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Abstract This paper characterizes and compares the optimal and the strategic behaviour of two countries or firms that min-
imize costs facing emission standards. Emission standards can be reached through emission reduction, banking or borrowing, 
and emission trading in a given and fixed planning h orizon. Our model extends the existing theoretical models in this area of 
research in two directions mainly. First, we revisit the model proposed by Rubin (1996) to introduce and study the impacts of 
transaction costs in treadable emission markets. Second, we extend Stavins’ (1995) work from a static to a dynamic setting. We 
analyze the case with and without transaction costs and the case with and without discount rate. We characterize solutions and 
equilibria in each case and, depending on the initial allocation, characterize the buyer and seller in the emission trading market. 
Our main findings extend Rubin’s paper proving that agents' equilibrium is not efficient when transaction cost are positive 
and expand Stavins’ results to a dynamic framework.
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1 Introduction
Emission permits trading is one of the economic instruments that helps countries (and firms) to comply and achieve their envi-
ronmental targets as determined by international treaties (and by regulatory agencies) in a cost-effective way (e.g. Cropper and
Oates, 1992; Tietenberg, 1985; Montgomery, 1972; Cronshaw and Kruse, 1996). Under this system, each agent (firm or coun-
try) tries to reach its emission standard through abatement or by buying additional pollution permits from other (overcomplying)
agents. An overcomplying firm or country usually has emission rates that are below its preassigned target and can therefore
chose to sell the extra permits, bank them for future use, or do both (e.g. Dales, 1968; Croker, 1996).

Rubin (1996) provides a general study of emission trading, banking, and borrowing that extends existing literature by using
an intertemporal continuous-time framework within an optimal control model. He provides equilibrium time paths for emissions
as well as qualitative impacts of emissions’ borrowing on permit prices, emission stream and total social damages. His results
confirm that decentralized firms’ behavior leads to the least-cost solution that can be reached under joint-cost minimization.
Rubin’s (1996) work, however, does not take into account transaction costs related to permits’ trading, which represents a
significant limitation given the importance and impacts of transaction costs in tradeable markets that have been discussed and
proven by previous studies (e.g. Baumol and Oates, 1988; Hahn and Hester, 1989; Tripp and Dudek, 1989; Stavins, 1995).

Stavins (1995) points out to the importance of transaction costs and its significant impact on the tradeable permits markets,
in terms of increased abatement costs and reduced trading levels in a static framework. He argues that transaction costs affect
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negatively the relative cost-effectiveness of permits trading, otherwise exaggerated, and make them more sensitive to initial
permits allocation. Stavin’s findings however were limited to a static framework and do not offer results that apply to more
general dynamic intertemporal framework.

To address the above limitations, we extend the existing theoretical models in this area in two main directions. We revisit
Rubin’s (1996) to introduce and study the impacts of transaction costs in tradeable emission markets. At the same time we extend
Stavins’ (1995) work to offer a more comprehensive study of intertemporal emission treading within continuous time framework.
This allows us to determine and compare equilibrium time paths for emissions, emissions banking and borrowing, and permit
prices as well as the cost-effectiveness and efficiency of emission permits trading under different scenarios that distinguish the
cases of positive and zero discount rate, with and without transaction cost. It also allows us to determine how initial allocations
of standards can determine the direction of trade (buyer and seller) between firms or countries in the emission trading market.

2 The Model
We consider two agents (firms or countries) (i = 1, 2), Each of whom faces an emission standard Si(t) to be reached by the end
of period t. If a firm or country i pollutes above its allocated standard Si(t), it has the option to buy extra permits in order to
meet its target. On the other hand, if a firm (country) pollutes less than what it is allowed by the allocated target, then it has three
possible options: It can either sell the excess of its pollution permits, it can bank them for future use, or it can do both and find an
optimal combination where some of the excess permits are banked and the rest sold to other firm (country). We denote by Bi(t)
the level of emissions that are banked at time t.

Each firm (or country) controls the quantity of emissions that it produces (ei(t) > 0) and the quantity of emissions’ permits
yi(t) that it buys (yi(t) > 0) or sells (yi(t) < 0). The price of permits , p(t), is determined in the market by the equilibrium
(market clearing) conditions over the planning horizon [0, T ].

Following the literature (e.g. Rubin 1996; Montgomery 1972), we consider an abatement cost function Ci(ei(t)) that is
strictly decreasing and convex in the emission rates (C

′

i(ei(t)) < 0, and C”
i (ei(t) > 0). We also assume that emissions standard

are strictly decreasing in time (S′i(t) < 0). This assumption is easily justified by tighter environmental regulations resulting
from higher environmental degradation (e.g. Rubin 1996).

Let τi(y) be the transaction cost related to emission trading. We assume that the transaction cost function is convex in the
quantity of emission permits (τi”(y(t)) > 0) and symmetric (τi(y(t)) = τi(−y(t))). We also assume that transaction costs are
shared by the selling and buying firms (or countries).

Our main objectives are to study and compare the joint-cost problem and the agents’ problem in terms of (1) emissions’ rates,
banking and borrowing strategies, and (2) cost effectiveness under few different scenarios: with transaction cost (τi(y(t)) > 0)
and without transaction cost (τi(y(t)) = 0) considering both the case of a positive discount (r > 0) rate and zero discount rate
(r = 0). This will allow us to contrast the results we obtain in a more generalized and dynamic framework to the existing
findings.

3 The joint-cost minimization problem
The joint-cost minimization problem represents the situation where a social planner (respectively international regulator) allocates
the total emission standards between two firms (respectively countries) and aims at minimizing their joint abatement costs. We
will first study the joint-cost problem in the general case of a positive discount rate, then look at the particular case with no
discounting.

3.1 General case : positive discount rate
Let B(t) be the aggregate banked emissions, and S(t) the aggregate standards of emissions. The joint-cost problem (J CP) in
this case can be represented by the following objective function and constraints:1

J∗∗ = min
{e1(t),e2(t)}

∫ T

0

e−rt [C1(e1(t)) + C2(e2(t))] dt (1)

s.t. Ḃ(t) = S(t)− e1(t)− e2(t), B(0) = 0, B(t) = B1 (t) +B2 (t) ≥ 0, ei(t) ≥ 0. (2)

In equation (1) r denotes the discount rate. The constraints expressed in equations (2) represent, in the same order, the dynamics
of banked emissions permits stating that the quantity of additional emissions that can be banked at each point of time t is equal to
the aggregated emission permits allocated as standard to both firms (countries) reduced by the emissions they jointly produce; the

1We will use the superscript (∗∗) to indicate the optimal solutions for the joint-cost minimization problem.
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conditions on initial stock of banked emissions to be equal to zero; the conditions on the aggregate stock of banked emissions;
and the emission rates ei(t), to be non-negative at each point of time t.

The Lagrangian associated to this problem can be written as:2

L = C1(e1) + C2(e2) + Λ(S1 + S2 − e1 − e2)− ΦB,

where Λ is the costate variable associated with the dynamic equation of banked emissions, and Φ the Lagrangian multiplier
function associated with the non-negativity constraint of the total banked emissions.

The first-order conditions are:

C ′i(ei) = Λ, i = 1, 2; (3)
Λ̇ = rΛ + Φ, B ≥ 0, Φ ≥ 0, BΦ = 0; (4)
Ḃ = S1 + S2 − e1 − e2, Λ(T ) ≤ 0, B(T )Λ(T ) = 0. (5)

From (equation 3), we can deduce that the minimizing emission rates are the same for both firms (countries). They correspond
to equal marginal abatement costs of emissions and marginal cost of banking, the latter being the same for both firms. Equation
(4) describes the dynamics of the marginal value of an additional unit of emission banked, and equation (5) reproduces the state
equation constraint that has to be satisfied for the whole optimization period.

The above necessary conditions are similar to those found in the joint optimization problem with no transaction costs (Rubin
1996) given that the transaction costs are neutralized in the case of joint maximization problem.

let Λ0 be the initial value of the costate variable, the optimal solutions to the J CP with and without banking are characterized
by

Theorem 1 In the joint-cost problem with positive discount rate,

• When firms (countries) choose to bank a positive amount of emission permits (as long as B(t) > 0), the optimal emissions
rate ei(t,Λ0) are solutions of

C ′1(e1) = C ′2(e2) = Λ0e
rt,

and the banked emissions B(t) and Λ0 solutions of

Ḃ = S1 + S2 − e1 − e2, B(0) = 0, and B(T ) = 0.

• When firms (countries) choose not to bank emission permits, the optimal emission rates ei(t) are solutions of the system
equations

C ′1(e1) = C ′2(e2) and S1 + S2 − e1 − e2 = 0.

This solution is valid as long as Φ = C ′′1 (e1)ė1 − rC ′1(e1) ≥ 0.

Remark 1 Ḃ(0) > 0 (respectively Ḃ(0) < 0) implies that banking is possible (respectively not possible) at the beginning of the
time interval. In the same way Φ(0) = C ′′i (ei(0)) ˙ei(0)− rC ′i(ei(0)) ≥ 0 (respectively Φ(0) = C ′′i (ei(0)) ˙ei(0)− rC ′i(ei(0)) ≤
0) implies that no-banking is possible (respectively not possible) at the beginning of the time interval.

Next, we present an illustrative example of the case where the optimal emission rates are decreasing over time and where the
emission banking rates are always positive over the whole optimization period. In this situation both banking and no banking
occur along the optimal trajectory.

Example 2 Let us consider: T = 1, S1(t) = 1 − t, S2(t) = 2 − 2t, r = 2, C1 = C2 = C, C(e) = −ae + (b/2)e2. The cost
functions being the same, optimal emissions ei will also be the same. With the numerical values a = 1.4, b = 1, we obtain the
following optimal solution e∗∗ = e∗∗i , B∗∗, are as illustrated in Figure 1.

The above characterizes the general optimal solution considering a positive discount rate (r > 0). Next, we study the
particular case of a null discount rate for which we obtain additional results about the banking strategies and conditions.

2The time argument is eliminated when no confusion can arise. In the Lagrangian equation we do not consider the positivity of ei. We do, however, check it
a posteriori, which should not be an issue in this case. Indeed, because the cost functions are decreasing, an interior solution, if it exists, should be superior than
a corner solution.
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Figure 1. e∗∗(t) (left); B∗∗(t) (right)

3.2 Particular case : zero discount rate

The assumption of a zero discount rate is reasonable given the short time horizon we are dealing with in this problem. In
addition, it is appealing from an environmentalist point of view and given the inter-generational equity perspective it involves.

The necessary conditions yielding from this particular case are mainly the same equations (3) to (5) found for the general
case with positive discount rate. The main difference is captured by condition (4). The latter indicates that when firms or
countries, globally, bank a positive quantity of emission permits, the marginal value of an additional unit of emissions banked
remains constant in the case of zero discount rate in contrast to the case of positive discount rate. The following theorem
summarizes the solutions implied by these conditions:

Theorem 3 The optimal interior solutions for the emission rates (e∗∗i > 0) in the J CP when the discount rate is zero, has the
following properties:

B∗∗(t) > 0, ∀t ∈ (0, T ); B(0) = B(T ) = 0,

and e∗∗i are constant, solutions of
S̄1 + S̄2

T
= e1 + e2 and C ′1(e1) = C ′2(e2),

where S̄i =
∫ T

0
Si(t)dt is the cumulative emission standards over the planning horizon [0, T ].

Proof. Note that the case of Φ strictly positive in some open interval of time is not possible. For in this case B would be
identically equal to zero, and from (2) we would have S1 + S2 = e1 + e2. Given that Si is a decreasing function of time, we
have, on one hand, Ṡ1 + Ṡ2 = ė1 + ė2 < 0; meaning that ėi < 0 for at least one of the agents (firm or country) i = 1, 2. For that
agent i we have, from equation C ′i(ei) = Λ and differentiating with respect to time, Λ̇ = C ′′i (ei)ėi < 0 (Ci being convex). On
the other hand, we have Λ̇ = Φ that is positive (Equation (4)), which leads to a contradiction. Hence, Φ can only be identically
equal to zero. Referring again to first-order condition (4), Λ is a constant and B(t) ≥ 0.

Moreover C ′1(e1) = C ′2(e2) = Λ, implies that both ei are constant over time.
B is the solution of Ḃ = S1+S2−e1−e2, B(0) = 0, B(T ) = 0. With ei constant,B(T ) = 0 implies S̄1+S̄2 = e1+e2.

T 
This completes the proof.

3.3 The effect of discount rate

The impact of interest rate on the optimal banking option and emissions rate are summarized in

Theorem 4 For the joint-cost minimization problem, “no banking” is never an optimal solution when the discount rate is zero.
This is not necessarily the case when the discount rate is strictly positive. Moreover, emissions are constant in the zero-discount
case, and strictly decreasing in the case of positive discount rate.

Proof. In Theorem 3 we proved that no banking is never a solution when discount rate is zero. Note that this is essentially
due to the fact that Si are decreasing functions of time. Example 2 shows that it cannot be the case with positive discount rate.

The second statement is an obvious corollary of Theorem 1 and Theorem 3.
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4 The optimal control problem
In this section we focus on the scenario where each agent i (firm or country) tries to minimize individually its total costs while
facing emission standard constraints (Si(t)). The total costs are incurred from emissions’ abatement and permits’ trading. Each
firm (country) chooses the optimal rate of emissions to abate and quantity of permits to trade in order to minimize its total
incurred cost while respecting the constraints of banking dynamics.

By analogy to the J CP , we study the general case with positive discount rate as well as the particular case of a zero discount
rate. We further contrast two sub-cases: the first one considers positive transaction costs, similar to Stavins (1995) however in a
dynamic setting, and the second one involves no transaction costs in permits trading as in Rubin (1996). This section concludes
with a comparison of all the different scenarios’ outcomes.

4.1 Positive discount rate without transaction cost
Under this scenario, we look into each agent’s optimization problem AP , when the discount rate is positive and no transaction
costs are involved (Rubin’s case). The problem for each firm (country) i can be written as:3

J∗i :=min
ei(t),yi(t)

∫ T

0

e−rt [Ci(ei(t)) + p(t)yi(t)] dt

s.t.: Ḃi(t) = Si(t)− ei(t) + yi(t), Bi(0) = 0, Bi(t) ≥ 0, ei(t) ≥ 0. (6)

Additional constraints are necessary to fully specify the problem: The permit unit price p(t) is determined by the equilibrium
condition and the terminal stock condition, respectively:

y∗1 + y∗2 = 0, (7)

p∗(T )(B∗1(T ) +B∗2(T )) = 0. (8)

Equation (6) establishes the dynamics of the emission permits banking in the AP . Compared to the J CP , this equation
includes the amount of permits traded by firms (countries). Equation (7) guarantees the clearing of tradeable permits’ market,
simply requiring that the quantity of permits sold by one firm (country) are bought by the other one. Equation (8) states that, at
the terminal period, either the unit price of emissions in the bank or the total stock of permits are null.

Following Rubin (1996) we also consider that quantities of permits traded (yi) are bounded, i.e. −Ai(t) ≤ yi(t) ≤ Di(t),
and that firms (countries) do not buy or sell permits at the maximal or minimal rates.

The problem can, then, be solved using optimal control theory for each firm (country). The Lagrangian associated to each
agent i writes as:

Li = Ci(ei) + p(t)yi + λi(Si − ei + yi)− φiBi,

λi represents the costae variable associated with the dynamic equation of banked emissions for agent i, and φi the Lagrangian
multiplier function associated with the non-negativity constraint of its total banked emission until time t. The necessary optimal
and market clearing conditions are given by:

C ′i(ei) = λi = −p, λ̇i = rλi + φi, Ḃi = Si − ei + yi, Bi(0) = 0;

y1 = −y2, φi ≥ 0, Bi ≥ 0, φiBi = 0, λi(T ) ≤ 0, Bi(T ) = 0.

Knowing that Ḃ = Ḃ1 + Ḃ2 and B(0) = B(T ) = 0, we can easily prove the following result that completes Rubin’s:

Theorem 5 When the discount rate is positive and transaction costs are null, the equilibrium solutions satisfy: −p = Λ,
e∗i = e∗∗i and φi = φj = Φ. Moreover, at the equilibrium, the quantities of permits traded yi(t) are as follows:

• If both firms (countries) bank, then y1(t) satisfies Ḃ1 = S1 − e1 + y1, B1(0) = 0 = B1(T ) and B2 = B∗ −B1.

• If no firm (country) banks, then y1(t) satisfies S1 = e1 − y1, or equivalently S2 = e2 + y1.

Remark 2 The existence of a solution in the case with banking is guaranteed by the equilibrium condition Ḃ = S1+S2−e1−e2.
In the case of no banking this condition becomes S1 + S2 = e1 + e2.

As a corollary of Theorems 1 and 5, we find the Rubin’s main result:

Theorem 6 AP is efficient.

3We will use the superscript (∗) to indicate the optimal solutions for the firm’s minimization problem.
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In the particular case where the firms have symmetric cost functions, we can solve for the exact quantity of permits traded:

Theorem 7 When cost functions are symmetric, y1 = S2−S1

2 is the exact solution for the permits quantity that is traded between
the two firms. The buyer would be the player with a higher emissions standard.

Proof. If C1 = C2 = C, then e1 = e2 = e. Considering y1 = S2−S1

2 , then Ḃ1 = Ḃ2 = Ḃ
2 , which means that Ḃi is positive

or zero when Ḃ is positive or zero.

4.2 Particular case: zero discount rate.
Under this particular scenario, the emphasis is more on the transaction costs and their importance in determining the optimal
choices by firms (countries). The AP is:

J∗i := min
ei,yi

∫ T

0

[Ci(ei(t)) + p(t)yi(t) + τ(yi(t))] dt (9)

s.t. Ḃi = Si − ei + yi, Bi(0) = 0, Bi(t) ≥ 0, ei(t) ≥ 0. (10)
y∗1 + y∗2 = 0, (11)
p∗(T )(B∗1(T ) +B∗2(T )) = 0.

The Lagrangian associated to this problem is:

Li = Ci(ei) + p(t)yi + τ(yi) + λi(Si − ei + yi)− φiBi,

and the first-order conditions are:

∂Li
∂ei

= 0 ⇐⇒ C ′i(ei) = λi, (12)

∂Li
∂yi

= 0 ⇐⇒ p+ λi + τ ′(yi) = 0, (13)

λ̇i = φi, φi ≥ 0, Bi ≥ 0, φiBi = 0, (14)
λi(T ) ≤ 0, Bi(T )λi(T ) = 0. (15)

According to Equation (12), the marginal abatement cost is equal to the marginal value of one additional unit of emissions
permit in the firm’s (country’s) bank, which are negative given the properties of the abatement cost function. Equation (13)
requires that at the equilibrium, the unit price of permits (p) is equal to the sum of its marginal cost of banking and the marginal
transaction cost. Equation (14) implies that the marginal value of an additional unit of emission banked is increasing (becomes
less negative) when the non-negativity constraint is binding, and is constant otherwise. Finally, Equation (15) reflects the
final terminal conditions on the firm’s (country’s) total banked permits and its costae variable. Furthermore, having a negative
incremental value for the additional unit of emissions in a firm’s (country’s) bank reflects the fact that the abatement cost as well
as the value of total cost will be lower when the firm (country) has additional unit of emissions in its bank (see Rubin 1996).

In the next two theorems, we characterize the equilibrium solutions for the firm’s (country’s) problem with and without
transactions cost. Theorem 7 proves that independently of the existence or not of transaction costs “no banking” (Bi identically
zero) is never a solution for the firm’s cost minimization problem. This was the case for the J CP .

Theorem 8 The case φi > 0 (that is, Bi identically zero) cannot be an equilibrium for firm (country) i in any interval of time.

Proof. We consider two possibilities: either only one of the firms (countries) or both have φi > 0.

• Let φi > 0 and ei > 0 for i = 1, 2. Then Bi ≡ 0 implies that S1 + S2 = e1 + e2. We can then apply similar argument as
in Theorem 3. If ei = 0 for i = 1, 2, then at least one of the yi will be greater or equal to zero. Hence Ḃi = Si + yi > 0
and B is cannot be identically null, which leads to a contradiction. If ei = 0 and ej > 0, then yi = −Si, yj = Si
and ej = Si + Sj . This implies that ėj < 0. Applying similar arguments as in Theorem 3 to player j leads again to a
contradiction.

• Let φ1 > 0 and φ2 = 0, the interior solutions for ei are described below

C ′1(e1) = λ1, p+ τ ′(y1) + λ1 = 0, S1 − e1 + y1 = 0, λ̇1 = φ1 > 0.

C ′2(e2) = λ2, p+ τ ′(y2) + λ2 = 0, Ḃ2 = S2 − e2 + y2, λ̇2 = φ2 = 0.
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From these equations we obtain, on the one hand,

λ1 + λ2 = −2p, and then ṗ = −λ̇1/2; (16)

and, on the other hand
ṗ+ λ̇1 + ẏ1τ

′′(y1) = 0. (17)

Equations (16) and (17) imply that λ̇1/2 + ẏ1τ
′′(y1) = 0, which is a contradiction because λ̇1/2 > 0, τ ′′(y1) ≥ 0 and

y1 = e1 − S1, C ′′1 (e1)ė1 = λ̇1 > 0, Therefore, ẏ1 = ė1 − Ṡ1 > 0.

Now that we proved that an equilibrium for the firms (countries) must satisfyB(t) > 0 for t ∈ (0, T ), andB(0) = B(T ) = 0,
the next step is to characterize the equilibrium solutions for each firm (country) in the two cases of zero (with) and positive
(without) transaction costs. For the purpose of this comparison, we denote with J∗0i agent i’s minimal cost without transaction
cost and with J∗τi agent i’s minimal cost, still in the case r = 0. The main result of the Theorem 8 below is that efficiency is
lost when transaction costs are non-negative.

Theorem 9 Assume the discount rate to be zero. Then:

a) The interior equilibrium solutions for the two firms (countries) have to satisfy the following conditions:

S̄1 + S̄2

T
= e1 + e2, C ′i(ei) = −p+ τ ′(yi),

S̄i + ȳi
T

= ei, i = 1, 2

where S̄i =
∫ T

0
Si(t)dt.

b) When there is no transaction cost paid by the firms (countries) and optimal emissions are such that e∗∗i > 0,

e∗∗i = e∗i , J∗∗ = J∗01 + J∗02 ,

yi and p can be non-constant functions of time and there may exist an infinite number of solutions. The equilibrium price
of permits is characterized by:

−p = λ1 = λ2 = Λ. (18)

c) In the case where the firms (countries) have to pay transaction costs, emission rates ei, quantity of permits traded yi, and
permit’s unit price p are all constant.

d) The minimum total cost for the two firms (countries) under the three different scenarios compare as follow:

J∗∗ = J∗01 + J∗02 < J∗τ1 + J∗τ2 .

Proof. From Theorem 8, φi = 0, i = 1, 2. Considering interior solutions, this implies that λi and ei are both constant.
B(T ) = 0 implies S̄i+ȳi

T = ei, i = 1, 2. Furthermore, y1 + y2 = 0 implies S̄1+S̄2

T = e1 + e2, and the first-order condition
(13) implies C ′i(ei) = −p + τ ′(yi) i = 1, 2. Note that as τ(y) = τ(−y), we have C ′1(e1) + C ′2(e2) = −2p. So p is constant
and hence yi (i = 1, 2) are constant as well.

When τ(y) is identically null, C ′1(e1) = C ′2(e2). Henceforth, e∗∗i = e∗i and trivially J∗∗ = J∗1 + J∗2 . Note that in this case
there exist many possible solutions for yi that lead to the following equilibria

Ḃi = Si − ei + yi, Bi(0) = 0,
S̄i + ȳi
T

= ei, Bi(t) > 0, t ∈ (0, T ), i = 1, 2.

Finally to prove item (d) of Theorem 8, we conduct the following comparisons using the different outcomes found under the
different scenarios with and without discount rate and involving positive and null transaction costs:

Using zero discount rate, both in the case with and without transaction cost, at equilibrium we have S̄1+S̄2

T = e1 + e2, and
the interior solutions for the firm’s (country’s) problem satisfy C ′1(e1) + C ′2(e2) = −2p. Furthermore, in the case where the
firms (countries) do not pay a transaction cost, we know that C ′1(e1) = C ′2(e2) = −p. Therefore, we analyze the value of

C1(e1) + C2(e2), such that
S̄1 + S̄2

T
= e1 + e2.

Let’s define f(e1) = C1(e1) + C2( S̄1+S̄2

T − e1). The first derivative f ′ evaluated at an interior optimal solution gives f ′(e∗1) =
2(C ′1(e∗1) + p). Note that f ′′ > 0. To avoid confusion we call e∗0i the optimal emission rate for the firm’s (country’s)
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problem without transaction cost and e∗ti the firm’s (country’s) optimal emission rate when paying a transaction cost. Note that
f ′(e∗01 ) = 0. f being convex, we can prove that

C1(e∗t1 ) + C2(e∗t2 ) > C1(e∗01 ) + C2(e∗02 ).

Following the same notations to differentiate the case with and without transaction cost we were able to prove that J∗∗ =
J∗01 + J∗02 < J∗τ1 + J∗τ2 .

Now, to distinguish the buyer from the seller among the two firms (countries) we use the result of Theorem 9 in the case of
positive transaction cost:

S̄1

T
+ y1 = e1, and

S̄2

T
− y1 = e2. (19)

Considering the case of symmetric costs C1 = C2 = C, from equation C ′(e1) + C ′(e2) = −2p, we obtain e1 < e2 and from
equation (19) we obtain 2y1 <

S̄1+S̄2

T . Following the same logic, we can prove the following result that completes Theorem 9:

Theorem 10 If the firms (countries) have the same emission reduction cost functions C1 = C2 = C, then when transaction
costs are positive, S̄i ≥ S̄j implies yi ≤ 0. When transaction costs are identically null, S̄i ≥ S̄j implies ȳi ≤ 0.

The above theorem proves that the initial allocation of emission standards could determine which agent (firm or country)
would be the seller and which one the buyer, more particularly in the case of symmetric cost functions the buyer would be the
agent (firm or country) with the highest emission standards at the start of the planning horizon.

5 Conclusion
Our results confirm that without transaction costs the agents’ equilibria achieve efficiency (that would be attained by a social
planner or international regulator) and reach the cost as in joint cost minimization. In presence of transaction costs, the emission
abatement costs would increase for trading agents, leading to loosing the efficiency results. This concurs with Stavins’ (1995)
and generalizes his findings to a dynamic intertemporal framework.

Our findings also indicate that emission rates at the equilibrium are efficient in the case of zero transaction costs (same as
joint problem) and constant when transaction costs are non-null. Additionally, the initial allocation of emission standards can
affect the direction of trades by determining which agent would be a seller or a buyer on the emission trading market.

We further prove that no banking can never be an optimal solution for one agent (firm or country) when the discount rate
is null -whether transaction costs are positive or nonexistent- neither can it be an equilibrium solution in the joint minimization
problem. This result is very interesting and would be important to verify whether it would hold under different conditions; such
as the case (i) where only one agent (either the buyer or seller) pays the transaction costs, (ii) the case of a functional form for
the transaction cost different from the conventional concave transaction cost, and (iii) the case where we introduce a positive
cost related to banking emission permits. Each one of those cases represent an interesting venue of future research, in addition
to a more general setting with more than 2 firms or countries.
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