lot of work in fixed
point theory in various spaces with graph has been done
by changing some conditions on mapping and spaces, by
redefining some definitions on mappings like
G-contraction, G-kannan, G-monotone non-expansive, ¢
-contraction, G- graphic contraction, and etc.

Now, we recall some basic definitions, notations and
relevant concepts to partial metric space and common fixed
point theorem.

Let M be any non-empty set. A partial metric p on M
differ from ordinary metric d on M with two following
property:

1) b(x, )= b(V,y) = bOe.Y)iff x=y

i.e, p(s,¥) =0 = » =y but if » =y doesn’t imply

p(x,y)=0.Also, p (»,2)<b (x,y).

2) b(,y)< b(,z) + p(z, ¥) - b(z,z) for allx,y,z €
M.

Let M be partial metric space with partial metric b, let
sequence {»n} in M and » €M. Then we have
1)  {an}isconvergentto » if limp(s, xn) = b(sx, x);
n—oo

2)  {xn} is called a Cauchy sequence if there exists
lim p(xnxm) such that it is finite;

n,m—-oo
3) MiscompleteifeveryCauchysequenceinMisconvergen
ttoapointx eMsuchthat lim p(sn 2¢m)=p(3¢,)
n,m-oo

4)  Ifthesequence{ xn}convergestox eMandp (s, »#)=0,th
enlim p(xn,y)=p(3,y),foreveryy eM
n—oo

Definition 1.2. [4] Suppose that f and g are two
mappings from a metric space (M, d) into itself. Then

i)  The mapping are said to be commutating if fgx
=gfx» , Vx EM.

ii) The mapping is compatible if d(fgsn, gfxn) — 0 as
n— oo whenever{xn} is a sequence in M such that
fun, gun - t, forsomet e M and weakly compatible
if they commute at their coincidence point i.e, if f» =
& xn = fou =gfun, x EM.

iii) The mapping fand g are said to be semi-compatible
mapping if {s.} be a sequence in M such thatfs, — »,
&Xn— x implies fgx,— gx and both mappings
commute at their coincidence point and semi-weakly
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compatible if they commute at the fixed point of

either for g
i.e, If f3 =3 org3 =3 then fg3 = of3.
Remark: Weakly compatible and semi-weakly

compatible are independent of each other.

Proposition 1.3. For two self-maps on metric space (M,
d), the notion of commutativity= weakly commutativity
=  compatibility = weakly compatibility =
commutativity at common fixed points, but the convers are
not true always.

Definition 1.4. [9] A mapping f: M — M is a Banach
G-contraction if {preserves edges of G i.e. V¥, Y e M
(Gt y) € E(G) =(fx, fy) € E(G))
and f decreases weights of edges of G in the following
way:

Jae (0,1)Vx, ye X((x, y)e E(G)

= d(fx, fy)<a d(xr,y)).

Definition 1.5. [9] A mapping f : M —= M s called
G-continuous if given »x e M and a sequence (3,)nen:
n, = x and (x,, #,.1) € E(G) for n € N impliesfx,, —

fx.
Theorem 1.6. [11] If p is a partial metric, M be a
non-empty set then the function dy: M x M —[0, ) given

by

dp(e, ¥) =2 (x, y) = b(x,20) — b(y,y)forall », y €
M

is a metric on M, called the associated metric to p.
Lemma 1.7. [11] Let (M,p) be a partial metric space
then {sn} is a Cauchy sequence in (M,p) if and only if it is
a Cauchy sequence in the metric space (M, d,).
Lemma 1.8. Let {»n} and {yn} be two sequences in
partial metric space (M,p) such that

lim b (e, yo) = 0. 1)

If {3cn} is Cauchy sequence, so {yn} is.
Proof: Let m > n.
First, we compute

p(}/n' yn) < p(}/n'”n) + p(”n' }/n) - p(}{n' xn) <
P(Y o #n) + P(tn,Y,) =2 pOtn, ¥n).

Taking limit n— oo, we get
0= YIIEEOP(Yn'Yn) <2 Alj{}o PG Yn) =0
i.e.,
lim p(yy, ) = 0. @

From the Theorem 1.6., corresponding to every partial
metric p, we can define the metric

db(”l y.) =2 p(%l y.) - b(}f:%) - b(y.! y.)
For » = xpand y = vy, it becomes

db(”m }/n) =2 p(}fm }/n) - p(”n:%n) + p(y-n: yn)
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Taking limit n— o and by (1), (2), we get
lim dy, (>0, yn) =2limp(sn, yn) —lim [ p(ey, 32,) +
P(Yn Yn)l

lim d,, (0, ¥n) = 0. @)

Next,
dp(Ym, ¥Yn) < dp(Yms #5,) +dp 0t 3,)+dp(en, ¥i).

Applying limit n, m— o and by Lemma 1.7, (3), it
follows that

n,lnigloodp(}/m, Yn) Snl'liirgo dp(Ym, #m) +n'1131r£100dp(}‘1m: Hn)

+1im dp,(sn, ¥n)
n-oo
= 2 rlll—>n(;lo db(}fn, yn) +n,!rilllloodp(}fm, }fn)
=0

which implies { y} is Cauchy sequence in metric space
(M,dp).

Therefore by Lemma 1.7., it is also Cauchy sequence in
partial metric space (M, p).

Throughout this paper, suppose triplet (M, p, G) be a
partial metric space, G be a directed graph where the set
V(G)=M and the edge set E(G) contains no parallel edges
such that A€ E (G), Adenote the diagonals of the
Cartesian product MxM. G means the undirected graph
which is obtained from G by ignoring the direction of
edges and E(G) = E(G) U E(G™Y).

Inspired by the some recent work on metric spaces with
a graph (see [1,2,7-9,15]), we establish some interesting
common fixed point results from metric space to partial -
metric space through a new approach. In this paper, we
obtain some common fixed point theorems in a complete
partial metric space endowed with graph using
e—compatible maps.

2. Main Results

In this section, we present some new type of common
fixed point theorems by using the concept of
& —compatible in context of partial metric space and also
obtain some examples to understand the usability of the
definitions and results.

Definition 2.1. [11]. Two self-maps f and g on a metric
space (M, d) are e~compatible if for every &> 0, there
exists an element » €M such that d(f », gx) <e implies
d( fgx, gf %) <@(e), where ¢:[0,0) = [0,0) is
continuous at 0.

Remark: If there exists atleast one coincidence point
and the mapping f, g commute at that coincidence point
then they are ¢ —compatible but converse needs not to be
true. For example: Let M = R be a metric space with a usual
metric d(s»,y) =|x -y | . Two self -mapping f and g on
Mare defined as f(») = e™ + 1 and g(x) = 1 are ¢
—compatible but they have no coincidence point.

Example 2.2. Let M = R be a metric space with a usual
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metric d(%¢,Y) =| % — Y |. Define f,g: M =M by

fir :{}{2,% *1
3, x=1

Forany &> 0, whatever we take there always exists» =0,
xn =1such that |fx - g» |= 0 and |fgx - gfx | = 0, for any
function ¢ where ¢:[0,00) = [0,00) is continuous
function at 0. That is, the pair fand g is e—compatible. For
n =3, fx =gu =9, but |fgx - gfx |# 0. Hence, the pair f
and g are not compatible and also not weakly compatible.

Example 2.3. From the Figure 1., we can easily observe
that any two parallel graphs on R never are e—compatible
since they have the fixed distance so that they never come
to close at any point therefore, they are not & —compatible
but they are always compatible since these graph are
translation maps.

For an example, if we take fxx = » +3andgx = » +7
then f and g are compatible, infact commutating maps are
not & —compatible because |fx - gx |= 4 for all xe M and
if we take any ¢ < 4, we couldn’t find an element »e M
such that d(fx, g ») <e i.e, this is the necessary condition
for e—compatible mappings.

and gx = 3x for all »xeM.

14 -
12 -
10 -

e () =04 3

e
=

glx)=x+7

E 5% 10 11

_1_],/3436?

2>X

Figure 1. Maps f and g with fixed distance are not & -compatible

Remark: The concept of ¢ —compatible is independent
of weakly compatible and compatible.

Theorem 2.4. Let the triplet (M,p,G) be a complete
partial metric space endowed with a graph G and f, g be ¢
-compatible mappings on M which satisfies the condition

p(g#, gy) < a p(fxr, fy) + b p(fx, gy) + ¢ p(fy, gx),
v (x, y) e E(G) (4)
where a, b, c are in R, such that a+b+c# 1, at+b+c<1.

Assume that f is G — continuous with the following
property:

(*)As f and g are & — compatible pair, so for every
e(n) > 0, there exists an element s, in M such thatp(fx,,,
9tn)< £(n) = b(fgsn, 9Frn)< @(e(n)) then (s, 244),
(f#n, Titne1) € E(G) and (97, Gni1) € E(G) (e(n)
depends on n and take value less than one );

(»*)If a sequence f »,, — x then (fx,, #) € E(G) and (3,
#) € E(G). Further f satisfies the condition ifp(s, ) = 0
then p(fx, fx) = 0.
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Then f and g have common fixed point. Furthermore, if
», »* are fixed points of fand g with (», »*) € E(G) then f
and g have unique common fixed point.

Proof: Since f and g are € —compatible, so by their
e—compatibility for every neN and for every € > 0, take ¢
=1/n? there always exists a sequence {»y} in M such that

b(fsen, Gn)< — = b(fgoen, gfxr)< 9 ().
Now, we have by using (4) and (x)
b(gsn, g2ni1) < ap(Ffrn, freni1) +b p(fren, grenia) +C
b(frn+1, @2n)< a[b(fsen, gotn) + b(tn, Gotner) + P(Prtne1,

fena)] + b[p(Fren, gX3tn) + p(Q3en, G2tn+1)] + € [p(Frens, Grensa)
+ p(Qrn+1, gon)]

implies that
(1-(ath+c)) b(grn, Grtne1)

< (a+b) p(fan, gxn) +(a+c) p(frn+1, 9atn+a)
= p(gn, 9¥ni1)

a+b p(f}fn, g}fn) + a+

<_ath _atc
1-(a+b+c) 1—-(a+b+c)

p(f}t’n+1, 0%n+1)
a+b 1

a+tc 1
< —
1-(a+b+c) n?

1-(at+b+c) (n+1)2

2a+b+c 1
1-(a+b+c) n?’

For m< n, we have

- 2a+b+c 11

b(@m, gn) < Xtz P(@10 8k41) S i om e

Since the series Ziz converges, therefore the sequence
n

{gxn} is Cauchy and lemma {fxn} is also Cauchy. As M is
complete, there exists u €M such that the sequences {g»n}
and {fx, } converges to u, since p(fxn, g»n) = 0 asn— oo
and

lim p(gsn, U) = lim p(gsn, gem) = p(u,u) = lim p(fan,
n—-oo nm-oo n,m—oo
fxm) = lim p(fxn, U)
n—-oo
But lim p(gsn, g2m) = 0, therefore p(u,u) = 0 and by (*x),
n—oo

b(fu, fu) = 0.

G-continuity of f and by the condition (x),

fgsn , 2sen > fu and p(fgsn, gfxn) > 0 as n— oo with
b(fu, fu) = 0 implies {gfxn} converges to fu. Suppose that
fu %= gu then p(fu, gu) > 0.

Now, we have using (4) and (xx)

b(gfxn, gu) < a p(ffun, fu) +b p(ffxn, gu) + ¢ p(fu, gfxn).
Taking n— oo, we obtain

b(fu, gu) < a p(fu, fu) +b p(fu, gu) + ¢ p(fu, fu)

= (a+c) p(fu, fu) + b p(fu, gu)

<b p(fu, gu) (since, p (3,%) < b (x,y) Vx,ye M)

=(1-b) p(fu, gu) <0

=b(fu,gu) =0

which is a contradiction, thus we have shown that fu=gu.
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Again, Using (4) and (*x*)
b(g%nl gU) <a b(f”n! fl.l) +b b(f}fn! gU) +C b(fu! g””)
Letting n— oo,

b(u, gu) < a p(u, fu) +b p(u, gu) + ¢ p(fu, u)
= (atb+c) p(u,gu)
i.e., (1-(at+b+c)) p(u, gu)<0 implies p(u, gu)=0 =gu=u
So, we get
fu=gu=u.

Now, we show that u is the unique fixed point. Let v #
u be a point in M such that fv = gv = v, then by (2), we get

p(gu, gv) < a p(fu, fv) +b p(fu, gv) + ¢ p(fv, gu)
p(u,v) < ap(u,v) +b p(u, v) +c p(v, u)
i.e., (1-(atb+c)) p(u,v) <0
implies that p(u,v)=0i.e,u=v.
Hence f and g have a unique common fixed point.
Corollary 2.5. Letf and g be the self-mapping of a

complete partial metric space (M, p) endowed with a graph
G = (V, E) which satisfies the condition

p(gx, 9y)< a p(fx, fy) , v (fx, fy) € E(G) (5)
where ae(0,1). Assume that f and g are & — compatible
pair with the following property:

(*) As f and g are € — compatible pair, so for every
e(n) > 0, there exists an element s, in M such that p(fsy,
gxn)< e(n) = p(fgxn, gfun)< (p(e(n)) then (fxn, frne)
€ E(G) and (gsn, guni1)e E(G) (e(n) depends on n or can
say function of n);

(**) Suppose f be a G — continuous map i.e., if a
sequence {»,}— » and (x,,, #,.,) € E(G) thenfx, — fx
with condition (fx, , fx) € E(G) and (i, fx) € E(G).
Further f satisfies the condition if p(x, ») = 0 then p(fzx,
fx) = 0.

Then f and g have unique common fixed point.

Proof: Since fand g are & — compatible pair, so for every
£ > 0, take £ =1/n?, there exists an element s, in M such
that p(faen, Gn)< — = b(fgin, gfn)< @ ().

Now for » = »n, Yy = xne, and using(x) we have

b(gsn, gxne1) < a p(Ffren, Frnea).
By the triangle inequality
b(fren, Trens1) < p(Faen, Gaen) + P(9ren, Ttnsa) - P(Grtn, Gren)
<p(fan, gaen) + b(Gsn, Frens1)

< b(fxn, @2tn) + p(Qrtn, Qrtns1)+ P(Qrtn+1, Trner)- P(Qotn,
g3n+1)

< b(fxn, gxn) + b(g2tn, Grtn)+ P(Gon+1, Toner).
Now (6) becomes,

b(sn, Grens1) < a(p(fan, Qren) + p(G2tn, Grtns1)+ P(Pon+1,

f%n+1))

(6)

1 1
<a(s +oomz ) T @ b(@n, grnn)
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).

a 1 1
= p(gxn, grns1) <m(p )2

For m< n, we obtain

b(g%m: g%n) < b(g;{m’ g;{m+1)+ b(g%m+l, gJ'fm+2)+ b(g%m+2;
g}{m+3)+ ......... + p(g}fﬂ-ll g%n)

=X k=m b(&k, 8ti11)
a n-1 1

< —
(1-a) k=M g2°

By Cauchy criteria for the series, the series Z% and

sequence of partial sums Sn = };zlkiz both converge
together. Therefore, the sequence {gs,,} is Cauchy and by
Lemma, {fx,} is also Cauchy sequence. By hypothesis of
M, there exists 3 in M such that {g»,} and {fx,} both
converge to 3, since p(fx,, gx,) -0 as n—- o
and lim b(gxn, 3) = lim p(g2,, 9¢) = b(3, 3) =lim p(fiey,,
i) = rlll_r& b(fx,, 3) but il_r)lgo b(gs,, 0x,,) = O, therefore
p(33) =0.

By G-continuity of f and using (*), f2sn, fgsen >f 3.

Since 2, — 3 then by (%), (P £ 3), (fin £3) € E(G)
and using (2.2) with (), we get p(gfxn,g 3) < a p(fPxn,
f3) which implies that as n— oo, gf»,—g3 and ,llil?op(gf”"’
93)= b(93, 93)=0.

Since p(fgsn, gfxn) = 0 ,we have f3 =g3.

Now again by (5) and (xx), we have

b(9#n, 9 3) < a p(fxen, f3)
=>p(3 93) < ab(3 f3)= ab(s gz)asn- .
=1 —-a) b9z <0
=>fz =gz =23
Hence, f and g have a unique common fixed point.
Example 2.6.Let M=[0, 1] and define p: M x M — R*
be a partial metric such thatp(», y) = max{x, y" } then (M,
b) is complete partial metric space. Let G be digraph and
E(G) = A u{(,y): (,y) €[0,1) x [0,1)}. Also map
@ defined as @ () = »2.
Let f, g : M— M be defined by

1.2
) PN *1
fx = = and g = 17, Vx€EM.
3 S,x=1
2
10
8
6
ta
> —e—f(x)=2X/3
2 g(x)=xn2/3
0 >
5 -4 3 001 2 3 4 5
2
X=>
-4

Figure 2. Maps fand g are e-compatible
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W.L.G choosingx >y and V s,y € E(G), we have
b(gx, g y) = max {Zx%,2y?} = 2y?,
b(f, fy) = max{Zx, =y} = 2 and similarly

b(fx, ay) = 2, b(fy, g) = 2y

(sincex,y € [0,1) andx >y = x >y > y? > x?)

Ifwetakeazl,b:iandc:1

4 8

then

p(9#, gy) < a p(fx, fy) +b p(fx, gy) + ¢ p(fy, gx)
i, 2y2 <3 2x) 4= (Zu)+ = (2y)= 2 (o + L) which

3 4 3 4 3 8 3 3 4

is true.

Also, a+b+c# 1 and a+b+c<1.

Now,

21 12
3’3

p(fx, g2¢) = max{

¥=5
and p(fgs, gfx) = max{ f(%z), 9(2;%) }
TX 7

=2 22,2y-2,2
= maX{}{,S}t} A

w2

:max{gx?,

Again, p(fx, gx) <e(n) if %<s(n) if J{<§€(Tl)
implies p (fg», gfx) < @(e(n)) if %J{Z <e?(n) if
%<§£(n).

Therefore, for each e(n) > 0 we can take elements, =
Zs(n) (you can also take another sequence but J{n<%£(n ))
such that p(fx, gx) <e(n) impliesp(fgz, gfx) < p(e(n)),
so f and g are e-compatible and also (fin, fini) € E(G)
and (gsn, gna) € E(G). Consequently, it follows that
property (*) hold. Also, from the Figure 2., we can analyse
that both mappings come very close to each other towards
the point zero which provides atleast one element » in M
for each € > 0 such that p(fx, gx) < & implies p(fgsx, gfx)
< @(g) . Moreover, f is continuous which implies G is
continuous, and the sequences converge to 1 and belong to
[0,1] suchas {1--3}, {1— },{1- 3}, {1- ——}etc.

(2n+1)2
For any sequence, take », = 1-$Which converges to 1

with (3n,2n+1) € E(G) and fx, converges to§ = fx ie,
lim p(fxn, f32) = p(fx, fx) :g , S0 condition (*x) also hold
n—-coo

and for any other sequences converging to any arbitrary
element (=) also automatically hold.

Or in another way, we can also prove f and g are
e-compatible since f(0) = g(0)=0 and fg(0) = gf(0) =0 i.e,
there exist a coincidence point and they commute at
coincidence point.

Thus all the conditions of theorem 2.4 are satisfying and
therefore, 0 is common fixed point of self-mappings f and
g.

Remark: In aboveexample, we can observe that the
mappings f and g doesn’t satisfy the contractive condition
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(2.1) on whole set [0,1].

For example: If we take #=0, y" =1 then p(gx, gy)=2
and a p(fx, fy) + b p(fx, gy) + ¢ p(fy, gx) = a
p(0.2)+b p(0,2) +cp(,0) = 2 (a+c) +2b.

If (9, 9y)< a p(fx, fy) +b b(fx, gy) + ¢ p(fy, ga),

that is,
2 <2 (a+c) +2b (7)

where a, b, ¢ are in R+ such that a+b+c# 1, atb+c<1.
Since at+b+c<1 implies that (a+c) < (1-b)
Now from (7), we have

2 < 2 (a+c)+2b <2 (1 — b)+2b

which implies b > 1 that is not possible.

Thus, contractive condition doesn’t hold for » =0, y=1
and the given problem has no common fixed point by
applying Theorem 2.1 with contractive condition on whole
set. But this is possible if we restrict the contractive
condition on some subset of [0,1] and this is possible by
inducing the graph.

Corollary 2.7. Let f, g be e-compatible mappings on a
complete partial metric space (M, p) endowed with a graph
G satisfies the condition

b(gx, 9y) < a p(fe, fy) + b b(fx, gy).V (%, y) € E(G)

8
where a, b are in R+ such that a+b=+ 1, a+b<1.

Assume that f is G — continuous with the following
property:

() As f and g are e — compatible pair, so for every
g(n) > 0, there exists an element 3, in M such that p(fp,
gn)< e(n) = p(fgsn, gfxn)< @(e(n)) then (sn, ns1),
(fxn, Trtne1) € E(G) and (grn, 9ns1)e E(G) (e(n) depends
on n or can say function of n and take less than one );

(**) If a sequence fxn— 3 then (fin, ) € E(G) and (s,
#) € E(G). Further f satisfies the condition ifp(s, ») = 0
then p(fx, fx) = 0.

Then fand g have common fixed point. Moreover, if u, v
are fixed point of f and g with (u,v)e E(G) then f and g have
unique common fixed point.

Proof: Put ¢ = 0 in Theorem 2.4 then we obtain our
required result.

Theorem 2.8. Let (M, p, G) be a complete partial metric
space endowed with graph G and f, g be e-compatible
mappings M which satisfies the condition

b(gx, gy) < w(m(x,y)), V (¢, y) e E(G)  (9)

where m(x, y) = max { p(fx, gx), b(fy, gy),
+ b(fy, g)}}

Assume that f is G — continuous with the following
property:

(*) As f and g are € — compatible pair, so for every
g(n) > 0, there exists an element s, in M such that p(fzy,
gxn)< e(n) = p(fgsn, gfxn)< @(e(n)) then (sn, ns),
(frn, Fstni1) € E(G) and (gsn, grne1) € E(G) (e(n) depends

= {b(fx, gy)
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on n or can say function of n and take less than one );

(x*) If a sequence fxa— 2 then (fin %) € E(G) and (xn,
#) € E(G). Further f satisfies the condition if p(», ») = 0
then p(fx, fx) = 0.

Then f and g have common fixed point. Moreover, if u, v
are fixed point of f and g with (u,v)e E(G) then f and g have
unique common fixed point.

Proof: Since f and g are e —compatible, so their
e—compatibility ensures that there exists a sequence {xn}in

M such that for every n eN, p(fun, gun)< = b(fgsn,
gfin)< 9 (=5).
Now, we have by using (9) and (x)
P(9n, Grtn1) < w(m(3n, 3n+1)),
where m(sn, sn+1) = max { p(faen, gen), b( frene1, genst),

= {D(Frtn,grerr) + b(frtnes, Gren)3}.
There are three cases arises:
Case I: m(an, 2#n+1) = p(faen, 9on)

then p(gsn, grn+1) < w(m(an, #n+1))
<M(3tn, 5001)) = p(Frn, Gotn) < = .
(as v is non- decreasing)
Case II: If m(;fn, #ne1) = P(Fans1, Qaenea) then similarly
b(gsn, Qrne) <
Case IlI:
9rn)}
< < £ D(Fn,grn) + D(Qotn o) + P(Frner,Goener) +
P(9rn+1,9%n ) - P(9on, Gxn)- P(Pon+1,9%n+1)}
< = {b(fn,grn) + (@, Grtnsa) + P(Frtnes, Qo) +
p(9rn+1,97n )}
) +- b(g}fn: gon+1)-

(n+1)2 ’

If MGen, 20e1) = ={ p(Fren, 2002) + b(Frcna,

1,1
4'\n2

Then

b(gn, an+1) = \V(m(%n,%ml)) < M(3n,2n+1)
4'\n2 (n+1)2) 5 b(g”n, an+1)

(since v is non- decreasmg)

(n+1)2

ie, 1 b(gstn, Grtne1) < 21$+ (n+11)2)
orp (grn, Gone1) < _(_ (n+1)2)

From all possibility, we observe that for any neN,
b(Qxn, 9xne1) < %
Now, for m< n, we have

b(g}{m, g}fn) < b(g%m, g J{m+1)+ b(g%m+1, g%m+2)+ b(g%m+2|
g}{m+3)+ ......... + b(g%n—L g”n)

=Xk b(g”k,g”ku)

1
< —.
- Z k?

k=m
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Since the series Z% conveges, by cauchy criteria for

the convergence of a series, the sequence {g»n} is
cauchyand by lemma, {fx.} is also Cauchy. As M is
complete, there exists ueM such that the sequences {gsn}
and {fxn}converges to u, since p(fun, grn) = 0 as n— oo
and

Aggob(g”m u) = imb(g”m gsn) = p(u,u) zrlli_r)gob(f”m fxn)
= lim p(fxn, U)
but
lim p(gsn, gxm) = 0, therefore p(u,u) =0 and by (**), p(fu,
n—oo
fu)=0.

G-continuity of f and by the condition (x), fgsn , f22q —
fu and p(fgsn, gfxn) = 0 as n— oo with p(fu, fu) = 0
implies {gfxn} converges to fu. Suppose that fu # gu then
b(fu, gu) > 0.

Now, we have using (9) and (x*)

p(gfxn, gu) < yw(m(fin, U) < m(frn, U)
where
M(fxcn, U) = max { p(ffren, gfsen), b( fu, gu), 7 { b(Ffrn,gu)
+ p(fu, gfan)}}
and 7lll_rlr}o m(fxn, u) = p(fu, gu)
(since p(fu, fu) < p(fu, gu) and p(fu, fu) = 0).

Therefore, as n— o

b(fu, gu) <p(fu, gu) which is a contradiction.
Hence, fu = gu.
Finally, we show that fu = gu = u.
Again, by (9)

p(grn, u) < w(m(rn, U)) < M(n, u) (10)

where

M, U) = max { p(frn, gen), b(fu, gu), i {b(frn, gu) +

p(fu, grn)}}
andrlligo m(sn, U) = %b(u, gu).
So (10) becomes
b(u, gu)< %p(u, gu) implies that p(u, gu) =0

=gu =uand also fu=gu=u.

Now, we show that u is the unique fixed point. Let v+u
be a point in M such that fv = gv = v then by (9), we have

b(gu, gv) < w(m(u, v)) < m(u, v)
where m(u, v) = max { p(fu, gu), p(fv, gv), 21 { b(fu, gv) +
p(fv, gu)}}
b(u, v) <=b (u, V)

implies that p(u,v)=0i.e,u=v.
Hence f and g have a unique common fixed point.

€ -Compatible Map and New Approach for Common Fixed Point Theorems in Partial Metric Space Endowed with Graph

3. Conclusions

In this paper, we presented some common fixed point
theorems with graph for & — compatible maps which
doesn’t involve the containment of the ranges for the given
mappings. Generally, we see that common fixed point
results for more than one mapping existing in the literature
involve the suitable containment of the ranges for the given
mappings which is a strong assumption in its own. In
addition, we presented some examples to demonstrate the
definitions and our results.
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