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Abstract This paper is aimed to find a connection
between i-dimensional spaces (i=0,..., ‘n’) and the
long-range j-dimensional attractive forces (j=0,..., ‘m’)
creating these spaces. The connection is fundamental and
unrelated to any processes going in the spaces being
studied. A theorem is formulated and strictly proved
showing in which cases the long-ranged attractive forces
can form real spaces of different dimensions ( i=0,...,n).
The existence of the attraction between masses is defined
by divergence of the vector of interaction between masses.
Weak anisotropic real spaces are studied by rotating an
ellipsoid for (3 + {)D-cases when its eccentricity e<<I.
Such spaces cannot be in equilibrium, the time of their
existence is substantially limited. The greater is anisotropy,
the shorter is the lifetime of such substance. The latter
cannot be in equilibrium, the time of their existence is
substantially limited.

Keywords  Attractive Forces, Spaces of Different
Dimensions, Real Spaces, Attraction between Masses,
Divergence

1. Introduction

As is well known from affine geometry (see, e.g., [1]),
there are spaces with the admissible systems of orthogonal
coordinates having a common origin, an identical unit
volume and orientation. Such is our real isotropic 3d-space.
Why? Because our real space could be created only owing
to long-ranged attractive forces, e.g., by the forces of
gravitation. An empty space, i.e., the space without any
matter, can have any dimension — from zero up to ‘n’. The
mathematical space is empty.

The main goal of this article is to find connection
between the real spaces of different dimensions i = 0,...,n
and the long-range attractive forces that create these spaces
and have its dimension j = 0,...,m. By the dimension of
long-range attraction forces F is meant a value of the

exponent j in the denominator of the formula
F= kmlmZ/rJ , Where m; and m, are the interacting
masses (kg); k is a coefficient; r the distance between these
masses (m); j(j)=1,2,3,...,m(m).

Using the result obtained for the real spaces with an
integer dimension, the author is studying two specific cases
connected with weakly anisotropic real spaces whose
dimension differs from the integer number by a very small
quantity.

Our problem should not be confused with problem that P.
Ehrenfest was solving 100 years ago (see, e.g., [2 — 5]). He
made attempt to link the dimension of space with
fundamental laws of physics but he did not concern the
problems connected with the creature of spaces under
influence of long-ranged interaction forces of a definite
kind.

We should note the following as well. This article is only
the first step in studying the spaces of any dimensions. The
time will come, and the results obtained in this article will
be united with results which were obtained by other
researchers, e.g., by A. G. Horvath [6].

2. Real Spaces and Forces Creating
them

Call any space containing matter a real space. Any real
space has to contain sources of long-range interactions, viz.
an attraction between masses in our case. The existence of
these sources is defined by a divergence of the vector a of
interaction between masses. For example, for our 3-D real
space the divergence of a will have the following form if a
is only a function of the coordinate p (in a spherical
coordinate system):

a n ds
diVsa=Lim£pV—p,v=:m’3, S =4ar?, V5o, (@)

Kk
:21; 2

F=—kmim,r/r¥; a=E= (F/m,)=-r
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where index “3” in (1) indicates that the above formulae
refer to 3D-space; dS is the surface element of a spherical

surface; n, the unit vector perpendicular to dS; V the

volume; F the interaction force between masses m 1 and 2;
k the constant of gravitation (kg™ - m® - s@); E the vector of
gravitation field intensity (m - s), as m, =1

If v — o, then we can write down (1) as
_—— k om,
divsa= — n, r—z—dév S. 3)
Since dS = p?sin@d@¢ in spherical coordinates
(o, 0,9), We have after integration (3):

om,

divsa= —47kn ~ 4

If we use another formula instead of F=—km;m,r/r?,
e.g.,
F=—km,m,r/r®, (5)
then we shall have

divsa= —4skrn i;n/l , (6)

which means that divza depends on “r’, and, in turn, the law
of energy conservation is broken. Indeed, if v — o (See
(1)), then r 0 and divsa = 0. This means that the
gravitation source at this point of space is unobserved. An
analogous picture takes place at other points of our space.
In fact, it means as well that there is no real space, since the
interaction (5) cannot maintain its existence.
Now take such a law instead of (5):

F=—km,m,r/r’, )
then instead (6) we have

divia= —47kr™n, % , (8)

and divsa— oo if V and, consequently, r tends to zero.
Hence, our space collapses into a point, i.e., we obtain a
black hole.

Here we should make an important remark. As seen, we
use the sphere of dimension 3, which means that we study
an isotropic space. If the space investigated had a fractional
dimension, e.g., 2.9, then we had to take for our
investigations not a sphere but an ellipsoid. Consequently,
we cannot use an expression for the element of the ellipsoid

surface as ds = p*sin@d@e | since in this case p should

be a function of the angles ¢ and 6.

Now we can put a question: how will things be going for
spaces of other dimensions — from zero to n? To answer
this question, first of all write down expressions for
volumes and surfaces of different ranks. We begin to study
spaces whose dimensions i< 3,i.e., 0,1,2.
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If i=2, then we consider a circumference and a space
inside it (we call this space a flat sphere). Therefore we
have:

ia ,n,dL ,
div,a=_im S ,s:ﬂr v L =27, (9)
S o0
F=—kmim,r/r*; a=E= (F/my)= —r k”;l - (10)
r
here the coefficient k in kg™ - m? - s2 units.
If s _ 0, thenwe can write down (9) as
divae —§n KMy (11)
2771 &5

Since gL = pde In polar coordinates (), We
have after integration in (11):

om,

divia= —27kn, = (12)

If we have another formula instead of F=—km;m,r/r?,
e.g.,

F=—km;m,n,, (13)

then we shall have

div,a = —27zkrnp % .

(14)

Hence, div,a depends on “r’, it means, in turn, that the
law of energy conservation is broken. Indeed, if s o
(see (9)), then r — o and div,a = 0. Thus, the gravitation
source at this point of space is unobserved. An analogous
picture takes place at other points of this space.

In fact, it means as well that there is no real 2D-space,
since the interaction (13) cannot maintain its existence.

Now take such a law instead of (10):

F=km;m,r/r}, (15)
then instead of (14) we have
. 4. om
div,a= —27kr'n gl , (16)

and divsa— oo, if r -0, i.e., the flat sphere collapses
into point and we have black hole but in 2D-space.

Below the Greek letters ¢ and 6 will be replaced by the
Greek letter ¢, with index m=1,2,... , since we shall study
spaces with i> 4.

If i =1, a straight-line segment will be as if an analogue
of the above flat sphere and a pair of points will be as if
analogue of the above circumference bounding the above
flat one. In this case we have:

divia =-2a @an
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F:kmlmz, a=E (18)

here the coefficient k is in kg™ - m - s units.
At last, if i=0, then the space is a point here and its div, a

= % i.e. we have uncertainty.
Now we shall study the spaces having the dimensions

fromi=4 uptoi=n.
If i=4, then we have [7]:

a,n, dA
. (4) 1
divaAy) = Lim+—— § L Qy ==7°Ry,:
Q) 2
3
Ay = 27’ R (19)
Quy —o
R4
F(4): —kmlmzR(4)/ ) X
km
Aw = Ew = (Fe/m2) = Ry — (20)

4
where index “4” in formulae (19 — 20) indicates referring
them to 4D-space, dA(4) is the element of 3D-surface, N,

the component of the unit vector perpendicular to each
point of this 3D-surface, Q(4) the 4-D volume, the F,

interaction force between masses m 1 and 2 in 4D-space, k
the constant of gravitation in 4D-space
(kg™ - m*- s), E the vector of gravitation field intensity

(m-s?),asm,=1.

If Q(4) —> 0, then we can write down (19) as

k5mIA

P R3 &(4)
dA = p°F($1,4,,¢5)d4,dS5dL, in

spherical coordinates (p0,467,$,,45;), then we have after

diviAy = —,n (21)

ON

Since

integration (21):

diviAg=—27°kn —1 (22)
(4)

If we have another formula instead of Fy=—km;m,R )/

Ry £9.

F(4)=—km1m2R(4)/ R3 (23)

(ON
then we shall have
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om,

(4

—27%kR, \n

diV4A(4) = @,

(24)

Hence, divsA(, depends on “R”, it means, in turn, that
the law of energy conservation is broken. Indeed, if

Q) — O(see (19), then r —» 0 and divsAw = 0. The
analogous picture takes place at other points of our space.
In fact, it means as well that there is no real space, since

the interaction (23) cannot maintain its existence.
Now take such a law instead of (23):

4)——km1m2R 4)/ R(4) (25)
then instead of (24) we have
. _ om,
diviAyy = 27r2kR(4l)np (26)

(4)

and div,Ag) — oo if €, and, consequently, Ry, tends to

zero. It means that our space collapses into a point, i.e., we
obtain a black hole.

In principle, we get a similar picture for the cases i=5—n.
Show it for the case i=n.

andA,
divnA(n):Limm;Q(n) = C(n)p".
(n)
n/2
T
-1 Cn =
Ay =NCy0"™ ™ (0 &7
2
Q) —0
F(n)— —kmlmzR(n)/ R(n) ’
Aw=Ey= (Fo/m)= Ruy—z (28)

4

where index “n” in formulae (27 — 28) indicates referring
them to nD-space,

dA(n_l) is the element of nD-surface, N, the component
of the unit vector perpendicular to each point of this (n —
1)D-surface, Q(n) the nD-volume, Fg, the interaction

force between of masses 7111 and 11, in nD-space, k the
constant of gravitation in nD-space (kg™ - m" - s?), E the
vector of gravitation field intensity (m - s?) at m,=1 the

1—(” + 1) gamma function.
2

If Q) — o, then we can write down (27) as
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k om
diviAm=— N ——=——dA . (29)
§n P R" &(n)
Since

dA(n) =pn_lF(ng,é'z,4'3,...,é’n_l)dé'ldé'zdé},...,dé’n_l
in spherical coordinates (0,¢7,¢,,83,+4$,1), We have
after integration (29):

nz"'? om,
yel
r@u} X

If we have another formula instead of F(n)zkmlmle”'l,
e.g.,

diVnA(n) =—kn (30)

F(n)= —kmlmzR(n)/ R(nn_)l, (31)
then we shall have
nR 7z_n/2 &n
diveAq = —kn —O L. 3

P
|(n
2

Hence div,A, depends on "R(n)", it means, in turn, that

+1) 0

the law of energy conservation is broken. Indeed, if
Q) >0 (see (27), then R, —0and div,Ag = 0,

which means that the gravitation source at this point of
space is not observed. An analogous picture takes place at
other points of this space.

In fact, it means as well that there is no real space, since
the interaction (31) cannot maintain its existence.

Now take such a law instead of (31):

F(n)z —kmlmzR(n)/ R(nrsl, (33)
then instead of (24) we have
I,.]Rflﬂ_r‘I/Z &n
divpAg = —kn —2 1 (34)

P )
r@uj A

and divaAp) — oo if Q(n) and, consequently, R, tends to

zero. It means that our space collapses into a point, i.e., we
obtain a black hole.

Now we can assume that vacuum is a nD-space where
the interaction law between masses has the rank n+1. There
are fluctuations of the number n+1 in the interaction law
and the rank of the interaction may become less than the
space dimension. As a result, there occurs the Big Bang.

There occurs an ejection of substance to an empty space
after the Big Bang, and the matter begins to convert a
mathematical space into a space of dimension n. The
number n depends on the law of mass interactions for this
matter. If it is the law (2), then we obtain our three
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dimensional space.

3. The Formulation of the Theorem on
Spaces and Forces

We can generalize the above-mentioned to a theorem,
viz., the long-raged interaction forces of dimensions i =0,1,
2,...,n can form real isotropic Euclidean spaces if and only
if, when the dimensions j of these spaces equal j=i+1. Then
we can affirm, using the method of mathematical induction,
that the long-raged interaction forces of the dimensions i
=n+1 can form a real isotropic Euclidean space of the rank
j=i+l=n+2,

This is a theorem, which we call “the theorem on spaces
and long-ranged interaction forces forming the former” or,
more shortly, “the theorem on spaces and forces forming
them”.

Based on this theorem we can suppose that real spaces,
where the theorem is valid, can be in equilibrium. In case
this theorem does not hold the spaces fail to exist, at any
rate collapsing into a black hole or an empty space. In this
connection it will be interesting to study weak anisotropy
(3+ {)D-spaces, e<<lbeing oblate and prolate ellipsoids
where ¢ is an eccentricity of ellipse of revolution.

4. The Case of the Weak Isotropic (3-
Z)D-Space, Z=7(®)<<1; Oblate
Ellipsoid with the Eccentricity E<<1

To study the weak anisotropic space, we use the
expression (3) having transformed it as follows:

gapnpdS
V v—>0 ,

where the quantity { depends on an angle ¢ between the
radius of the spheroid p and its major axis, i.e., instead of
the sphere limiting 3-D isotropic Euclidean space we use
an oblate ellipsoid limiting a weakly anisotropic space of
fractional dimension. Then the expression dS for the
element of the ellipsoid surface will significantly differ
from the analogous expression for the sphere surface
element. In the latter case, this element is representable as a
differential of the ellipse arc dl, multiplied by a differential
of the circle arc dl; formed by rotation of one or another
point on the ellipse arc around its major axis. Then we
have:

2
dS =dIdl, =+/(dr)’ +r?(dp)’rsinedd =r?sing /[:Trj +1ded6’
@

(36)

3—

divs. 8= im (35)

b

r=p 37)

1 i)
(1-&°cos® )2
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2

RS M (38)

1-g°cos ¢
where (37) is the equation of ellipse in polar coordinates,
when its origin is at the center of the ellipse, »=p is the
radius of the ellipse, b its minor axis, ¢ the eccentricity of
the ellipse, ¢ the angle between the radius r and the axis X
in Cartesian coordinates aligned with major axis of
coordinates around which it rotates, 6 the angle of the
ellipse rotation around of axis X.

Taking into account of (37), we obtain from (36):

5

£*cos® psin® p+1-2s%cos® p+&* cos* @

(1 g2 cos (p)
b?sing

\1-2&%cos? ¢

g2 cospsing
1-g%cos’ @

b?sing
1-g%cos’p

=0l

zl—gzcosz(p
VJ1-2g2cos’ pdpd ~

ds =

J +1dedO

dgd6 ~

bZSIn(p

(1-£2cos’ p)? dod

0.

(39)

The final part of the expression (39) was obtained
providing &” cos® psin® ;e*cos* p <<1, if the
eccentricity ¢ is small enough, i.e., much less than unity. If
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the quantity ¢=0, then we obtain an expression for the
element of a spherical surface. The integration over the
angle ¢ here is clockwise, since this angle is also read in the
same way.

Now we should obtain an expression for the interaction
of masses in the anisotropic space studied (in the oblate
ellipsoid), when the ellipse has the eccentricity €. With this
aim we should return to the expression (2). We write down
it for the studied case as

km,
r¥e’

F= —kmmyr/r*s; a=E= (Fimy)= —r (40)

Where

¢ =

i.e., we have here: £ =0, if p=0 and &, u { =2¢, if p=7/2.

To obtain the divergence of the quantity a, we use the
expression (3), allowing for (38 — 41) and taking into
account that the vector product a - n = a_,n, cosa’n
~a n, atany point of the surface of the ellipsoid because
of a very small eccentricity of the figure of rotation and,
hence, the cosines of the angle between these vectors being
close to unity.

g(l—cos2¢), (41)

div, .a=
¢ 2 i
SB 0 k om 1d 43 0 kre om, bsing dpd =
3¢ Pl sV Pt 8V 1-26% cos® @
22 ana2
—cj}wnpkr? om _1-¢&cos ¢ sinpdpdd ~

N J1-2£2cos?

T om
—27z.|'npkr§ éVl

L om

5(1—(:05 2¢)

—27[[ n ke

XZ

Ajb’?dx,
1

V>0

gsinpde ~27n ke

(42)

-1 5m1 5” —250052(/7 _
sz I b decose =

0
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4 om

where AZ\/Eﬂnpké‘ 1b2‘5 \/_ £COS@ = X.

Obtaining  the expressmn (42), we proceeded especially, from  approximately  equality

(1-&£%cos” ) ~+/1-2£°cos’ @ since we shall obtain (1—&°C0s?@), having added under the root the
expression & cos*p<<2£2cos’ .
The integrated expression and its Maclaurin series expansion are well known; in this specific case we have:

2Inb oy Inb , In®b B
Ib dx j(l— 2!gzx _3!53)( +..)dx =

2|nbx3 iln bx* 1In°bx” 1In*bx®
We 3 22 5 3 7 Hg' 9 1

3 3 2 5 5 3 7 7

=\/§&'COS¢)—4\/|§ (2.3logb) £° cos (p+4\/§ (2.3logh)” &> cos” ¢ 8\2 (2.3logb)® " cos’ ¢

£ 3 2! g2 3l gl 7 (43)

4 9 9
1642 (2.3Io4gb) £’ 1 s 4\/_5 2310 gb—4‘/_5 (2310gb)? + 8\/—5 (2310gb)f -
4 & 9 215
5
16v2¢ (2.3logb)* -
419
Here and below, in Inb and logb the quantity b is dimensionless.
As a result, we have for the divergence a;
dng_Ca:
om, 5, 16¢*
Zﬂnpkévlb2|: 2+|—323Iogb——(23logb) +3—(23Iogb) 0 (2.3logb)". } (44)

V>0
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then the expression (44) transforms in the expression (4), as
VvV —»0, all terms in the right side of (44), except the first
one, are tending to infinity, since o — o, but the quantities
b_are only tending to zero. Absolutely another picture takes
place, when the quantity € does not tend to zero but is taken
equal to 0.01. In this case, we obtain in the right side of (44)
an indeterminate form, which is very difficult to evaluate,
if possible at all. However, this difficulty we can overcome,

if instead of v _»o another expression V =V, . is

used, where V,,, is the volume of the oblate ellipsoid

having the small axis p —10-¢m. Then the right side of
(44) converges quickly, and in this volume there can be all
free atoms of Mendeleev table each taken separately and
the most of molecules containing these atoms, i.e., an
almost complete set of matter components, whose mass
defines of the existence of gravitation.

The quantity b* =( )002 =5+ 105 m. It is very
small. In turn, the major and minor axes of the ellipse are
almost equal to each other. Then the interaction (40) can
form and maintain a space whose dimension is very close
to 3D, but this space cannot exist arbitrarily long. Early or

203

V — 0.

To obtain formulae similar to the dependences (36) -
(38), but for the prolate ellipsoid of revolution, we should,
in particular, turn the ellipsoid, studied in the previous
section, by ninety degrees anticlockwise, after that we
should rotate the upper arc of the ellipse around the
horizontal axis X of Cartesian coordinates. Then the
formula for the element of surface of this geometrical
object takes form:

2
dS =dl.dl, =/(dr) +r3(de) rcosed 9 = r’sing [‘i J +1dpd 9
@

(46)

where the differential of the ellipse arc dl, is again
multiplied by the differential of circle arc dI formed by
the rotation of one or another point on the arc of the ellipse
around the axis X of the Cartesian coordinates, d$ the
differential of the angle of the rotation arc around this axis.
Then the dependences (37) and (38) are written down as:

late, the space transforms to an empty space with all r=p= b (47)
circumstances following from that. ’ - 2 L
(1—&°sin‘ @)?
. 2
5. Case of Weakly Anisotropy R S S 48
P IR (48)
(3+Z)D-Space, E<<1; Prolate 1-¢&%sin" o
Ellipsoid of Rotation but instead of (39) we finally have:
Replace the oblate ellipsoid in (40) by a prolate ellipsoid bZsin 1)
of revolution. Then we again obtain a new weak dS ~ ded$, (49)
anisotropic space, but now it will have other configuration \/1 2&%sin”
and properties. This space is also anisotropic, but it should .
be tending, in the course of time, to the black hole and not and instead of (40)
:ﬁeapotrarrnn.pty space. In this case, the dependence (35) takes F= —kmm,r/r** a=E= (F/m,)= —r ksr?; . (50)
Then instead of (42) we have
¢ an.ds (42)
div, ,a=_, —> 4 (45)
3+¢
d|v3+§a—
” .
—CJS N k om =—<J3 N k om  b°sing dpd g =
Y, POV 1-2£%sin% @
2 ain?
—<j> n,kr= om (L= sin_ ¢) sinpdpd 9 ~
e oV \/1—252 sin® ¢
(51)

T em . oM o .
=2z |n kr ¢ —Lsinpdp =-27|n e k—Lr ) gsinpdyp =
! Y ! Y

(v/2)? £%cos?

om %
2rn e ok S (r
p (3\/ '!-

V>0

XZ

2
dv2zcosp = Afb“ dx
1
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riue Azﬁﬂnpksflﬁbfzg ) \/E £COS @ = X.

The main difference (51) from (42) is in the exponent of
the magnitude b in the expression (51) having a
diametrically opposite sign as compared with the exponent
in (42). Consequently, divs,.a will tend to infinity as
v —>0 . As to the integrand as a whole, so it expands
without difficulties into a series which converges very
quickly at e<<I. It makes no sense to represent here a final
expression using (51), since its principal difference from
the expression (42) is in the sign of the exponent of the
magnitude b, which defines the tending of diva to zero or to
infinity.

As in the previous case, the interaction (50) can keep a
space created by it, however, not infinitely long. Finally,
this space should be converted into a black hole, with the
ensuing consequences.

6. Discussion

The results obtained and, first of all, the above theorem
permits one to make a proposal concerning an evolution of
the real spaces created by a certain cataclysm, e.g., by the
Big Bang. These spaces are Euclidean or almost Euclidean
ones; they can have different dimensions and be isotropic
as well as anisotropic. They can exist infinitely long if the
above theorem is kept or a limited time if the theorem is
broken. As to curved spaces, the author of this article does
not deny their possible existence but a theory of their own
is required. Here it is clear that in the case of curved real
spaces there should exist a connection between their
dimensions and the dimensions of the long-ranged
interactions created these spaces.

How will evolve the real Euclidean and almost
Euclidean spaces (isotropic and anisotropic) created by the
certain long-ranged interactions? Different cases, which
are possible here, will be studied below.

The first case. The space is isotropic, and the theorem is
valid.

In this case, the substance, having got an initial impulse
because of a cataclysm, generates an expanding space, e.g.,
three-dimensional one. During the expansion of space,
there occurs a transformation of an empty space in the
three-dimensional one. Later on, the non-equilibrium space
can come to an equilibrium state remaining there arbitrarily
long.

The second case. The space is weak anisotropic, and the
theorem is broken.

In this case, the space cannot be in equilibrium, it will be
weakly non-equilibrium. At some instant, the expansion
will be replaced by the compression owing to the long
ranged forces of interaction. Further evolution depends on
the law of interaction between the masses in collapsing
spaces. For example, if the space is close to 3D-space and
the exponent in the law of interaction somewhat less than
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two, then the space will be finally converted into an empty
space. If the exponent is, in contrary, somewhat greater
than two, then the collapsing space will be converted into a
black hole.

The space where we live, can be considered a
three-dimensional Euclidean one, showing a few patches of
curved space volumes containing masses of substance of
higher density. Evidently, “the theorem on spaces and
forces” is invalid for them.

7. Conclusions

1. Formulated and proved is a theorem according to
which real Euclidean spaces can be formed by
long-ranged interaction forces. These spaces are in
equilibrium if and only if the integer dimensions of
the space i and those of interacting forces j are
connected by the relationi=j + 1.

2. It is shown that weakly curved anisotropic spaces
cannot be in equilibrium and cannot exist arbitrarily
long. Early and late, they have either to transform to
an empty space or to collapse into a black hole.
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