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Abstract  We study the asymptotic behavior (for
t —> o ) of solutions of the Cauchy problem for a
nonlinear parabolic equation with a double nonlinearity,
describing the diffusion of heat with nonlinear heat
absorption at the critical value of the parameter 8. For
numerical computations as an initial approximation we
used founded the long time asymptotic of the solution.
Numerical experiments and visualization were carried for
one and two dimensional case.
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1. Introduction

As is well known for the numerical computation of a
nonlinear problem, the choice of the initial approximation
is essential, which preserves the properties of the final
speed of propagation, spatial localization, bounded and
blow-up solutions, which guarantees convergence with a
given accuracy to the solution of the problem with
minimum number of iterations.

It is very important to establish the values of numerical
parameters at which the nature of the asymptotic behavior
of the solution will change. Such values of numeric
parameters are called critical or critical values of the Fujita
type. He first established this for the semi-linear heat
equation [1]. At the critical parameters we can observe new
effects such as infinite energy, localization and others.

In the domain Q={(t,x):t>0,xeR"} the
following Cauchy problem
a—uzv(um‘1 Vu"|pf2 Vu)—u/’* )

u(0,x) =u,(x), xe R" @)

t and x are, respectively, the temporal and spatial
coordinates where m>1k>1 p>2 given numerical

parameters, characterizing the nonlinear medium
p .
Ve v B=k(p-2)+m+—=— ( B. -critical value,
V()=grad() B.=k(p-2) N B

N-size of dimension). In case k=1, critical value of
parameter g, was found in [2].

Problem (1.1) - (1.2) is the basis for modeling various
processes of nonlinear heat diffusion, magnetic
hydrodynamics, gas and liquid filtration, oil and gas, in the
theory of non-Newtonian fluids, etc.

Under some suitable assumptions, the existence,
uniqueness and regularity of a weak solution to the Cauchy
problem (1.1) - (1.2) and their variants have been
extensively investigated by many authors (see [3-5] and
the references therein).

If the initial value u(x,0)=u,(Xx) Iis respectively
smooth, there are many papers on the solvability of the
Cauchy problem (1.1)-(1.2), we can refer to Wu-Zhao [6],
Gmira [7], Yang-Zhao [8], Zhao [9-11], Zhao-Yuan [12],
Dibenedetto-Friedman [13], LiHia [14],
Dibenedetto-Herrero [15], Beniland-Crandal Pierre [16],
Zhao-Xu [17], Fan [18] and links to them for details.

A lot of works studied properties of solutions of problem
with critical value of parameter # and were established
asymptotic behavior for t — oo (see [1], [2], [19]-[27]).
The long time asymptotic of solutions has been established
for the critical value of parameter [ for problem

(1.1)-(1.2) incase k=1, m=1, B. = p—1+ p/N in[19],
case p=2, f. =m+2/N in[20].

In [21] authors were established the long time
asymptotic of solutions for the critical value of parameter
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p =1+% for problem (1.1) - (1.2) in case m=1, p=2.

Th(_ey considered following semi-linear parabolic
equation
u—Au+u’=0,t>0 A3)
u(0,x)=uy(x)=0 (4)
2

A:Zilazléxf,ﬂzuﬁ

The solution of problem (3) - (4) is “infinity” energy. The
initial data is
2
Uy (X) = ofexp(—7 x| )}, x = +o0
y>0

They proved that for problem (3) - (4) the long time
asymptotic of the solutions is the following approximate
self-similar solution

Ut x) =[(T +8)In(T +8)] 7 g.| —*— ®)
(T +1)2

For O
obtained

2
2 2 X
Aexp[—%] <g.(&)<H exp[—%} ¢ = %

function upper and lower bounds were

where A, H —constants.

For ﬁ¢1+£, the approximate self-similar differs
N

from (5), which means that for critical values the
asymptotic of the solutions will change for t — 0.

In [22] was considered following nonlinear heat
equation with absorption

u =AU")-u”in areaQ =R" x (0,:0)  (6)
u(x,0) =u,(x) for xeR" ©)

Authors established the long time asymptotic of the
solution for the critical exponent f=f.=c+1+2/N .
The following asymptotic

ux,t) = ((T +t) In(T+ 1)) “F(&;a) ()]
E=X(T+1t) N In(T+ )"
k=N/(No+2),F(&a) = Cy(a’~ |2 ),
C,=[ka/2N(c+1)]"", T >1

where the value of the numerical parameter a is determined
from the law of energy conservation

[wy xhdx = [F(&a)de=M

M — ClaN/kU
where C, = z"°C,B(N/2,1+1/ ¢) I T(N/2)

B and I' is beta and gamma of Euler function.

They proved that solution (8) is the long time asymptotic
of the solution to problem (6) - (7) by constructing lower
and upper solutions. The following lower and upper
solution with variable a

(T +D)log(T+ ) *F(&a ) <u(x,t) <
<((T +t)log(T+1)) “F(&a.)

O<a <a,

In [23] authors gave bounds for the blow-up rate of
solution the following nonlinear parabolic equation

u, —div(u”"1|Du|l'l Du) = f (X)u” in
Q; =0x(0,T),0<T <o
where T(X) is a radial function and for simplicity it

taken like this T (X) =|X|", —0 <z <min(N, 1+1)
Here are some of them

u(x,t) < y(T -t)®

Where y>0 , X< (T-t)"" /2 ,
O<m+A-1l<p<m+A-1+(1+1-a)/N ,
(p-D(A+D) —a(m+1-2)

- p-m-A+1 '
A+l-a

(p-D(1+)-a(m+A1-2)

(H gives the correct space-time scaling near the blow-up

time, B gives the blow-up rate).
In [24] established conditions of norm of solution with

exponent - KHN gor following Cauchy
Nv+1

H

critical

problem
u, —div(um’l|Du|i_1 Du) = —5|Duv * £ ou”in
R" x(0,T)

u(x,0)=u,(x)>0

Here are some of them
if g <q then |u(t)| <t

1
if o =q"then |u(t)| < {Int] **
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here A:qH_—q(N\,H), H=(A+)(vg-1)-qm+1-2),

K=NMm+A1-2)+1+1,
0=0,e=1m+4A-2>0.

In [25] the long time asymptotic of the solution were
established for the following problem with critical

parameter P, =1+2m/N
u, =—(-A)" —|u|p_l UinareaR" xR,
u(x,0) =u,(x)

Following asymptotic

U(x, 1) = £Cot 2" (Int) /e { f () +o(1)}

where f is the rescaled kernel of the fundamental solution
of the linear parabolic operator.

Mu et al. [26] studied the secondary critical exponent for
the following p-Laplacian equation with slow decay initial
values:

U, = div(|Vu|p_2 Vu)+u“,(x,t) eR" x(0,T) (9)

u(x,0) =u,(x),x e R" (10)

where p > 2, g > 1, and showed that, for
q>q, =p-1+(p/N) , there exists a secondary
critical exponent @ =(p/(q+1—p)) such that the
solution U(X,t) of (1.9)-(1.10) blows up in finite time for
the initial data U,(X) which behaves like [X| " at

Xx=o00 ifae(0,a)), and there exists a global solution

for the initial data U, (X) , which behaves like |X| * at
x=0 ifae(a,N).

J.-S. Guo and Y. Y. Guo [27] obtained the secondary
critical exponent for the following porous medium type
equation in high dimensions:

ut:Aum+up,(X,t)eRNx(0,T) (11)

u(x,0) =u,(x),x e R" (12)

where p>1, m>1or max{0, 1 - (2/N)} <m< 1, Uy(X) is
nonnegative bounded and continuous, and proved that for
p>p, =m+(2/N), there exists a secondary critical
exponent @ =2/(p—m) such that the solution
u(x,t) of (1.11)- (1.12) blows up in finite time for the
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initial data U, (X) .

The authors of [28] considered the fast diffusion
equation for large t, when the degree of absorption is
critical for the following equation

Ou—Au™+u? =0inarea (0,00)xR"

u(0,x) =u,(x),x e R"
—go=me 2
q=G.=m+

They established a clear lower bound, which eliminates
convergence to zero.

In this paper, we study the asymptotic behavior (for
t — o) of solutions of the Cauchy problem (1)-(2) for a
nonlinear parabolic equation with a double nonlinearity,
describing the diffusion of heat with nonlinear heat
absorption at the critical value of the parameter .

2. Asymptotic of the Solution

Based on the method of standard equation [2], the
solution to the problem (1)-(2) will be find in the following
form

u(t,x) =T(t)o(z(t), x), Ut) =(t |nt)‘ﬁ 13)
Put (13) in (1) and select 7(t)

m+k(p-2)-1

r(t) = j(t Int) a1 dt

For o(z(t),X) we get following equation
g_w =V(@" |Va* |"? Vo) e s
T

(14)
dU —(m+k(p-2))
(4]

Cdt
We note that for large t by the Hardy theorem on the

behavior of the integral [2], the function z(t) has the
following asymptotic

T(t) ~t*In“t, t ~o0
Where
o - k(p—2)+m-1
© (p(k(p-2)+m)N)p’
o k(p—2)+m-1
* (p+k(p-2)+mN)p
Now put @(z,X) = f (&), &=x[z()]™"", in (14)
we get an approximately self-similar equation:
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p-2

(5 —1 m-1 dfk df ) éi_
df . dé” pd¢é (15)
_f Z_(Gﬁ’—(m+k(P—2)) f41 __Ua—(m+k(P—2))) -0

dt

We take as a generalized solution of the equation (15) the
following function

p-1

o ek (p-2)L
(&)= [ IJ

b:(m+k(p—2)—1)/(kp’2pﬁ), m+k(p-2)-1>0

(16)

After putting (16) into (15) a self-similar equation
transforms to

P
L(f)——% ~frun(f

11 17
+ﬁ_1(lnt+1)) 17)

Theorem 1
Let(z-1)(B.-1)—(p+zN)p<0 and
B.—D((p+z(N-D)p—-z+1)—p(p+2zN) <
Where
z=k(p—-2)+m, f. mentioned number

Then for t — +oo solution of problem (1) -
bounded above by function U, (t, X)

&E,b u(t) defined above

2

Proof

Show that U, (t, X) is the upper solution of problem (1)
- (2). After putting U, (t, X) in (17) we get the following
estimates

L(f)=T
(f) (/3

N —P_p
uN(Int+1)z-—E—r un ) 0

To satisfy these estimates, the following conditions are
sufficient
(z-1)(B-1)~(p+2N)p
1 eaeme |,
B.—1
LY
P
These conditions valid due to conditions of the theorem
1.

(B=1)((p+2(N-1)) p-z+1)-p(p+2zN)
(B-1)(p+2N)p

t(int+1)—

Theorem 2.

m+k(p-2)-1

(p-1)(B--1)
ag 1 p-1 1 ,
B-1

Let

(z-)(B.-)—(p+zN)p>0 and
(B-D((p+z(N-1)p-z+1)—-p(p+zN)>0

z=k(p—-2)+m, . defined above
Then for t — +oo solution of problem (1)
bounded below by function u_(t, X)

- (2

u(t,x) > u_(t,x) =u(t) f (EQL+Int)), F(EQ+Intt) =

p-1

P 1 m-+k(p-2)-1
=la-b&P(1l+—)
Int

Proof
Showthat U_(t, X) isthe lower solution of problem (1)

- (2). After putting U_ (t, X) in (17), we get the following
estimates

f(§(1+ln1t»(r(t)uN[ St )= T oy 1- EJZO

To satisfy these estimates, the following conditions are
sufficient

1 Int N

+ —

ﬁ* _1 ﬁ* _1

~— f(E@+In71) 7 20
prun
These conditions are true due to conditions of the

theorem 2.
From the last two theorems it follows that for all large t

the self-similar solution G(t)?(f) is bounded above and
below

u, (t,X) = u(t) F(£) 2 u(t, x) 2 u_(t,x) = u(t) f (E@+In"t))

For t — +oo we get the following estimates

U (t ) =u® F)2ut,)>u ¢, x) =u®)f()

3. Results of the Numerical
Experiments

Problem (1) - (2) has no analytical solution. Therefore,
we will discuss result of the numerical experiments. To
find a solution of problem at some point we are using
numerical methods (see [29]-[31]). The resulting
asymptotic of the solutions were used as an initial
approximation for numerical computation.

3.1. One Dimensional Case (N=1)

From problem (1) - (2) we have following one
dimensional nonlinear heat equation with initial and
boundary conditions
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ouk|"

OX

a_u—ﬁ u™?

ot ox

u(0,x) =y(x)=0, g<x <p
u(t,0)=¢,(t)>0
u(t,b) =g, (t)=0

For problem (18) we construct the spatial grid x with
steps h

i“J_uﬂ (18)
OX

,telo,T]

®, ={x; =ih, h>0, i=01..,n, hn=hb}

And temporary grid with 7
o ={t;=jr, >0, j=01..m rm=T}

replace problem (18) implicit two-layer difference
scheme and obtain the difference task with error o(h? + 1)

i+l —_ i . N . N . N
yil - yiJ _ %[aid ( yJ+1)(yi]++11 _ yij+l)7 a (y1+1)(yij+1 _ y|jf11):|

(v'*Y,i=120n-1  j=01..m-1 (19
y =Uy(x), i=01..n
Yo=d(t), j=12..m
Va=4(t),  §=L2..m

Wherea;,; and a; is nonlinear terms of the problem
(18). Inour case @;,, and & are a thermal conductivity

coefficients. To calculate @;,, and @&, use the following
formulas [29]

() =y
h

(Yij+1)k — (yijjll)k
h

j+ m-1
j+1 1 (yl )
aiJrl(yJ ):E
+(Yij:11)m_l

+

p-2

p-2

jHyk j+1yk
) =) "

h
() = ()"
h

. (v
ity _ =&
a(y'")= >

+ ( Yin)W1

when i=1 a; goes beyond the points, so following
Milne formulas can be used[31]

(20)

p-2

du

aup -y, +4Y: —3Yy or
dx

. 2h

d_u
dx

~ 3Yn B 4yn—1 + VYoo (21)

2h

n

Scheme (19) is absolutely stable and has the first order
of approximation for 7 , and the second for h [29].
System of algebraic equation (19) is nonlinear is relative
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yj+l

For solve a system of nonlinear equations (19), we apply
an iterative method and obtain following system of
algebraic equation [29]

g+ J 5 s+1 s+1
Yi — W _ i J+H gl gl
— 32 Ia:‘+1 Y .}:'+1 S
T h

5

_ (}.-;f“ )ﬁ (22)

5 s+l s+l
i+l i+l i+1
_ aj -}!v -}!-_J S }!;_1

I

where S = 0,1,2,...

unchanged

Now system of algebraic equation (3.1.5) is linear is
. s+1
relative y“l . As the initial iteration for Yy ; Y s

initial and boundary conditions

0
taken from the previous time step yi™* —=yi . When

counting by an iterative scheme, the accuracy & of the
iteration is set and the process continues until execution the
following conditions

s+1 s
max\y,—y;|<e
0<i<n
Remark. In all numerical calculations we take
£=10"
Let following notation
y' =y, y"=y

From different scheme (22) we will find tridiagonal
matrix coefficients A, B, C, F and solve following system
linear equations by method Thomas [29]

s S+l s S+l s S+l

Aiy,,-Ci Yy, +Bi yi+1=_[szi’ 1=12,.,n-1.
Yo =21Y1 Tt 4

Yn = X2Yna T4,
Where
s j+1
_ Ta‘i+1(a )

s,
,SA\ _Tai(al+1) S 4 |

h>

s S

S S s )
Ci=Ai+Bi+1, Fi= yi—(yi’”)ﬁ :
s=012...,1i=12,...,n.
3.2. Two-Dimensional Case (N=2)

From problem (1) - (2) we have following
two-dimensional nonlinear heat equation with initial and
boundary conditions
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i( v 6_u}
o o | o
a_u _ X1 X1 1 _uﬂ* (23)
A, o[ ot au
OX, ax 8x2

U= z(x,t), u(0,x) =uy(x)>0,
0<x,<b,, a=12.

We construct the spatial grid X, (o =12) with

steps hlzﬂand hzzbiz:
1 nz
B, =P =), K=ity =, i j=01..0,, @=12
And time grid with 7
o, ={t.=lz, >0, 1=01..,m, m=T},
T>0.

For numerical solution of the Problem (23) used method
of variable direction [30]

Vil = Vhi _ o s Ay |
W— Y ALY +aly)
' (24)
yhl yh}/ — A yl+}/ + A y +q(yl+1)
05-¢
where

/\1)"%:%[314,;(3/'%) (s =)=, (V) (w7 -ni) |,

AzY' Z%[bi‘m(yl) (V30 =0 =0y (v') (V= v0)]

2

14+1/2 |(y|+1/2) —(yi'fll,’f)k |p_2
a _(y|+1/2) zl (ylilyj ) | h1
i 2 +(y|+1/2)m 1|(y||_+11/12 |I+;/T) |
AR
I - (yl +) _(y| )
(yl J) 1| = h J |
bi,j+1(y|) == | Zk I o2
+(yil+1j)m—1|(yi,j) ;]2(yi_1,j) |
o el
b, (y") _1 (yl H) | h,
) 2 +(yi|,j )m—l (yil,j—l)k _(yilyj_z)k |P—2
! h, -
_(y|+1) -1 (yi|,+11+1) _(y|+1) | N |
b. ) (yl+l) :l " hz |
i+ 2 » |(yl+1 ,|+11]) |
+(yi+l,j)
_ o

i,j-1

o 1 |
bi,j(yI l):E

1+1

h2

) S -

+(y

ij

141 )m—l | (yi,j—l)k - (yiljl_

p-2
)|

Azy'”=%[bi.j+1(y'“) (M=) =bu (v™) (
2

i,j=12,..n, -1,

oa=12

q(y )=-u’

For nonlinear part aiyj(y') and ai,j(yl) were used

the following approximations

yH

vi)]

-2

i

h

( |+1/2)m1|(yil++11/12) _(yM/Z) |

I+1/2) —

Ay (y >

+(y

1+1/2
i+1, ]

(yl+1/2)

I+l/2
| -1,j

| +

[

"

h1

_ | h _
For computation on the end of the segment the Milne

formulas (21) is also used.

Scheme (24) is stable both according to the initial data and

on the right-hand side for any 7 and h. Scheme has
accuracy O(z? +h?) [30].

In this scheme, the transition from layer | to layer I+1 is
carried out in two stages. In first stage find intermediate
values for 1+1/2 and in second stages find values for 1+1

with usages founded value 1+1/2 layer.
Rewrite the initial and boundary conditions as follows
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yszuo(x), X € @,
1+1

yi'=¢"", when j=0 u j=n, (25)
yi A =¢"% wheni=0ni=n

~ A, (#7 9" 301

where ¢7=%(¢'+1+¢') n

Let following notation

y' =y ¥yi=y. y"t=y.

For solve a system of nonlinear equations (3.2.2), we
apply an iterative method and obtain following system of
algebraic equation

s+l

y i 1 s\ (sl s+l s\ (sl s+l s
05-‘r=h72 ai+1,j(Yj Yiai~ Yij _ai,j()’j Vii=Yia ||*Fii=0
: 1

(26)
sil
y i 1 S s:l 5:1 S sil 5:1 s
0 5_17 :h2|:bi,j+1(yj[ Vi~ Y i,j]_bij(yj( Yii=Vy i,jl]:l+ Fij=0
. 2
(27)

Now system of algebraic equation (26) is linear to
1

s+1
relative y i (27) is linear is relative  y i .As the initial

s+1
iteration in (26) for y i Y is taken from the previous

0
time step 7”— =Yi ;- When counting by an iterative

scheme, the accuracy & of the iteration is set and the
process continues until execution the following conditions

s+1 S
max|y..—V. .|<e
0<i<n, Yii— Vi,
0<j<n,

s+1

As the initial iteration in (3.2.5) for 9ij Y is taken

0
from the previous time step Y;; = Vi,j . When counting

by an iterative scheme, the accuracy & of the iteration is
set and the process continues until execution the following
conditions

s+1 S

0r2<ar?( Yij—VYij|<¢€
1=
0<j<n,
Remark. In all numerical calculations we take

e=10"°
Difference equation (26) can be written as

(28)

S 511 S 511 S Sil S
Aij yi+1,j_Ci:j YiijtBiiViy; =—Fii
y=¢, when i=0,n

211
i,j=1,2,...,na -1 a=12
and (27) as
S stl S stl S stl S
Aij yi,j+l_Cirj yi,j+Bivj yi,j—lz_FiyJ' (29)

y=4¢,
After we have 3 diagonal matrix equations with

following coefficients A, B, C, F and can solve following
system linear equations by method Thomas.

S (—l1+y2) , S (=12,
s z'ai,j(y ) s Tai+1,j(y )
Ai e ——— =_-——

2h? 2h?

when j=0,n,

S

s s s S —I 7 (—I B T —1
Ci=Ai+Bi+1, Fi:yi,j _E(yu) +EA2y !

ST P T g
éi:ii"'%ﬁl’

s s s
= oz Tiae\f | T\ sl
Fi=¥) _E(yﬂ' ) +§A1y
The system of equations (28) is solved by lines
J=12,...,n, =1 and Y determined at all point of grid

My, , then system of equations (29) is solved by columns
i=212,...,n;—1 and Y determined at all point

of grid @y, . During the transition from layer 1+1 to layer
I+2, the counting procedure is repeated.

3.3. Visualization

Notice that very important to found appropriate initial
approximation of solution depending on value of numerical
parameters. Therefore, an initial and a boundary values are
calculated using the founded above following asymptotic

T
U (t,x) =(tInt) 21 £ (&) ﬂ*:k(p—2)+m+ﬁp (30)

(&) = (a—bert) me-2

L

b=(m+k(p-2)-1)/(K"?)(p")"*, m+k(p—2)—1>0’

f=xrr” 7(t) =t"In"t

o - k(p-2)+m-1

Y (p+(k(p-2)+mN)p’
o k(p—2)+m-1

2 (p+(k(p-2)+m)N)p
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As we can see from the figures, for large times and a
critical value of parameter [, , the solutions of the
problem infinitely close to each other, which leads to
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localization.

4. Conclusions

As we see the asymptotic of the solution to problem
(1)-(2) for the critical parameter £ changes its asymptotic

for t — 400 . Proofs of the proposal based on principle of
comparison solutions. The resulting asymptotic of the
solutions were used as an initial approximation for
numerical computation. As we now the final propagation
velocity is a natural effect inherent in nonlinear processes.
In all numerical experiments we got this effect. As a
numerical experiment showed, founded asymptotic is a
good initial approximation. The numerical results are in
good agreement with the physics of this process.

We are currently investigating the convergence of
schemes (24), (19) and the asymptotic stability of a
solution (30).

In[32] authors study the homogeneous Dirichlet problem
for the following doublx nonlinear equation posed in a
bounded domain in R with homogeneous boundary
conditions and with non-negative and integrable data for
the degenerate case m(p-1)>1 and the quasilinear case
m(p-1)=1

u (t,x)=A,u"(t,x), fort>0 and xeQ,
u(0,x) = u, (x),
u(t,x) =0,

forxeQ,
fort>0 and x € 0Q.

A w=div(| Vw|"2 Vw) is p-Laplacian operator, p>1,

m>0.
They established the following long time asymptotic of
the solution and gives rates

u(t,x) = (t+s)“h(r), r=x|(t+s)”,

where «, 3 are positive parameters and h a real valued
function satisfying a certain ODE.

The founded long time asymptotic of the solution (3.3.1)
can be used for this problem with the additional absorption

part for the critical parameter £ in case m=1, k=m.

In addition, the equation (17) can be obtained by
N-1
multiplying the equation (15) on 5 and integrating

over the interval (0, &) . Kind of such an equation may be
get using work [33].
At k(p—-2)+m=1 there is a special case. In this case

function f (&) looks like following

f(&)=exp(~(k"?pP)* )

All this suggest that parameter £ is very sensitive to
parameters k, p, m. Besides at k(p-2)+m=1 the
asymptotic of the solution will also change, which as in the
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critical case, can discover new effects, properties,
estimates.

For the equation with variable density which is given
below, the critical value of parameter S is also found.

With it helps search the asymptotic of the solution with
critical parameter possible.

|x|'I ?’;’t_u = V(u”"1 |Vuk|p_2 Vu)—|x|'I u?,

u(0,x) =u,(x), xe R"

u(t, x) = w(t, o(x))

@ — (pl—s i q)s—lwm—l
ot op

- N —I
o(x) = px" 1(p=1), 5= PN hI<p

aWk

op| Op

p-2 ow
_J_W&

p-I
N -1

The search for new effects of a variable density problem
for a critical value of parameter [ is a very important and

interesting study. It expands the possibilities of applied
application of this study and this equation a more
generalized case of problem (1) - (2).

B.=k(p-2)+p/s=k(p-2)+
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