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Abstract  Analytical methods of the mathematical
statistics of random vectors and matrices based on the
parametrization of the distributions are widely used. These
methods permit to design practically simple software
when it is possible to have the definite information about
analytical properties of the distributions under research.
The main difficulty in practical applications of the
methods based on the parametrization of the distributions
is the rapid increase of the number of equations for the
moments, the semiinvariants or the coefficients of the
truncated orthogonal expansions of the dimension r or
the state vector (extended in the general case) and the
maximal order N of the moments involved. The number
of equations for the parameters becomes exceedingly
large in such cases. For structural parametrization and/or
approximation of the probability densities of the random
vectors we shall apply the ellipsoidal densities, i.e. the
densities whose planes of the levels of equal probability
are similar concentric ellipsoids (the ellipses for
two-dimensional vectors, the ellipsoids for
three-dimensional vectors, the hyperellipsoids for the
vectors of the dimension more than three). In particular, a
normal distribution in any finite-dimensional space has an
ellipsoidal structure. The distinctive characteristics of
such distributions consists in the fact that their probability
densities are the functions of positively determined

quadratic ~ form  u=u(y)=(y" —m")C(y-m)
where m is an expectation of the random vector Y, C

is some positively determined matrix. Ellipsoidal
approximation method (EAM) cardinally reduces the
number of parameters till Q™M =Q™ 4+n -1

(QY™ —r(r+3)/2) where 2n, being the number of

probabilistic  moments.  While using ellipsoidal
linearization method (ELM) we get Q=™ =Q™“. Basic

EAM and ELM foundations and applications to problems
of mathematical statistics and ellipsoidal distributions
with invariant measure in populational Volterra
differential stochastic nonlinear systems are considered.

Keywords  Distributions with Invariant Measure,
Ellipsoidal Approximation Method (EAM), Ellipsoidal
Linearization Method (ELM), Generalized Student
Distribution, Gaussian (Normal) Distribution, Wishart
Distribution, Volterra Stochastic Systems, 4?- and f

-Distributions

1. Introduction

Among the various qualitative analytical methods of the
mathematical statistics of random vectors and matrices
based on the parametrization of the distributions are
widely used. These methods permit to design practically
simple software when it is possible to have the definite
information about analytical properties of the distributions
under research.

While deriving equations for the parameters of the
one-dimensional distribution in specific problems it is

useful to remember that the number N(; of the moments
of the qth order of the I -dimensional random vector
and the total number PqN of the moments of orders not

exceeding N of the I -dimensional random vector are
determined by formulae

NI
Nr:Cr”&:(q'*r 1), (l)
o ri(g-1!
N
N r_ N _(N+q)!_ 2
P, _Z:;Nq_c,wq =N ¥ @

So the main difficulty in practical applications of the
methods based on the parametrization of the distributions
is the rapid increase of the number of equations for the
moments, the semiinvariants or the coefficients of the
truncated orthogonal expansions on the dimension I of
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the state vector (extended in the general case) and the
maximal order N of the moments involved. Table 1 [1-
4] illustrates the dependence of the number of equations
for the parameters of the one-dimensional distribution on
I and N . But in practice one often has to deal with the
cases where ' amounts to 100 or even to 200. The
number of equations for the parameters becomes
exceedingly large in such cases. For instance, at r =100,
N =6 the number of equations for the parameters

amounts to 1.7-10°.

To reduce the number of equations for the distribution
parameters, one may use such an approximation of the
distribution which involves the mixed moments or
semiinvariants only of the second order and is
independent of the mixed moments or semiinvariants of
higher orders. Table 1 shows the dependence of the
number of equations for the parameters of the distribution
on the dimension I of the state vector and the highest
order N of the moments of every component involved
into such an approximation. The line corresponding to
N =2 shows the number of equations for the first and
the second order moments for the normal approximation
method. The number of equations for the distribution
parameters may be greatly reduced by using the
approximations of distributions involving mixed moments
or semiinvariants only of the second order. In particular,
in the above example of r=100, N =6 the number of

equations is reduced from 1.7-10° to 5500, i.e. to
approximately 1/(3-10°) of its primary value. At
r=10, N =6 the number of equations is reduced from
8007 to 105, i.e. to approximately 1/80 of its primary
value.

Normal approximation method (NAM) includes

Q"™ =r(r+3)/2 (3)
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parameters. Formulae (1), (2) and Table 1 give the
number of distribution parameters for general
parametrization method [1-4].

For structural parametrization and/or approximation of
the probability densities of the random vectors we shall
apply the ellipsoidal densities, i.e. the densities whose
planes of the levels of equal probability are similar
concentric ellipsoids (the ellipses for two-dimensional
vectors, the ellipsoids for three-dimensional vectors, the
hyperellipsoids for the vectors of the dimension more than
three). In particular, a normal distribution in any
finite-dimensional space has an ellipsoidal structure. The
distinctive characteristics of such distributions consists in
the fact that their probability densities are the functions of

positively determined guadratic form
u=u(y)=(y' =m")C(y—m) where m is an
expectation of the random vector Y, C is some

positively determined matrix.
Ellipsoidal approximation method (EAM) cardinally
reduces the number of parameters till

QEAM :QNAM +nm _1 (4)

where 2n_ being the number of probabilistic moments.

While using ellipsoidal linearization method (ELM) we
get

QELM — QNAM . (5)

The developed methods cardinally differs from of
known methods of parametric statistics by using structural
ellipsoidal density approximation.

Let us consider EAM and ELM foundations and
applications to some basic problems of mathematical
statistics and populational Volterra stochastic systems.

Table 1.  Number of distribution parameters
Moments Max. State Vector Dimension I
Order
N 10 20 30 40 50 100 150 200
2 65 230 495 860 1325 5150 11475 20300
4 85 270 555 840 1425 5350 11475 20700
6 105 310 615 1020 1525 5550 12075 21100
8 125 350 675 1100 1625 5750 12375 21500
10 145 390 735 1180 1725 5950 12675 21900




220

2. Ellipsoidal Approximation Method

Following [1-4] let us find ellipsoidal approximation
(EA) for the density of r -dimensional random vector by
means of the truncated expansion based on biorthogonal

polynomials {Pp,, (U(Y)),d,, (U(y))}, depending only

on the quadratic form U=u(y) u=u(y) for which
some probability density of the ellipsoidal structure
W(u ( y)) serves as the weight:

o0

[ wuy)p., @), , (uy)dy =35, @
The indexes vV and 4 at the polynomials mean their

degrees relatively to the variable U . The concrete form
and the properties of the polynomials are determined
further. But without the loss of generality we may assume

that d, o(U) = P, o(U) =1. Then the probability density

of the vector Y may be approximately presented by the
expression of the form

()~ @=W0Y 6P @

For determining the coefficients C., in (7) we

multiply term-wise equality (7) by ¢, ,(U) and

integrate over the whole space R'. Then by virtue of
condition (6) for x«=1,...,N we obtain

J 0., @y = [ wwe,.p,, @, @y =c,,

—0

Thus the coefficients ¢, are determined by formula

¢, = [ f(ya,, Wdy=Eq W), (v=1...,N). (@8

As p,,(u) and q,,(u) are reciprocal constants (the
polynomials of zero degree) then always c, ,p,, =1 and
we come to the result:

f(y>~f*(u)=w(u){1+icwp,,v(u)}. ©

So formula (9) expresses the essence of the EA of the
probability density of the random vector Y .

For the applications the case when the normal
distribution is chosen as the distribution w(u) is of great

importance

W(u) = w(x" Cx) = exp(—x"K™'x/2); (10)

1
V@27) K]
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accounting that C = K™ we reduce the condition of the
biorthonormality (6) to the form

1 T r/2-1,-ul2

—_— u uu e du=95,, (11
G2y P % ) Lo (1)
where T'(-) is gamma function [5]. Thus the problem of
the choosing of the polynomials system {p, ,(u)q, ,(u)}

which is used at the EA of the densities (9) and (8) is
reduced to finding a biorthonormal system of the

polynomials for which the #° -distribution with r

degrees of the freedom serves as the weigh.
A system of the polynomials which are orthogonal

relatively to y° -distribution with r degrees of the
freedom is described by series:

v 231
S,‘V(u)=2(—1)””C” (r+2v 2)"u”.
u=0

Y (r+2u—2) (12)

The main properties of polynomials S, are given in
[2-4] between the polynomials S ,(u) and the system
of the polynomials {p,,(u),q,,(u)} the following
relations exist:

P, (U) =S, (u), (13)
(r=2)n
= S y 22-
e () (r+2v-2)li2v)1 W (14)
Example 1. Formulae for polynomials p,,(u) ,

d,,(u) and its derivatives for some r and v are as
follows [4]:
at r=2, v>2,

P, (uy=u", 0, (u)=0, qlz,v (u) =0, q;v (w)=0;

at r>2, v=2
1 . 1 . 1
u) =u?, u) ==u?, u) ==u, u)==.
pr,Z( ) qr,z( ) 8 qr,Z( ) 4 qr,Z( ) 4
For r=2 at v=3 we have

Pys (u)= u37 Uz (u)=0, qlz,s (u)=0, q23 (u)=0;
at r=3

Pss (U) = S3,3 (U)y Q33 (u) = ﬁss,a (U):

. 1 ] 1 .
q3,3 (u) - %Ss,a (u)’ Q3,3 (u) - ﬁss,s (U)-

S;5(u) =-105+105u - 21u? +u®,
Sy5(u) =105-42u+3u?,  S;,(u) =-42+6u;

at r=4:
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1
p4,3 (u) = S4,3(U), Q4,3(U) —%84,3 (u)'
. 1 . ; 1
0,5(U) = 9216 Sis(U), Q,5u)= 9216 S ()E

S, 5(u) =—-197 +144u — 24u* + u°,
S,,(u) =144—48u+3u?, S;,(u)=—48+6u.

Now following [5] we consider the H -space L,(R")
and the orthogonal system of the functions in them where
the polynomials S, ,(u) are given by formula (12), and
w(u) is a normal distribution of the r -dimensional
random vector (10). This system is not complete in
L,(R"). But the expansion of the probability density

f(uy=f((y' =m")C(y-m)) of the random vector Y

which has an ellipsoidal structure over the polynomials
P, (U) =S, (u),

f(u)y=wu)c.,p., ), (15)
v=0
m.s. converges to the function f(u) itself. The

coefficients of the expansion in this case are determined
by relation

/(2v)!!(r+2v—2)!!
y (r-2)n '

.. = | fWp,, Wd (16)

Thus the system of the functions {y/w(u)S,  (u)}
forms the basis in the subspace of the space L,(R")
generated by the functions f(u) of the quadratic form
u=(y-m)'C(y-m).

At the expansion over the polynomial S, (u) the

probability densities of the random vector Y and all its
possible projections are consistent. In other words, at

integrating the expansions over the polynomials S,,,, (u),

h+l=r , of the probability densities of the r
-dimensional vector Y,

1 N
fly)=——e""? {1"' Chat v Sty (U) }:
Je K| =

u=(y-m'K*(y-m), y=[y"y"T, 17)
on all the components of the |-dimensional vector y”
we obtain the expansion over the polynomials S, ,(u;)

of the probability density of the h -dimensional vector
Y" with the same coefficients,

1 N
f(y)=———=e"" {1+ Ch,vsh,v(ul):|l
Y, (Zﬂ)h [ Ky | VZ:;

221

u1 = (y’ - m')T Klll(y'_ m’)’ Ch,v = Ch+|,v’ (18)

where K, isa covariance matrix of the vector Y '.

But approximation (18) the probability density of h
-dimensional random vector Y' obtained by the
integration of expansion (17) the density of (h+I)
-dimensional vector is not optimal EA of the density.

For the random r -dimensional vector with an arbitrary
distribution the EA (9) of its distribution determines
exactly the moments till the N" order inclusively of the

quadratic form U =(Y —m) K™ (Y —=m) , i.e.

EU“ =E®U*, u<N. (19)
(E® stands for expectation relative to EA distribution).
The EA of any distribution determines exactly the
expectation of the polynomials
pr,O(u)vqr,O(u)V"'!pr,N(u)v qr,N (U) . In thlS case the
initial moments of the order s, s=s +---+s, of the

random vector Y at the approximation (9) determined by
formula

[2

— _ s S
SpbeenSy _as - EY]_ Yr ~

© N ©
= [y ypwdy+ e, [ vy ., (Ww(u)dy. (20)
—o v=2

—0

Thus at the EA of the distribution of the random vector
its moments are combined as the sums of the
correspondent moments of the normal distribution and the
expectations of the products of the polynomials p,, (u)

by the degrees of the components of the vector Y at the
normal density w(u) .

3. EAM Accuracy

In practice the weak convergence of the probability
measures generated by the segments of the density
expansion to the probability measure generated by the
density itself is more important than m.s. convergence of
the segments of the density expansion over the
polynomials S, ,(u) to the density namely,

[wwX e, b, (dy - [ f(u)dy

uniformly relative to A at N —o0 on the o -algebra

of Borel sets of the space R". Thus the partial sums of
series (15) give the approximation of the distribution, i.e.
the probability of any event A determined by the density
f(u) with any degree of the accuracy. The finite
segment of this expansion may be practically used for an
approximate presentation of f (u) with any degree of the

accuracy even in those cases when f(u)/4/w(u) does
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not belongto L,(R").

In this case it is sufficient to substitute f(u) by the
truncated density. Expansion (15) is valid only for the
densities which have the ellipsoidal structure. It is
impossible in principal to approximate with any degree of
the accuracy by means of the EA (9) the densities which
arbitrarily depend on the vector vy .

The most natural one is the way of the estimate of the
accuracy of the distribution approximation in the
comparison of the probability characteristics calculated by
means of the known density and its approximate
expression. The most complete estimate of the accuracy of
the approximation may be obtained by the comparison of
the probability occurrence on the sets of some given class.
Besides that taking into consideration that the probability
density is usually approximated by a finite segment of its
orthogonal expansion for instance, over Hermite
polynomials or by a finite segment of the Edgeworth
series [1-5] which contain the moments till the fourth
order the accuracy may be characterized by the accuracy
of the definition of the moments of the random vector or
its separate components, in particular, of the fourth order
moments. Let compare the accuracy of EAM on the
probabilities of the occurrence on the sets. Let .-7be class
of the sets .27 for which it is required to estimate the
accuracy of the definition of the occurrence probability.
The error of the definition of the occurrence probability
on Borel set .o7at the approximation of the density of the
r -dimensional random vector (9) is equal to

g=[ 1 (y)dy-[ f(y)dy. (21)
A A
The measure of the accuracy of the approximation we
assume the variable

&=sup|[ f"(y)dy—[ f(y)dy|. 22)
ASA A A

Practically we may evaluate the values & only in the
case when the class of the sets .-7contains a small number
of the sets. So, for example, if as a class of the sets .Z7the
o -algebra of Borel sets is chosen then the finding of ¢
is practically impossible. Therefore it is expedient to
assume the finite systems of the typical regions as a class
of the sets .27 It is natural to choose as such regions the

ellipsoids in the space R", the ellipsoidal cylinders with

the bases in the subspace of the space R', the layers
formed by the hyperplanes of the dimension r—1 for the
EAM distributions. These layers may be considered as the
ellipsoidal cylinders with the one-dimensional bases. For
calculating the probabilities of the occurrences into the
ellipsoidal cylinders with the bases in the subspaces R"
of the space R" we have to use the EA of the
distribution of the correspondent h components of the
vector Y .

Ellipsoidal Approximation of Distributions and Its Applications

Let E, be the ellipsoid (y—m)'C(y-m)<u, ,
C=K™ . The probability of the occurrence in the
ellipsoid E, at the ellipsoidal approximation (9) is equal
to

po = P(Es) = [ £ (y)dy = | w(u){l@cw pw(u)}dy=

Eo

| K |1/2 7[1/2 Uy o |: N
=—————|u""w(u)|[ 1+ ) ¢ p,,(u) [du=
I'(r/2) ! Z

v=2

Up r/2-1,-u/2 Up 1 1/12-14-u/2

N e u
(Y€ 4 - u+Zcer p"lvz( ) u=
S T2 &) T2

r/2,-Ugl2
Uo e N

1
:—F(rlz){}’(l’/Z,uo/2)——2”21 ;C,yvpmyvl(uo)}, (23)

where y(x,y) isnotcomplete 7 function [5].
Thus for finding the ellipsoid E, whose probability of
the occurrence A=P(E,) is given it is necessary to

solve (23) relatively to u,. The root of this equation we

shall find by the Newton method known which gives the
following recurrent formula for the sequential
approximations for the equation A(E,) = ¢(u,) , the root

T

Uy =g +9'(Ug) "TA(E,) — p(u5)] =

T(r/2)AE,) - y(r/2,u 12)
N
(ug)"* e {1+ 2.CuPry (US)}
v=2

=uy +2"° +

N
Z Cr, p pr+l,v—1 (US )

ny=2
+2up .

1+ ¢, P, (ug)
v=2

(24)

It is expedient to choose the value found from the
equation  y(r/2,ud/2)=A(E,)I(r/2) as  zero
approximation of the variable u, .

Now we consider the second way of EAM estimation of
the accuracy. It consists in the comparison of the values of
the moments calculated by means of the known
distribution and its ellipsoidal approximation. So, for
example, the error of the definition of the initial moment
of the order d at the ellipsoidal approximation (24) of
the probability density of the r -dimensional random
vector will be equal to

S,(dyynnd) = [y oy M)y - [yt F(y)dy (25)

=B Y Y —EYS LYY, d+--+d, =d

EAM
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6,(d,,...,d,)

5,(d,,..., S

d)= (26)

The variable §5,(d,,...,
of the definition of the initial moment EY,%...Y," ;
6,(d,,...,d,) represents a relative error.

Let the density f(y) of the r-dimensional random
vector with an arbitrary covariance matrix and the
moments which exist till the order d inclusively be
given. By means of the orthogonal transformation Q we
reduce the covariance matrix K =[K;] to the diagonal

K =diag(4,,...,4,) = QKQ' Then
C=K™=[C;] will tun into the diagonal matrix
C=K™= diag(l/ 4,...
$u$ will take the form

- r
u=x"Kix=xK'x=> %12

i=1

d,) represents an absolute error

form

,1/ 4.) . Hence the quadratic form

(27)
The

probability density of the vector X is expressed in terms
of the density f(y) of the vector Y by the formula

where m is an expectation of the vector Y .

f(%)= f(Q(X+Q"'m)).

| QT | (28)

The estimation of the accuracy of the approximation we
shall perform by the comparison of the values of the

moments of the vector X . The detailed derivation and
the calculations we shall perform for the moments of the
fourth order (d =4). While calculating the moments of

an arbitrary component for instance, the first one of the

r -dimensional vector X by formula (20) and
substituting density (28) by its EA we have

Tqu‘fx )ds, ... ;T T ‘w(u)d, ...d%, +

0 ©

N
226, [ [ Kpe, (w(u)dg, .. dR,,

v=2 -0 —0

(29)

where w(u) is the r-dimensional normal density. We

integrate (29) over X,,...,%, . As aresult we obtain

©
—0
0

+ch [ %y, () w(u, )%,

-0

(30)

_ g2
U =X 1A, w(u,) is one-dimensional density. We

where
express % in terms of u, in the form %' =A’u’. Then
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the second item in (30) will be

0

icw [ 2202 p,, (u)w(u,)d.

v=2 —o

@31

For evaluating this integral we use property (21) of the
orthogonality of the polynomial p,, (u) to all degrees of

u* at A<v.According to (2.1), u’ will be orthogonal

to all polynomials p,, (u;) beginning with $\nu$ which

is equal to 3. The sum in (31) will contain only one item
correspondent to v and equal to 2. After calculating the
fourth moment of the normal distribution (29) will be
written as

We shall determine the coefficients ¢, from relation

(8). For further evaluations it is convenient to rewrite
expression (14) for the polynomial g, (u) in other form:

- (r=2)n ~
%)= (r+2v-2)12v)1! )=

. (r-2)n D vlir+2v-2)n
(420 =22 vV (v — ) (r + 24— 2)!

T)?ff)?

—o0

AR, 23D +c,, [ %y, (u)W(u,)dx,. (32)

_i v (_1)V+/tuu
2" S\ v— )l (r+2)---(r+2u-2)
It is adopted in the latter formula that the product
r(r+2)---(r+2u—2) obtained at the division of
(r=2)" by (r+2u—-2)!" isequaltolat ux=0.

(33)

Now we shall find the #" degrees of the quadratic
form u written in the form of (28):

1 PRk
u/l = llLl I Xlﬂ r/u ) (34)
=g My 21 ' /1r r

We determine the expectation of expression (24):

ILJ' Ex~12,”1 X~r2.”r
Iy

Then the expectations of the degrees U” and the
whole polynomial @,,(U) in new denotions will be

correspondingly equal to

EU# =

I...
=g Myt s

“o_ |
EU - Z /Ll }/#1 /‘r
pyt p =
z 7//11---/4
c :E U _ 1/4+L Myt e =l ,
o = B, )= ﬂzzg( a2 2u-2)

(3%)

where
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EX~12111 e X~r2l‘r

j/,ul...yr = Mlyr !ﬂlyl .__i[:“r v Yoo =1

(36)

For finding the fourth order moment of a separate
component it is necessary to know only the value ¢ ,.

We evaluate separately each item in (36) putting v=2.
At 1 =0 the numerator is equal to 1 and the first item is

equalto 1/2.As DX, =4 thenat x=1 we have

2 7 ~
Myt 2
My =1 ' . EX

#z_zﬂ’oml,...o z k —1,

N ra

@37)

Finally, at =2 only two types of the expressions
}/ﬂlmﬂr
of u isequal to 2, the others are zeros, the second is g,
and ; are equal to 1, the others are zeros. As a result
we obtain

are possible. The first one appears when only one

270.,,2,,,0 +Z Z Y0...10..010..0

i=1 j=i+l i i
= — ——+ ,
r(r+2)

(38)

70..._1...1,,,0 = Ex-zsz 124, (39)

For the second item in (32) we have

E, P, (U)X =2°-2IR,, =8R,, =24D},  (40)
as
= > Cluma), =Ciuay = ;' =3D],
|h|=4
where ' and «,, are the central and the initial

moments of the normal distribution

respectively.
Thus the EA of the r -dimensional distribution gives
for the fourth moment of the first and the i" coordinates

N(0,K)

EcaXi =3D] +24c, ,D7, E., X' =3D7 +24c, ,D?.(41)

By virtue of (25) and (36) we have

5,(4,0,...,0) = E,, X, —EX/, (42)
5.(4,0,...,0)

5,(4,0,...,0) = 0

2 ( ) EX (43)

The fourth order moments of the vector may be also
given by the expressions of the type E)Ziz)z-z , E)Zi)zjs,
E)Zi)zj)?k)?, . We evaluate E)Zf)?f, The remained two
types of the moments are determined analogously. After

Ellipsoidal Approximation of Distributions and Its Applications

choosing, for example,

|

i=1 and j=2,wewrite

%% F(R)d% .. %,

III

§—s

T T KZxew(u)ds, ...dx, +

X %5 P, (WW(U)dX,...d%.  (44)

Let us integrate over X;,...,
we obtain

X, using (44). As a result

é‘—-éﬁ

j $2w(u, )dx, dx, +

+Zc,,vf I % %; (45)

v=2

P2, (Uy)W(u,)d%, dX,,

where u, =X/ A4 +%/4,, w(u,) is two-dimensional

normal density. We rewrite (45) in the form of the
expectations and substitute the values of the normal
moments

N

Eca X, X, =D,D, +Z;CWEW>Z12)Z22p2‘V(U2). (46)
We evaluate the expectation in (46):
B,y P2 (U)XIX] = B, p, ,(U) XX =
=2*-2IR,,, =8R,,, =8D,D,. 47)

According to (47) the EA (46) of the mixed fourth order
moment will take the form

EX/X? =D,D, +8c, ,D,D,. (48)

Therefore finally we get correspond accuracy
formulate:

5,(2,2,0,...,0) = E., X} X2 —EXZXZ, (49)

5,(2,2,0,...,0) = 5,(2,2,0,...,0)/ EX?X2.}. (50)

4. Ellipsoidal Linearization Method

Now we consider ellipsoidal linearization of nonlinear
transforms of random vectors using mean square error
(m.s.e.) criterion optimal m.s.e. regression of vector
Z =@(Y) onvector Y is determined by formula [6]

m,(Y)=hY, h,=I,I (51)
or

m,(Y)=hY +a,
h,h, are equivalent
are mathematical expectation and covariance

hl = szK&’ a=m, _hlmy' (52)

where linearization matrices;
m,, Ky

matrix (det | K, [ 0) . In case (52) coefficient h, isequal



Mathematics and Statistics 7(5): 218-228, 2019

to

=Ky Ky = [ [ @-m)(y—m,)"K;'f (2, y)dzdy -

—00 —0

= [ Im,(y)=m,J(y—m,)" K, (y)dy (53)
where f,(y) being the density of random vector Y .
For ellipsoidal density f,(y) in (53)
fi(y)= £ (y) = £ u(y),m,, K, c). (54)

In case (52) we get formulae of for ellipsoidal
linearization method (ELM):

m, (Y) = m +h(m,, K ,c)Y’, (55)
where
het =hf(m,, K,,c) = [ [m, (y)—m,1(y—m,) K (y)dy =
= [ Im,(y)=m,J(y—-m,)" K} £ (u(y), m,, K, c)dy.
(56)

In case (51) we have the following formulae for ELM:

o

b () = [ m,(y)y' T ™ (y)dy = 57)

~ [ m oy TR m, o,

—0

m,(Y) = h;" (T, c)Y. (58)

At practice the following ELM generalizations are
useful.

1) Let us for fixed dimension p=dimy and N in 9
with normal w(u) distinguish modifications of various
orders ELM ?? , ELM P* . ELM PV |
c={c,,} characterize partial deviations from normal

In this case

distributions of various orders Vv jointly for all p
Components of vector Y (be part of quadratic form

uc).

2) Atdecomposition of vector Y on I,1,,...,1

ol

random

subvectors, Y =[Y, Y, .Y T we distinguish ELM%~""

Coefficients €, ,,...,C, , characterize partial deviations of

'Y,

subvectors from normal distribution.

3) For matrix transforms
Z=p()=[p,(Y)...0,(V)T,
o) =[ps (V). 0, (i=10), dimp=pxq we

have the following formulae for ELM:

m, (Y) = mi" +H™ (m,, K, c)(Y —m); (59)
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m,(Y) ~ HEY. (60)

Here
H (m,,K,,¢)=[h"(m,, K c)...hi-(m,, K, ,c)] (61)

HES (T, 0) = [EH (T ,c)...hES (T, 0)]

q

(62)

Where h and hi-  (i=10) are determined by

formulae (56) and (57).
4) For transforms depending of time process t it is

useful to work with overage ELM coefficients <miz> and
().
Example 2. For nonlinear scalar function
Z=¢p)=Y)Y,,

(r, r, arenonnegative integers, r,,+r, =r >2) according
(55) we have the following formula:

oY) =0, 'leYo'

Here Y=[Y,Y,]" , Y°=Y-m , m=[mm,]
formulae (52), (56) for ¢, , ¢, and various Vv till

probabilistic moments of the order may be presented in the
following form:
e —at v=2 till moments of the first order
{SR,V2 at |rl=rn+r, >4
G, = 0 .
at [rin+r, <4

(MK ) +8c,,R,, at [rl=n+n, 24
Tl (MK at [rl=r4r, <4

. at v=23 till moments of the second order

48R ; at |rl=r+r,>6;
Pz = .
0 at |r|rn+r, <6;
o +48c,,R , at |rl=r+r, 26
% o, at |rl=r +r1,<6;

. at v=4 till moments of the third order

_[384R, at [rl=n+r,28;
29TV 0 at |rin+r, <8

{¢10+384CZ4RM at rl=r+r,>8;
Dy = Y

Do at |rl=r+r,<8;
. at v=>5 till moments of the second order
3840R ; at
D5 =

0 at

|rl=r+r, >10;
|r|r+r, <10;

at |rl=r+r, 210;

[y +3840C,R 4
%= Irl=r +r1, <10;

Dio at
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Here
_ b h aV N
R.. = Z C, Xty ory=hy My,
|hj=2v
R,=0 at v<0 or v>|r|

For more examples address [4].

5. Applications to Mathematical
Statistics Problems

1. For the distribution of an n-dimensional random
vector Y is given by the density f(u)= p(u’'Cu)
where C is a positive definite symmetrical matrix.
Find the distribution of the quadratic form
U =YTCY for arbitrary ellipsoidal density defined
(9). Following [6] we have:

U p(u)(u).

f'(u)= (63)

In the special case of a normally distributed random
vector Y when

Ic| oWy ey

(27)"

formula (63) assumes the form

p(y'Cy) =

1(u) y(MD1a-W2
2n/21—~(nj
2

This distribution is called a y°-distribution since the
random variable with such a distribution is usually called
chi-square in statistics. The natural number n in (63) is
called the number of degrees of freedom.

7 (u) = p,(u) = (64)

2. For the distribution of an n -dimensional random Y
with spherical symmetry f (y) = p(y'Cy) find the
distribution of the random variable

T=Y Y,. (65)

Following [6] we get

£(0)=5,,0 = 2 [t—,] (66)

Jr-)r{(n-1/23" n-!

This distribution is called a Student distribution, or
shortly T -distribution. The quantity T determined by
formula (65) is called a Student ratio. The number
k =n-1 is called the number of degrees of freedom. The
distribution of the Student ratio T is independent of the
function p(u) . For any random vector Y whose

distribution possesses a spherical symmetry the random
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variable T has distribution (66).

3. The joint distribution of an n-dimensional vector
X and an m -dimensional vector Y possesses a
spherical symmetry in the (n+m) -dimensional

space then the random variable

nm(n+m-2) o o
\/(n+m)(XTX—nX2+YTY—mY2)( ) 67)
with
x-1 X, Y iZY,
nes me=

has a T -distribution with n+m—2 degrees of freedom

[6]:

r{(k+1)/2} e
Sk(Z)_\/_F(k/Z)( k) , kK=n+m-2. (68)

4, Let X be arandom nxm matrix, m<n, X a

matrix-row whose elements are the arithmetical
means of the elements of the corresponding columns
of the matrix X :

X,==> X, (p=1..

93 (69)

The random variable

T={n(n-DXS*X", S=X"X-nX"X (70)

is called a generalized Student ratio. For any random
matrix X whose density is determined by

f.(x) = p(tr xCx"), (71)

where p(u) is any function (certainly satisfying the
condition that the function f,(y) be a density, probably

containing ¢ -functions), C is a positive definite
symmetrical matrix and tr A is the trace of the matrix A,

the random variable T has the density [6]
-n/2
] 1(t).

(72)

In the special case of m=1 this distribution coincides

with the distribution of the absolute value of the Student
ratio (66).

5. Under the conditions of subsection 5.4 the random

vector (matrix-row) X and the random matrix S

are uncorrelated for any function p(u) and that they

2r(n/2) wafq, t
(n-)™2r(m/2)r{(n-m)/ 2} n-1

Snim (t) =

are independent if and only if
p(u) =+ICI" /(27)™e™".
6. Let X, and X, be the matrices n xm and

n,xm respectively, X, and X, the matrix-rows
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whose elements are the arithmetical means of the
elements of the corresponding columns of the

matrices X, and X, , S, =X;X, -nX]X,
(k=12), H=S+S,. If the distribution of the
block (n,+n,)xm -matix X,X" =[X]X]] is
determined by formula (71) then the random variable

U :\/w()?l_izml()q _)ZZT) (73)
n, +n,
has the density (72) where n=n,+n,-1.
7. If in the problem of subsection 5.4

pu)=+|C["/(2z)"e™"*, and C=K™ then the

density of the matrix S is determined by
W, (S) = Cypy (27 | K [)"0/2 | g fln-miB oW K (74)

in the region of positive definite matrices s of the space
of mxm matrices and zero outside this region. By |K |
and |s| in formula (74) are denoted by determinants of
the matrices K and s respectively and

1
b = 2" {(n-1)/ 2T{(n-2)/ 2}...T{(n~2)/ 2} 7

The distribution determined by the density (74) is called
a Wishart distribution [6].

8. If under the conditions subsection 5.4 S'=XTX,
then the ratio of the determinants of the matrices S
and SV =[S|/|S"'|, has the density

* _ F(/Z) {(n-m)/2}-17q _  \(m/2)-1 _
f(v)= —F{(n ) /2T 2) v 1-v) 1(v)1(1-v). (76)
This is p -distribution with the parameters

p=(-m)/2 and q=m/2.
For more Problems address [6, 7].

6. EAM and ELM Applications for
Nonlinear Stochastic Systems
Direct application of EAM to nonlinear stochastic
differential  equations (SDE) for one- and
multidimensional densities is based on formulae (9) and

set of deterministic ordinary differential Eqgs for
coefficients ¢, [1-3]. Number of Egs is given by

formula (4) where r being the SDE dimension. For ELM
number of Egs is given by formula (5).

7. Ellipsoidal Distributions in Volterra
Stochastic Systems

Let us consider the following stochastic analogue of
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populational Volterra system [8] described by the set of
stochastic differential equations (SDE) [9]:

Yi = (gm +o/V (2))Yi _JZ,:‘ (poIJ +JPV (3))YY + )

+a, +oVO, Y () =Y,

Here &, Py &, are deterministic parameters,

of,0y,0; are parameters of addive and multiplicative
noises.
Putting

Y =[Y,..Y ' V=[O yerT.

N
z PoiYiY; |;

=1

a= a(Y t) - |:a0| + 80| i (78)

b® (Y1) 0 0
B=B(y,t)=| 0 b@ (Y1) 0 |
0 0 b®(Y,t)
where
b (Y,t) =[c2(t) 0 0];
b®(Y,t) =[0 0 (1) O];

b®(Y,t) = {0 0 —i op (t)YiYJ},

we get the following vector stochastic Ito SDE
Y =a(Y,t)+B(Y,t)V, Y(,)=Y,,

(79)

(80)
where

a=a(Y,t) =&Y —[r, +7(Y, OIY +a;

[b@(Y,1)] 0 0
B=B(y,t)= 0 b2 (Y,1)] 0 ;
0 0 b (Y,1)]

b (Y,t) =[o’ (t) 0 0J;

b@(Y,t) =[0 cV (t)Y 0];

b (Y,t)=[00-c® —y(Y,1)Y |,

Nonstationary and stationary one dimensional

probability density f =f (y;t) and f =f(y) for
Gaussian SDE (8) are described by Eqgs [1-3]

(81)

%= —g[a(y B (Y, t)]+—%%[8(y Hv(B(Y, )" f.(y:t)],
f1(Yrto) = fo(y)‘
(82)
160
———I[B(y)v()B(Y)" f, (y)]——[a(y)f ()]=0. (83)

2.0y oy

Here v=v(t) being the matrix intensity of compound
white noise V .
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Following theory of distributions with in variant
measure [9-11] we get 3 basic results.

1) Ellipsoidal  function f,="f,(y;r)=f(u)
u=(y-m)'C(y-m) will be solution of Eq (82)
where V being Gaussian white noise with intensity
matrix v =v(t) and  diffusion  matrix
8 (y,t) = B(y, )v(t)B(y,t)" if and only if vector

function , _ a(y,t) may be presented in the form

a(y,t) =a,(y,t) +a,(y.1) (84)

and being the ellipsoidal invariant of ordinary differential
Eq
Y =a(Y.1), (85)
i.e. it satisfy the Eq
of, o .,
E+5(a1 f,)=0,

The corresponding function a} = aj(y,t) is determined

by formula
s0-3 20 Z20 |

2) Let at conditions (84)—(87) and addional conditions:
(1) nonnegative sealer function 4 =g (y,t) is

ellipsoidal density of integral invariant of Eq
(85);
(2) diffusion matrix x®is not singular

(| det(z°)” o);

(3) Vector function

gyl 1] 0 /s "
(.0 =(°) {az—T{E(z n)” (88)

1

(86)

(87)

satisfy curl absence

%—% G, i=1N); (89)
(4) scalar function
F(y,t) = [T] (y,t)dy (90)
is the first integral of Eq (84).
(5) the condition of normalization is fulfilled
[ #4(y. exp F(y, tydy =1. (91)

Then there exists the solution of Eq (82) with
ellipsoidal one-dimensional density of the form

fi(y,t) =y, expF(y.1). 92)

3) Thefunction 4 =4 (y,t) atconditions 2) is equal to
f,(y;t) ifand only there exist such a matrix function

A =A(y;t) that

Ellipsoidal Approximation of Distributions and Its Applications

on Y
aéﬂlz(—] . A+A =2, a;=a-a. (9
oy
For more theorems concerning the ellipsoidal Gibbs
distributions it is possible to get from [1-3, 9].

8. Conclusions

Methodological support for computing by EAM (ELM)
and mathematical statistics for finite-dimensional random
vectors problems are given. Two approaches for EAM
(ELM) accuracy estimation are presented in details. Using
[1-4] we get direct generalizations for random vectors and
matrices defined on manifolds are possible. Special
attention is paid to the one-dimensional -ellipsoidal
distributions of nonstationary and stationary processes with
invariant measure generalizing Gibbs distributions.
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