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Abstract Motivated by the concepts of fuzzy metric
and m-metric spaces, we introduced the notion of Non-
Archimedean fuzzy m-metric space which is an extension
of partial fuzzy metric space. We present some examples in
support of this new notion. Regarding this notion, its
topological structure and some properties are specified
simultaneously. At the end, some fixed point results are
also provided.
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1. Introduction

Zadeh [11] was first who introduced the concept of
fuzzy sets in 1965. In 1981, the idea of fuzzy contractive
mappings was initially introduced by Heilpern [20] and
proved some fixed point theorems for these fuzzy
contractive mappings in metric linear spaces. In literature,
a number of fixed point theorems for fuzzy contractive
mappings have come into sight. Now a days, researchers
have great interest in theory of fuzzy metric spaces. Study
inquiry into discipline of fixed point theory on fuzzy metric
spaces ([2, 5, 8, 15, 20-23] etc.) has been developed more
frequently.

Asadi et al. [12] proposed the m-metric, an intended
conception of a partial metric and provided some fixed
point results in these m-metric spaces and after that Samer
Assaf [18] reintroduced the m-metric presented in [18] and
extended it to allow negative values. Topology given by
Samer Assaf [18] for open balls in m- metric spaces was
optimal but not optimal given by Asadi et al. [12].

The fixed point theory with graph is a very interesting
approach in the field of research and has wide number of
applications in other fields. In 2006, Espinola and Kirk [16]

established some results on merging the fixed point theory
and graph theory. In 2008, Jachymski [9] studied the
Banach contraction principle in metric space with graph
and gave an interesting approach in this direction. His work
is considered as a reference in this domain. Motivated by
the work of Jachymski, several authors established many
results on various spaces endowed with graph.

2. Materials and Methods

Definition 2.1. [18] Let X be any non-empty set and m
be real valued mapping on X x X. Consider
my,, = min{m(x, x), m(y, y)}. We say that m is an
m-metric on X if it satisfies the following axioms:

1. forallx,y € X,my, <m(x,y).
2. forallx,y € X, m(x,y)=m(y, x).
3. forallx,y € X, m(x, xX) =m(X, y) =m(y,y) if and
onlyifx=y
4, forallx,y,z € X,
m(x, y) - My y < {m(x, z) - mx,z} + {m(z, y) -
m,,,} Then the pair (X, m) is known as m- metric space.

Example 2.2. [18] Let m: RXR—R be a mapping
defined as m(z, n) =t + np forall 7, n € Rthen mis a
m- metric on R.

Definition 2.3.[21] A binary operation = : [0, 1] x [0,1]
— [0, 1] is said to be continuous t-norm if it satisfies the
following conditions:

1. = isassociative and commutative;

2. * iscontinuous;

3. n+xl=1=1xnVv n €[0,1];

4., txn<k=xpifr<kandn < p forall 7, k, n,
p E [0,1].

Definition 2.4. [21] A fuzzy metric (in the sense George
and Veeramani) on a nonempty set X is a function M: X x
X % (0,0) — [0, 1] such that forall 7, n, kK € Xandt,s>
0;
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1. M(z, n,t)>0;

2. =1 M, n,t)=1;

3. M nt)=M@,t,1);

4. M(t, n,t+s) > M(t, k, t) * M (k, 1, S);

5. M(z, , ) : (0, 0) — (0, 1] is continuous mapping.

Then 3-tuple (X, M, %) is called a fuzzy metric space
where = is a continuous t-norm. If the condition (4) is
replaced by M(z, n, max{t, s}) > M(z, k, t) * M (k, 1, 5)
then the space (X, M, *) is called a non-Archimedian fuzzy
metric space. Any non-Archimedian fuzzy metric space is
a fuzzy metric space.

Definition 2.5.[21] A partial fuzzy metric is a ordered
tuple (X, P, %) such that X is a non-empty set, * is a
continuous t- norm and P is a fuzzy set on X x X x (0, )
satisfying the following conditions, for all z, n, x € X and
t,s>0

(PFM-1) t = n & P(t,1,t) =P(z, n, ) =P(n, n, 1);

(PFM-2) P(n, n, 1) = P(z, 1, 1);

(PFM-3) P(z, n,t) =P(n, 1, t);

(PFM-4) P(z, n, max{t, s}) * P(x, x, max{t, s})

>P(1, k,t) * P(k, 1, 5);
(PFM-5) P(z, &, -): (0, ) — (0, 1] is continuous.

It can be easily shown that if P(z, , t) = 1, then from
(PM-1) and (PM-2), we get T = n. Butif t =n, P(t, n,1)
may not be 1. The 3-tuple (R*, P, =), where
P(z, n, t) = P is the simplest example of a partial
fuzzy metric space (PFMS).

Example 2.6.[21] Let (X, p) be a partial metric space
and P : X x X x (0, o0) — [0, 1] be a mapping defined as

t P _ _p(m)
pr— orP(t, n,t)=e ¢t .

If t+xn =1nforall 7, n €[0, 1], then clearly P is a
partial fuzzy metric, but it may not be a fuzzy metric. For
more details concerning partial fuzzy metric space, see
[21].

Now we recall some basic concepts related to Graph
theory.

Let (X, d) be a complete metric space. Throughout this
paper, we suppose that G = (V, E) is a digraph such that VV
(G) = X is the vertex set and E(G) is the set of its edges
contains no parallel edges with (v, v) € E(G). By G*, we
mean that it is the inverse of the graph which is obtained
from G by reversing the direction of edges. By disregarding
the direction of edges of G, we acquire G, the undirected
graph from G so, E(G) = E(G)u E(G™). Actually, it will be
more convenient for us to treat G as a digraph for which
the set of its edges is symmetric.

In this paper, motivated by the work of Sedghi et al. [21]
and approach of fixed point theory with graph, we establish
the notion of non-Archimedean fuzzy m-metric space. We
also obtain their properties, its topological structure and
some fixed point results in the context of non-Archimedean
fuzzy m-metric space. Some of our results are

P(z, n,9) =
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generalization of Sedghi et al. [21]. These results
generalize and subsume many previously obtained fixed
point results.

In this paper, we organize our work in the following
manner:

In section 3, we establish notion of Non-Archimedean
fuzzy m-metric space, their properties and its topological
structure then in section 4, present some fixed point
theorems in context of non- Archimedean fuzzy m-metric
space.

3. Non-Archimedean Fuzzy M-Metric
Space (NAFmMMS) and Its Topology

Here, we will define the notion of non-Archimedean
fuzzy m-metric space and its topological properties.
Definition 3.1. Let X be any non-empty arbitrary set,x*
be a continuous t-norm and mapping
Frn: XX X X% (0, ) — [0, 1] satisfying, V t, n,k €X and
t,s>0;
(FMM 1) Fi(z, n,Y) =Fn(n, n,t) = Fy(z, T, t) ifand
only if T = n;
(FMM 2) max{ F(z, T, t), Fu(n, n,03}= Fu(z, n.1);
(FMM3) Fn (7, 0, ) =Fn (1, 7, 1);
(FMM 4) Fm (T' m, max{t,s})* M‘r,lc,t,s * Mn,K,t,s
= Fn (T, 60 * Fn(k, 0,S) * Myp s
(FMM 5) F,, (7, 1, ): (0, ) — [0, 1] is continuous;
where M, .. represents that

M,y 1.s = Max {Fu(X, X, max{t, s}), Fm (y, ¥, max{t, s})}
Vx,y€eX

then F, is called Fuzzy m-metric on X and the triplet
(X, Fm, *) known as non-Archimedean fuzzy m-metric
space (NAFmMMS).
Since Fn, (XX, max{t,s}), Fn (y,y, max{t,s}) € [0,1],
therefore M, . exists for all x,y € X and t, s > 0. It is
clear from (FMM 1), if T = n then Fy, (7, n, t) may not be
1, also if Fy(t,n,t) =1 doesn’t implies T =n but
Fm (T,n,t) = Limplies Fy, (7, 1, 1) = My ;.

From (FMM 4), obviously we can observe that for all T,
n,k €EXandt>0,

(FMM 6) Fry (7, 1, )% Myyop * My,

= Fn (T rt) * Fn(k, nt) * Myp,

where M., . =max{ Fn (z, 7,1), Fn (1, n, )} VT, n EX.
Also here, M, . exist V7, n€ X and t > 0 since
Fn (z, 7, 1), Fm (n, n, 1) €[0,1].

Some basic examples of non-Archimedean fuzzy
m-metric are given below:

Example 3.1. Let X = {7, n} be a two point set where
7, n €R (set of reals) and m(z, n) be a m-metric on X. For
all 7, n € X, the m-metric defined as m(z, ) = m(z, n) =
m(n, 7) = 1, m(n,m) = 2 ( not a partial metric ). Then

—-m(n)

mapping defined by Fn(z, n, t) = 1 - e ¢

is a
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non-Archimedean fuzzy m-metric on X with t* n =
min{z, n}.

Clearly, F,, (z, n, t) € [0, 1] and continuous in t and
satisfying all the properties of fuzzy m-metric as

LFn(@ o, ) =Fn(m,nt)=Fn (7, nt)ifandonlyif 7 =

N, but Fp, (7, 7, t) = F (0, 0,) = Fy (7, 1,1), itis not possible.

2. max { Fy (z, 7, 1), Fn (0, ,t) 3= Fn (7, n,b), that is,
-1

max{l-et,
is true.

3 Fn(t, nt)=Fn(n, t,t) VT, n €X

4. Lett>s, fork =1
Fin (T, 1) * Myyer * My = Fio (7,58 * Fiy (i, 1) *

M‘rnt

-2 -1 -2 -1
l-et } =1-et implies 1-et =1-et which

-1 -1
that |s (1et )* max{let l-et } = max{leT,
1et }>(1et ) * (1—et ) * max{let 1et }
implies that

-1
min {(1- et ), ( 1- et )

-1 2
min{(1-e ),(l—et ) (1-e7 )3
which is also true.

Similarly if we take ¥ =n then it is also hold.

(d-et) } =

Example 3.2. Suppose that m(z, ) be any m-metric on
X and Fp: Xx X x (0, o) — [0, 1] is a mapping defined
as

-m(zn)
Fn(t, ;,)=e ¢

Then F, is a non-Archimedean fuzzy m-metric with
T *n =mn, vr, n €[0, 1] but may not be a partial fuzzy
metric.

Since, it is easy to prove the conditions (FMM 1), (FMM
3) and (FMM 5) of definition 3.1. by using concept of
m-metric. Next, we have to prove the conditions (FMM 2)
and (FMM 4) of definition 3.1.

(FMM 2) In m-metric space (X, m), we have

min{m(z, 7), m(n, n)}=< m(z, n)

Here two cases arise:
Case I: min{ m(z, ), m(n, n)}=m(z, 7)< m(z, n)

-m(z,7) -m(t,n)
SFn(r, T, )=e ¢ =e t = Fu(, nt).
If m(n, n)= m(z, n) then
—mm.mn -m(tm)
Fn(m,nt) =e ¢ <e ¢t = Fy(t, 1)

implies that max{ Fi.(z, 7,t), Fn(n, n,t) } = Fu(z, 7, 1) =
Fm(z, 1, 1).

Case Il: min{ m(z, 7), m(n, n)}=m(n, n)< m(z, n)
Similarly, it can be proved as in case I.

(FMM 4) Without loss of generality (W.L.G.), we take t>

S.
Again, in m-metric space we have
m(‘[, 77) - Mey < m(T’ K) My + m(K1 77)' My
where m,,, =min{ m(z, 7), m(n, n)}

thatis, m(z, ) + mg,c + my

< m(z, k) + m(k, n) + mqy, .
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t is enough to take the following cases:
.m(z, 7)=m(n, n) = m(k, k)
.m(z, 7)< m(n,n) <m(k, k)
m(z, 7)< m(n, n) = m(x, k)
.m(z, 7)>m(n, n) = m(k, k)
.m(z, 7)=m(n,n) <m(k, k)
-m(z, 7)=m(n, n)>m(k, k)

Consider the case 2: m(z, ) <m(n, n) <m(k, k)
then m(z, ) +m,,+ m,, < m(z, k) + m(x, n)+ me,
becomes

m(z, n)+ m(z, )+ mn,n) <

—(m@m+ m)+ mmn))
= e t > e

o U A WN R

m(t, k) + m(x, n) + m(z, 1)

—(m(7,x) + m(k,n) + m(7,7))
t

-m(rn) -—m(rr)  -—mnmn) —m(7,k)
>e t e t e t >e t
—m(k,n) -m(T,7)
.e t .e t

implies that

Fin (T, 0, 0) % Myyp * Myy e = Fin (7,0 * Fiy (i, m1) =
MT,‘I],t

Thus all the remaining cases can be proved easily in
similar way.

Definition 3.2. Let (X, Fy, *) be a non-Archimedean
fuzzy m-metric space then

(1) A sequence {9, } in (X, Fy, *) is said to be
convergent to 9 € X iff for each ¢ > 0, there exists a
positive integer k > 0 such that Fy, (9, 9,1) = My, 9 — €
foalln = k.

That is, hm{ Fin (9, 9,1) - Mﬂnm} 0

(2) The séquience {9, } in (X, Fm, *) is said to be Cauchy
if

lim  { Fu( ¥,
llm _{?\041971 Ot — M9, 9, t} 0 where My, 9.t
8, B0 t), Fro Oy O, 63

(3) (X,Fm,*) is said to be complete if every Cauchy
sequence {9,,} in X converges to a point 9.

(4) Mapping f: X— Xis said to be continuous at 9 €X,
if for each & > 0 there exists a § > 0 such that whenever
Fn (9.0.) > My, —6 implies Fy, (F9, fp,t) > Meg £ —
e for all p € X. In terms of sequence whenever 9,, —» 9
then f9,, = f9 asn— oo.

Thatis, if lim {Fy (9, 9,1) - My, 9} =0 then hm
{ Fn (F 0y, 79,1 = Mg, 9,0} =0

(5) F, is said to be upper semi-continuous on X if for
every 9 €X,

iiﬁrgsup Fin (95, 9, t) < Fn(9,p,t) whenever a sequence

{9,.} in X which converges to a point peX.

(6) fuzzy m-metric space (X, Fn, *) is compact if every
sequence in X has a convergent subsequence.

Theorem 3.1. A non-Archimedean Fuzzy m-metric F,
(z, n, t) is non-decreasing with respect to 't' for each t,
n €X and t > 0, if the continuous t-norm satisfies the
following condition for all a,b,d € [0,1],

U ) - My o .} = 0 and
=min{ F,
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axb> axd = b > d for all a,b,d € [0,1] QD

Proof. From (FMM 4) for all , n, k € X and t,s > 0, we
get

Fn (2, 7, Max{ts}) * Mo * Mypes = F (5,5, 9) *
Fm (K: n t) * M‘r,n,t,s-

Lett>s, and taking k = 7

Fin (T, 1 0) % My * My, = Frn(T,m,8) * Foy(n, mt) *

M‘L’,n,t

orFm (T, n,t) % Myy,* Fu(m, n,) = Fn (7,1, 8) * Fnn (1,
771 t) * M‘r,‘r],t

implies that Fr, (7, 7, ) = Fi (7, 1, S) by (1).

Theorem 3.2. Every partial
non-Archimedean fuzzy m-metric.

Proof: Let (X, P, *) be a partial fuzzy metric space. It
can be easily shown that the partial fuzzy metric satisfies
the conditions (FMM 1), (FMM 3) and (FMM 5) of
non-Archimedean fuzzy m-metric space (definition 3.1).
Next, we have to prove the conditions (FMM 2) and (FMM
4).

(FMM 2) In PEMS, P(z, 7, t) = P(z,n,t) forall T € X
implies that max{P(z, z, t), P(n, n,)} = P(z,n,t) that is,
(FMM 2) holds.

(FMM 4) Lett> s and P be a partial fuzzy metric then for
all 7, n, k €X, we have to show that

P(t, n,t)* et = P(T, ) = Pk, n,t) =
Mr,n,t

fuzzy metric is a

T,K,t *

To prove above inequality, it is enough to take the
following cases:
1. P(z,7,t) = P(n, n,t) = P(k, k,1)
2. P(z, T,t) <P(n, n,t) <P(x, k,t)
3.P(t,t,t) =P(n, n,t) <P(k, k,t)
4.P(t, t,t) =P(n, n,t) >P(k, K, 1)
5. P(z, 7,t) <P(n, n.t) = P(k, k,t)
6. P(z, 7,t) > P(n, n,t) = P(x, ,1)

Without loss of generality, we take the following cases:
Case 4 : Since P(t, n,t) *P(x, x,t) = P(t, k,t) * P(k, 1)
as P(t, t,t) > P(k, k,t)
=P(t, n,t) * P(r,7,t) = P(t, n,t) * P(k, k,t) = P(7, K\1)
* P(x, m.t)
= P(r, n,t) * P(r,7,t) * P(n, n,t) = P(7,k,t) * Pk,
n.)*P(, n.t)
2P (r, n, )% My, * My =P(7, K1) * Pk, n,t) *
M, ¢
Case 5: Again, P(t, n,t) *P(x,k,t) = P(t,k,t) * P(k,
n.1)
= P(t, n,t) *P(k, k,t) * P(n, n,t) = P(t, k,t) * P(x, n,t)
*P(n, n.t)
>P (T, n, 0% My, x My =P(T, K1) = P(k, n,t) *
M ¢
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Case 6: As P(t, n,t) #*P(x, k,t) = P(7,k,t) * P(k, n,1)
(In PEMS)

= P(t, n,t) *P(x, k.,t) * P(t, 7,t) = P(7, k,t) * P(k, n,t)
*P(T, T,t)

= P (T' n, t)* M‘L‘,K,t * M}C,T],t = P(T! K!t) * P(KI r’lt) *
MT'n'tu

Similarly, we can prove all the left cases.

Thus, partial fuzzy metric satisfies all the conditions of
non-Archimedean fuzzy m-metric. Therefore every partial
fuzzy metric space is non-Archimedean fuzzy m-metric
space.

Remark: Fuzzy metric = Partial fuzzy metric =
non-Archimedean Fuzzy m- metric but not conversely.

Corresponding to every fuzzy metric and
non-Archimedean fuzzy m-metric, we can introduce
another non-Archimedean fuzzy m-metric as:

Example 3.3. Let (X, F,*), (X, F,*) be a fuzzy metric
space and non-Archimedean fuzzy m-metric space
respectively. Then the mappings Mg: Xx X X (0, ) —
[0,1],i=1, 2 defined by
1. Mg(r, ) =F, nt) = Fu(r, 1.t
2. Mg (z, ) =F(zr, n,) xrawhere0<a<1
are fuzzy m-metric on X.

Proof: (i) To prove Mg, is fuzzy m-metric, it is enough
to show that Mg, satisfies the conditions (FMM 2) and
(FMM 4) since it is easy to prove the conditions (FMM 1),
(FMM 3) and (FMM 5) of NAFMMS.

(FMM2) As Fn(t, n,t) is fuzzy m-metric.
Therefore, max{ Fn(t, t,t), Fn(n, n,0)} = Fu(t, n,t)

There are two possibilities:

(D) If max {F(z, 7,t), Fn(n, n.)}=Fn (7, 7,1)
then F(z, 7,t) * Fn(z,7,t) = F(t, n,t) * Fn(z, n.b).

(1) 1f max{ Fn (7, 7,t), Fm (1, n,0)}= Fu(m, n.1)
then F(n, n,t) * Fn(n, n,t) = F(z, n,t) * Fu(t, n,t).

Therefore,

max{ F(z,t,t) * Fn (7, 7,t) , F(n, n,t) * Fn (m, n,0)} =
F(r, n,t) x Fu(t, n 1)

that is, max{M¢, (z, 7,t), M¢, (1, 1.0} = Mg, (7, 1,0

implies that (FMM 2) holds.

(FMM 4) Let t > s. As F is fuzzy metric and F,, is a
non-Archimedean fuzzy m- metric, so we have

F(r, n.t) = F(t,k.t) * F(x, n,t)
and

Fin (T, 1 O) * Myyep *x Myp e = Fry (T, 5,8) * Fry (i, M) *
Mr,n,t-

Using the property, a= b and ¢ = d implies ax ¢ = b*
d, we have

F(T! T],t) * Fm (T' nv t)* MT,K,t * Kn,t 2 Fm (T!K!t) * Fm
(1, nY) * My, * F(r, k1) * F(x, n,1)

that is,
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{F(T! U,t) * Fm (T, 77: t)} * T,K,t * Mpc,n,t 2 {Fm (T! K!t)
*F(z, 16,0} «{F (e, 0.0)%Fm (1, .03 My,

and we can write
Mg, = max{ Fn (z,7,t), Fn (n, 1 O}

=max{ F(t, t,t) * F, (7, 7,0), F(n, n,t) = Fry (n, 1,0}

Hence, My, (7, n, t)* Mgy * My, = Mg, (7,K,t) *
Mfl (Kr YII) * M‘r,n,t-

(ii) Since Mg, (7, n,t) = F(z, n.t) * a is a partial fuzzy
metric and we have already proved in Theorem 3.2, every
partial fuzzy metric is a non-Archimedean fuzzy m-metric.

Definition 3.3. Let F,, be a non-Archimedean fuzzy
m-metric on a set X. For each € > 0 and t €X, then open
ball in non-Archimedean fuzzy m- metric space around t
of radius € is

BY' (v) ={n €X: Fu (T, m, 0% Fn (0, ) > My, * Fan
(r,t,t)— € }.
Clearly, BM (t) is non—empty since T € BM (7).
Remark: If for some 7, n € X,
Meye =Fn(mn,t) 2 Fa(t, nt) 2 Fn (7,7, 1).

Then, we have
Fon (T, n,t) = F (7,7, 1)
=>Fn(t, ) Fn(mn,t) = Fy(t,t, ) Fn(nn, t)
=My, * Fn(n,T, 1)

> My * Fn(T,7, 1) -€
implies that n € BM (r) foreach 0 < e < 1.

Theorem 3.3. A non-Archimedean fuzzy m-metric
space is T,,.

Proof: Let (X, Fn, *) be a fuzzy m-metric space. Take
7, 1 €X be any two distinct point.

To prove, it is T, space, it is enough to find an € >0
such that n € BM (1).

Here two cases arise:

Casel: IfFy (t , 5, ) =Fn (1,1, 1)

then M, . * Fu(t ,7,) =Fn (t,7, ) * Fy (7,7, 1)

> Fn (7, 0, 1) * Fo (0,1, 1).

Suppose that Fy, (t ,t, t)* Fy (¢ ,t, t) = r; and
Fin (%, 1, ) * Fm (7,7, 1) = r;and choose €, = =2 >0
such that ry > ry+ €
thatis, M, * Fn (7 ,7,0) =Fn (7 ,7,0) x Fny (7 , 7, 1)

> Fn(t, ) * Fn(m,m, 1) +€4.
Case ll: If F, (T, T, ) > Fy (0,1, 1)

then M, * Fn (7 ,7) =Fn (7 ,7.) * Fy (7, 7,0)
> Fn (7, n.t) * Fo (0, 0.0)

that is, Case Il reach at the same position of Case I.
Thus, we can findan 0 < ¢, = % < 1 such that

My e * Fn(@,t.)=Fun(,7,)* Fn(z,7, 1)
> Fn (7, n,t) * Fy (0, n.0) +eq.
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That is,
Mgy * Fn (T, 7, 0)—€1 > Fo (T, 1, 1) * Foy (, ).

Therefore, for e, = 22 g¢ BM () which

10
completes the proof.

Theorem 3.4. Let (X, Fy, *) be a non-Archimedean
fuzzy m-metric space and suppose that

Iu={Acs Xine Ao It>0and0<r <1 such
that BM ()c A}
be a subset of P(X) where P(X) denote the power set of X
then J,, is a topology on X.

Proof: Clearly, @, X € 3. Let Oy, Oy, Oz, Oy.......
€ Ju-

Take O = U; ( O)). Leta € O be arbitrary element.

= a € O;forsomei
implies that there exist t > 0 and 0 < r; < 1 such that Bﬁ’l! (@)
(@ Oi c Ui ( O,)
thatis, a € BY (a) € U; ( Oy)

Now, take Oy, Oy, Os, ...... , On € 3. Assume that J =
Ni=; (0).

Let a €J be arbitrary element.

=>a € O;foralli=1,2, ... n.

Then by definition of J,, thereexistO<r;<landt; >0
such that B} (a) c O;foralli=1,2,...,n.

Choose, I = mineq . {13} and

t = maxieqq 2,0y {ti}-

So, r <r; for each i and it implies that if n € BM (a) then

Fm(a7 n, t) * Fm(’l: n, t) > Ma,r],t * Fm(a1 a, t) -rz
Mgy * Fm(a,8,t) —7; for each iand t > 0.

= n € BY (a) c Oforalli=1,2,...,n

= BM (a) c B} (a) c O;for each i

=>a €BM (@ cn’,; (O) € Ju.

Hence, J,, is a topology on X.

Lemma 3.1. Let (X, Fy, *) be a non-Archimedean fuzzy
m-metric space with axb = ab for all a,b €[0,1]. Define a
mapping m: XxX—[0, oo) such that

1
m(t, 1) = SUPae(o,1) J, 108a(Fm (T, 7,1))dt, 0 <a<l

then m is m- metric on X for fixed 0 < o <1.
Proof. Clearly, m(z, n) is well defined. Forall0 <t< 1
1. m(z, ) = m(z, n) = m(n,n) if and only if Fy(,7,t) =

Fm(7, 7,t) = Fu(1,7,1).
2. If max{ F(z, 7, 1) , Fn(n, 11,0} = Fi(z, T,) = Fr(7,

Y
1
then m(T’ T) = SUPqe(0,1) fa loga(Fm(Tt T, t))

1 .
< SUPae(o) J, 108a(Fm(z,m, 1)) =m(z, ) (since log,
is decreasing)

= mg, <m(t, n)where m, =min{m(z, 7), m(n, n)}

and if max{ F, (t,7, t), Fpy .0} = Fn (n,n,t) =
Fn(t, n,0).
Similarly as we computed above, we obtain

m,, <m(z, n).
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3. Fy (7, n,t) = Fy, (n, 7, t) implies m(z, ) = m(n, 1)
forall 7, n € X.

4. Since Fy, (7, 1, )% Mg, * My, =Fy (7,K, 1)
* Fm (K1 7]7 t) * M‘L’,r],t

that is, Fry (7, m, ) * My, My = Fy (7,6, 1) . Fy

(K! 7)1 t) 'M‘L', ,t
n
and log, is decreasing, so we have
1

SUPacon f loga (Fin (z,7,8)) dt
[04
1

+ Supae(o,l) f loga (MT,K,t) dt

(04
1

+ Supae(o,l)floga(Mk,n,t) dt
[0
1
< SUPge(o,1) fa log,(Fim (7, K, 1))dt +
1
SupotE(O,l) fa lOga(Fm(K, n, t))dt +
1
Supae(o,l) fa 10ga(Mr,11,t)dt- (2)
To prove (4), it is enough to take the following cases:
() Fin (T, 7.9) = Fy (0, 0,1) = Fin(i, k1)
(il) Fiy (7, 7,8) < Fiy (0, 1.1) <Fi(x, k1)
(iii) Fp, (r,7,0) = Fy (, nt) < Fy (x, K1)
(iv) Fiy (T, 7,) = Fiy (1, 0,8) >Fyy (5,5, 1)

(V) Fm (7, 7.0) <Fr (n, 71) = Fiy (i, K1)
(Vi) Fyy (z,7.0) > Fry (0, 1) = Fiy (1, 16,1).

If we consider the (i) case
Thatis, Fy, (t,7,t) = Fy (0, n,t) = F(k, k,1)

then m(z, 7) = m(n, n) = m(k, k) ®)
and from (2), we have
m(T, 1) +Mme,c+ my, < M(z, k) + Mk, N)+ mey
(using(3)).
If we consider the (ii) case
thatis, F, (7,7,t) < Fy (n, n,t) <Fp(k, k,t)

then m(z, t) > m(n, n) > m(k, k) since log, is a decre
asing function 4

and from (2), we have
m(z, n) + m(x, k) + M(k, k) < M(z, k) + m(x, n)+ m(n, n)
implies that
m(z, n) + my,c+ my, < M(t, k) + M(k, n) + my, (using
(4)).
Similarly, in left cases we can easily show that
M(z, n) +Myy + My, < M(7, k) + MK, N+ My

Thus, m is a m-metric on X.

Lemma 3.2. Let {J,,} be a convergent sequence in
non-Archimedean fuzzy m-metric space (X,F,*) with
property axb> axc = b > c for all ab,c €[0,1]. If
9, = 9 and 9,, - p then
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Fin (9, p, 1) = max{Fy, (9,9, 1), Fiy (0, p.1)}.
Further, if F, (9,9,t) = F, (p,p,t)} then 9 = p.
Proof: By (FMM 6), we have

Fin (19! P, t) * M19,19n,t * Mﬁn, p.t = Fm(X, ﬁn’t) * Fm(ﬁn’ P,t)
* Mt?,p,t. (5)
As 9, - 9 and 9, - p then limF, (9,, 9, 1)
n—oo
=limMy o, and limFy, (O, p,t) =limMy_,;.
n—oo n—-oo n—oo
Since * is continuous t-norm and by property a xb >
axc = b >c , taking limit n— o in (5), we have F,
(¥, p,t) =My, But My, = Fy, (9, p, t) implies that
Fn (9, p,t)= My . Hence, by assumption we have 9 =
p.

Lemma 3.3. Let {J9,} and {o,} be two sequence in
non-Archimedean fuzzy m-metric space (X, Fp , *)
converges to ¥ and o respectively. In addition, assume
that

}Lljgo max{F,, (9n, 9 1), Fy (0n, on, )} =max {F, (I, ,
t), Fn (0,00} (6)
with axb> axc = b >c for all a, b, ce[0,1]. (7)
Then 711_1}1010Fm Ony on, t) = Fry (9, 0, 1). In particular,
Tlli_r&Fm(ﬁ”’ On+, ) = Fpa(®d, 9, 1) if Tlll_r)go Max{Fm,(9n, 9n,
), Fn@n+1, On+1, 3= Fin (9,9, 1).
Proof: By (FMM 6),

Fm(ﬂn, On, t) * Mﬁn,ﬁ,t * Mo‘n,ﬂ,t = Fm(ﬂn, 191 t) * Fm(ﬂ7
on )x My, 5 ¢

Fm(ﬁn! On, t) * Mﬁn,ﬁ,t * Man,ﬂ,t * Man,a,t = Fm(ﬁnv 79’ t)

* Fm(ﬁv On, t) * Mﬁn,crn,t * M oot (8)
Now, F, (9, on, )x My g * My 50 = Fpn(9, 0, ) x Fy
(9, o0 ) * Mg, 0 9)

Now taking lim sup of (8) and (9), we have
711_{510 SUP{Fm(On, 0, 1) * My, 9 * Mg 9:* Mg 5}
> 1111_{210 sup {Fn(@n 9, 1) * Fn(9,00,)* My, 5,.c * Mg, 50}
= il_l}’r(‘)lo Sup Fr(9n, 9, 1) * ,{H&SUP {Fn(¥, 05, 1) *
Mo, ont * Mo, o} (8a)
and
lim sup{F,(9,00,t) * Mg 5 * Mg 5.} = limsup {Fp, (9,
o o,t) xFy(a, o t)* MT;:;}. (99)
From (6), (7), (8a) and (9a), we can write
111i_r£105up {Fm(@n, o0, 1) * My, 0t * Mg, 9 * M Un,a,t}
> 111i_r)£105up Fn(n 9,1) * %H?osulj {Fn(¥, a,1) xF,(a, oy,
t) * Man,ﬂ,t}
= imsup (Fpa(®n, 9, 1) * Fy(9, o, t) * ,111330(5”[) F(o,

On, t) * Mo‘n,l‘),t)'



Mathematics and Statistics 7(5): 229-238, 2019

Here, limsup (F (o, an, t) *x M, 4.) = lim sup
n—-oo n—-oo
(Man,t‘),t *M Un,a,t)
and lim Fm(ﬁn, 19, t) = lim Mﬂn:ﬁ-t'
n—oo n—oo
Therefore,

limF, (9, on, t) = Fa(9, o, 1). (10)
n—oo
Also,
Fm(ﬁ- o, t) * M19n,19,t * Mﬁn,a,t 2 Fm(ﬁ- 19n-t) * Fm(ﬁnl g,
t) * M19,0',t
implies that

Fm(ﬁ’ g, t) * Mﬁn,ﬁ,t * Mﬁn,a,t *M on,o,t = Fm(ﬁl 19n,t)
* Fm(ﬁnv g, t) * M19,O',t * Man,a,t. (11)

Now, Fr(9n, o, t) * My, ont * Moot 2 Fn(@n on, 1)
* Fn(on 0, )% My, 5. (12)
From (11), (12) and taking lim sup, it follows that
Tlli_{TC}OSUp{ Fr(9, 0,1) * My, g *My 5 *Mg 5}
> rlli_rgosup{ Frn(®d, 9n,t) * Fu(On, on t) * Fp(on, o,
t)* Mﬁn,a,t}-

Using the assumptions of sequences {9}, {o.} and (6),
we have

Fn(, o, t) = limF,,, o, 1). (13)
n—-oo

Thus from (10) and (13), we can write
limF, (9, ont)=F, (9, a,t).
n—-oo

Hence the result.

Lemma 3.4 Let {9,} be a sequence in non-Archimedean
fuzzy m-metric space (X,F,,*) converges to 9. In addition,
assume that limF,, (9,, 9, t) = F, (9,9, t) with axb>

n—-oo

axc = b >c for all a,b€[0,1].
Then for every zeX, limF, (9, z,t) = F, (9,2, 1).
n—-oo

Proof. Proof of Lemma 3.4 follow from Lemma 3.3.

4. Fixed Point Results

In this part, we present some fixed point results in the
context of non-Archimedean fuzzy m-metric space. Let ¥
be a collection of functions ¥: [0,1] — [0,1] which satisfies
the following properties:

(p1) ¥ is strictly decreasing and left continuous;
(p2) ¥ (u)=0ifandonlyif u =1.

Theorem 4.1. Let (X, F,, *) be a complete
non-Archimedean fuzzy m-metric space with graph
G = (V, E) and with the property axb> axc = b >c for all
a, b €[0,1]. Suppose T be a self- mapping on X and K be a
function from (0,00) into (0,1). If for any t > 0, T satisfies
the following condition:

Y (Fn(T9, To, )< KO ¢ Fn(d, o))  (14)
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where ¢y € ¥ and 9, 0 €E(G), 9+ o with the
following properties:

(@) Ifasequence 9, =TW9,_; then (9, 9,,) € E(G) for
all n, m and if this sequence {9,,} converges to 9
then there exist a subsequence{dy )} of {9,} such
that (O m), 9) € E(G) foralln;

Assume that Ai_}n;oFm(ﬂn, 9, 1) =F,(9,9,1) and
Fn(9,9,t) = Fp(TY,TY, t);

then T =19. Furthermore, if ¥ and 9* are two fixed
points then (9, 9*) € E(G). Then T has a unique fixed
point.

(b)

Proof: Let 9, € X be any arbitrary point. Define 9.1 =
TY9,and §, (t) = Fiy(9n, 9ne1, t) foralln € Z° u{0}. If there
exist Ny € Z" U{0} such that 9, 41 = Iy i.e T, = Uy,
then ¥, is a fixed point. Thus for each n, suppose that 0 <
G (1) <1 that is, Yp# I for each n. From (14), we can
write

Y& ) =P(Fn@n Ine, 1) = Y(FEn(Tna, Ty, 1) <
K(). Y(Ga®) <9 (Gnalt). (15)

It follows that for every t > 0, {{, (t)} is increasing
sequence with respect to n since vy is strictly decreasing
function and also it is bounded, so it converges to  (t) (let

say) and G, (t) < ().
Suppose that 0 < { (t) <1. By (15), we have
Y (G (1) < K(). ¥ (1))

Letting as n— oo for each t > 0, since Y is left
continuous, we get

Y (C(1) = K(®). ¥ (1)
= (1-K@®) ¥ 1) <0
implies that ¥ (((t)) = 0. Hence {(t) =1. Therefore, lim(, (t)
=1 e
Now, we claim that {3,} is a Cauchy sequence.
By assumption (b), lirgm[Mﬁn,ﬁm,t =My, 9t 1 = 0.
Suppose that if it is not tal'rg:auchy sequence then there exist

ko€ Z* U{0} such that Fi,(9n, Om, ) S My o . — € for
all m, n > ko. For any le N, we obtain that

Fm(ﬁk0+l+21 19k0+l+1’ t) < M0k0+l+2,19k0+l+1,t — &=

1—¢.

By applying (14) and using definition of ¥ (as it is
monotonic), it can be easily prove that the sequence
{Fm (Uky+142+ Tkg+i+1, D} Is monotonic and bounded
sequence with respect to p.

We put Tllgrc}oFm (Okg+142) Fkge141, 1) =p forall t > 0
and p € (0,1 — €]
since Fo(Uky 41420 Iige1+1, 1) < 1 — €. Hence, we have

Y (Fn (Okgri42r Fkgriers D) < KO. Y (Fry (Figai41
Ui+, 1))-

Taking | — oo, we obtain
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Y(p) <K(Q). ¥(p) < Y(p) and ¥ (p) = 0 iff p =1
implies that 1 (p) < 0 which leads to a contradiction.

Now, we take another case, there exist 0 < € <1, and two
sequences {x(n)} and {y(n)} such that for every ne Z*
u{0} and t > 0, we get

X(n) > y(n) > nv Fm (ﬁx(n)a 19y(n): t) S Mﬂx(n),ﬂy(n),t —& =
1-¢ and
Fm(ﬁx(n)—lx 19y(n)-l, t) > Mﬁx(n)—1,‘9y(n)—1,t —¢& and Fm(ﬁx(n)—l,

l9y(,-,), t) > M19 —E&. (16)

x(m)-1,9y(m),t
For each neZ" u{0}, assume that ry(t) = Fi (9, Dy,
t) then by (FMM 4), we have

Fi (19x(n), Ay (n), t)* Mﬁx(n),ﬁx(n)—:l,f * Mﬁx(n)—l,ﬁy(n),t
=>F, (19 x(n)s 9 x(n)-1s t/2) * Fy (19 (-1 9 Y t/2) %
Mo, Bym.t
> Cp(n)-l(t/Z)*(Mﬁx(n)_l'ﬁy(n)'t -€) *My,_ Byt
> z;p(n)-l('[/Z) * ( Mﬁx(n)—1,’9y(n),t —£) * (Mﬁx(n),l‘f’y(n)_t_‘g)'

AS Goa(®2)
(Mﬁx(n)—iﬁy(n),t =€)
implies that F, (9xe, Iy, ) > (Mﬁx(n),ﬁy(n),t_ €).

Now by (14), we obtain

YEFEnOxmy Iy, 1) < K@) Y(Frn(Oxey1r Fyy1, 1)

< l/)(Fm(ﬁx(n)—lx 19y(n).1, t))
By the monotonicity of 1, we know that Fp,(9xw), Iy,

t)) > Fm(19><(n)»1: Yym)-1, t) v n
Next, by using (16), we have

Mﬁx(n),ﬁx(n)-u * Mﬁx(n)—l,ﬂy(n).t =

Ml"’x(n),ﬂy(n),t —ez 1:‘rn(ﬁ)((n)' ﬁy(n)' t) > Fm(l9x(n)-1, 19y(n)-1,
H> MﬁX(n)—l.ﬂy(n)—l.t —¢
but F, (ﬁx(n), I9y(n), t) > (Mﬁx(n),ﬁy(n),f —
computations which leads to a contradiction.
This shows that {9,} is a Cauchy sequence in the
complete non-Archimedean fuzzy m-metric space X. Thus
by completeness of X, there exists a point 9 €X such that
sequence {9,} converges to point 9.

Next, we prove that 9 is a fixed point of T. By
assumption (a), there exists a subsequence {9y} of
{9.}such that 9y # ¥ for each natural number n and
(O, 9)E E(G) for all n. From (14), we have

0 < Y(Fn@inyn, T9, 1)) =9 (Fin(T iy, T, 1)) <
KO .Y (Fin(Oin), 9, 1). A7)
Letting n - oo in (17) and by using assumption (b),
Lemma 2.4, we get
implies that Y(F, (9, T 9, t)) = 0 and by property (p2), it
follows that
Fn (9, TY9, t) = 1 = Myrg, implies TY = 9 by
assumption (b).

€) by above
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Next, we show that 9 is the unique fixed point of T. For
this, we consider 9* (# 9) is another fixed point of T then
by (14), we get

Y(ER©, 9% 1) = P(Fn(T 9, TI*, 1)) <K Pp(Frn (9,
9* 1) < Y(F (9, 9%, 1)
which contradict the assumption of . Hence, 9 is the
unique fixed point of T.

Theorem 4.2. Let (X, F,, *) be a compact
non-Archimedean fuzzy m-metric space with graph G = (V,
E) and T be a G-continuous self-map of X satisfies the
following condition:

Y (Fr (T9, Tp, 1)) < ¥ (Fry (9, p, 1) (18)

where € ¥ and 9, p € E(G), 9 # p, forany t> 0. In
addition, assume that there exist a subsequence { 9¢n} of
{0n} such that lim Mg o000t = Moo= Mror2a,
for all n with whenever a subsequence {9qn} of {90}
converges to 9 With (9qpIqry+1) € E(G). Furthermore, if
9 and 9* are two fixed points then (9,9 *) € E(G).
Then T has a unique fixed point.

Proof. Let 9, €X be any arbitrary number. Define a
sequence { 9.} such that 9, = T, = T" 9, withn € N U
{0}. IF T" 9, = T™! 9, for some n, then there exists pe X
such that p = T% 9, for all g > n. So we assume that T" 9,
# T 9, for every n. As (X, Fp,, *) is a compact fuzzy
m-metric space, so there exist a subsequence {T%™ 9.} of
{T" 9.} such that 9y = T 9, — 9 € X asn — .

By the continuity of T, it follows that

lim 9gme1 = T (9) and lim 9ggper = T2 (9).  (19)
n—oo n—-oo

Since y is left continuous and by using assumption and
Lemma 2.3, we get

1/) (Fm(ﬁ: T9, t)) = rlli_r)lgo’zb(Fm(ﬁq(n)a 19q(n)+1: t)) = rlll—{Ic}o l/)
Frn@ars Jaezs D) = 9 (T, T2, 1)) (20)

Now we show that T9 = 9. Otherwise by (18), we can
obtain

Y(FR(TS, T2 9, 1) <y (Fu(®, T9, 1)  (21)

which is contrary to the formula (20). Thus T9 = 9. The
proof of uniqueness is similar to that of Theorem 4.1.

Corollary 4.1. Let (X, F,, %) be a compact
non-Archimedean fuzzy metric space with graph G = (V,E)
and T a continuous self-map of X. Furthermore, let K be a
function from (0, o) into (0, 1). If for any t > 0, T satisfies
the following condition:

Y (Fn(T9, Tp, 1) < KO Y (Fm(¥, p, 1))
where ¢ € ¥and 9, p € E(G), 9 # p.

In addition, assume that there exists a subsequence {9qm}
of { 9.} such that 71115210 Mogmdqment = Moo =
Mrg 12, fOr all n with whenever a subsequence {9} of
{ 9.} converges to 9 with (9 qm, O qne) € E(G) .
Furthermore, if ¥ and 9* are two fixed points then



Mathematics and Statistics 7(5): 229-238, 2019

(9, 9%) € E(G). Thus T has a unique fixed point.
Proof. It can be easily proved by the same method as
was employed in Theorem 4.2.
Let (X, Fy,, *) be a non-Archimedean fuzzy m- metric
space and define fiy(t) = &, (An, t) where
O, (An, 1) = inf {F, (J,pt) 1 9,p € Ay } and
An={ 0, Onet, Onezyereennnn } in fuzzy m- metric space then
clearly, we can observe that fin(t) is finite for all natural
numbers n and 0 < A,(t)< 1, [n(t) is non-increasing ,
Ay(t) » A (t) for some 0< A (t) <1 and also
Ay(t) < Fy 91, 9, t) forall I, m = n.
Define a collection @ of functions F from [0,1]*x [0,1]
into [-1,1] satisfying the following conditions:
. Fis continuous on [0,1]*x [0,1];
2. Fis non-decreasing on [0,1]°
3. F((¢, ¢,9), ¥) < 0 implies that k = y ({) where y:
[0, 1]-[0, 1] is a nondecreasing continuous function
with y(¢) > ¢ for ¢ € [0,1).

Theorem 4.3. Let (X, F,, *) be a complete
non-Archimedean fuzzy m- metric space and T be a
self-map of X satisfying

F(Fm(, p, 1), Fm(TO, 9,0), Fu(TI, pit), Fu(T9, Tpt))
<0 (22)

forall 9, p € E(G), where FE®D. In addition assume that if
a sequence 9, = T, then (9, 9) € E(G) for all nm
and suppose that sequence {F, (9, 9n,1)} is constant. Also,
if 9, > O then (9,, 9) €E(G) and Fp, (9, 9, 1)
=Fno(T9,T9,t). Further, if 9; and 9,be two fixed points
with Fp,(9;, 91, t) = F,(9,, 9,,1) then (9;, 9,)€ E(G).
Then T has a unique fixed point in X.

Proof: Let 9, € X be an arbitrary element and take a
sequence 9ny = T Iy Let Ay (1) = dy (An, t) where
An={ I, Ins,-....}. Since hy(t) =h(t) as n — oo for some
0< A(t) <1. If for some n €Z*, 9, = Y4 then T has a
fixed point. Therefore, suppose that 9, # .., for each n
€ Z'. Let k be any fixed natural number. For 9= 9.4,
P = 9 neme1, (22) becomes where n=k and meN, we have

F(Fm(ﬁn-l, 19n+m—1,t), Fm(Tﬁn-l, 19n—11t)1 Fm(T 19n—l: 19n+m-1|t)i
Fin(T9n-1, T9nem-1.t))

= F(Fm(ﬁn-ly 79n+m-1|t)y Fm(ﬁnl ﬁn—lyt)y Fm(ﬁnl 19n+m-1,t)y
Fin(On, nemt)) < 0.

Next using definition of fi,(t), we get
F(ﬁn—l (t)7 ﬁn-l(t) ’ ﬁn (t), Fm(ﬂn: 19n+m:t)) <0

As fi, (t) is non- increasing and F is non-decreasing on [0,
17%, therefore the above inequality becomes

F(fika(), Aca(t), fixa(t), Fn(@n, Inemit)) < 0.
That is,

Fin(@n Onemt) 2 v (Bia(®))-
Thus, for all n > k, it follows that

minn 2 k,{ Fm (1971: 19n+m: t)} = ﬁk(t)) 2 V(ﬁk-l(t))-
Taking as k— oo, sowe have A (t) =y (A(t)). IfA(t) # 1
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then f (t) = y (A (t)) > f (t), which is a contradiction. Thus

fi(t) = 1 and hence lim A,(t) = 1. Thus given € > 0, there
n—-oo

exist an NgeZ" such that f,(t) > 1—e for all n> N,. Then

we have for n> Npand m € N,

Fin(On Inami t ) >1-€> Mﬁn, €. (3)

Inmt

By assumption and (23), {9,} is a Cauchy sequence in X.
By the definition of X, there exists a z € X such that

lim Fp(9n, 2, 1) = My, . =0.
n—-oo
Again for 9 = 9, p =zin (22), then (22) becomes

F(Fry (O, Z, 1), Fo(TO O 1), Fin(TOn, 2, 1), Fry(TOn,
Tz, 1))

= F(Fn, 2z, 1), Fn(Onet, Ony 1), Fin(Onea, Z, 1), Fry(Ona,
Tz, 1)) <O0.

Hence using (23), we have
rlll_r& sup F(Fy, (On, Z, 1), Fin(Oner, On, 1), Fin(Onsa, Z, 1),
Frn(Ons1, T2, 1))
= F( limsupMy, ,,, 1, limsupMy ,,, lim sup
Fin(@nes, T2, ) < 0. M’ "
or F(lim sup My, .., lim sup My,_,,, lim sup My ,. ,
lim SUP Fun(Oner, T2, 1) ’““’

n—-oo

< F(lim sup My, ,., 1, lim supMy ,., lim sup F,
n—-oo n—oo n—-oo

(9n+1, Tz, 1)) < 0 implies that

lim sup My, 7, = Tlll_r)glo sup My, 17 = }Lg{)lo sup F,(9

n—-oo
wi 12, 1) = y(lim sup My, , () (24)
n—oo

= lim sup My, 77

n—-oo

assumption).

> V(,PB; sup Mg, 1, ) (by

This implies that lim sup My, r,.=1.

Again by (24), wenﬁgle
Fn(z, Tz, t) = Ylll_r)go sup Fp(9ne, Tz, 1) ZY(}LE{L sup
My, 50) = y(1)=1,

That is, we have F,,(z, Tz,t) =1 = M, 1, implies that Tz
=zand F,(z,z,t)=1.

To prove uniqueness part, we consider 9; and 9, be
two fixed points of T. For 9 = 9;, p = 9, (22) becomes,

F(Fm(ﬁll 192 ,t), Fm(Tﬁll ﬁlvt)v Fm(Tﬁlv 1927':)7 Fm(Tﬁlv
TY,, 1))

= F(Fm(ﬁl’ 1921 t), Fm(ﬁl! 7911 t)’ Fm(ﬁlv 192’ t)! Fm(ﬁl’
9,, 1)) < 0.

Since F is non-decreasing on [0,1]%, then it follows that

F(Fm(ﬁlv 1921 t), Fm(ﬂlv 1921 t)v Fm (1917 1927 t)7 l:m (1911
Uz, 1))
= F(Fm (191! 1921t)! 11 l:‘m (191! 1921t)’ Fm (1911 19Z!t))s 0

which gives that
Fm(ﬁl! I921 t) = 14 (Fm(ﬁll 192! t)) > Fm(ﬁl’ 192! t)
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which is a contradiction.
Thus, we have Fp (9, 9,, ) = 1= My, 4, therefore
9, = 9,. Hence, T has a unique fixed point.

In theorem 4.3, if we take F((9;,9,,95), ¥,) =
y(min{Yd, ,9,,95}) - 9, then we obtain our next result.

Corollary 4.2. Let (X, F,, *) be a complete
non-Archimedean fuzzy m-metric space and T be a
self-map of X satisfying

Fn(T9,Tp,t) = y(min{F,®©, p.t),
Fin(T9, 9.0), Fin(TY, p.1)})

forall 9,p € E(G), where FE®. In addition assume that if
a sequence Yn =TIy  then Fy, (On, In, t) = Fry (O, Im,
t) and (9, , 9m) € E(G) for all n,m. Also, if 9, —» 9 then
(9n,9)€ E(G) and Fry (9, 9,8)= Fi(TO,TO,1). Further, if z,
w be two fixed points with F,(z,z,t) = F,(w,w,t) then (z ,
w) € E(G). Then T has a unique fixed point in X.

5. Conclusions

In this paper, we proposed a generalized version of
partial fuzzy metric space named as non-Archimedean
fuzzy m-metric space. Further, we gave some examples
and defined all its topological properties. Finally, we
presented some fixed theorems in context of complete
non-Archimedean fuzzy m-metric space and compact
non-Archimedean fuzzy m-metric space.
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