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Abstract In this paper, we consider the initial-value
problem for parabolic variational inequalities (subdifferential
inclusions) with Volterra type operators. We prove the exis-
tence and the uniqueness of the solution. Furthermore, the
estimates of the solution are obtained. The results are achieved
using the Banach’s fixed point theorem (the principle of
compression mappings). The motivation for this work comes
from the evolutionary variational inequalities arising in the
study of frictionless contact problems for linear viscoelastic
materials with long-term memory. Also, such kind of problems
have their application in constructing different models of the
injection molding processes.

Keywords Parabolic variational Inequality, Variational
Inclusion, Volterra Type Operators

1 Introduction

We consider the problem for parabolic variational inequal-
ities (subdifferential inclusions) with Volterra type operators.
We start off by giving an example of the problem being studied
here.

Let n ∈ N, p ≥ 2, T > 0,Ω be a bounded domain in Rn, ∂Ω
be a boundary of Ω. We putQ := Ω×(0, T ), Σ := ∂Ω×(0, T ),
Ωt := Ω × {t} ∀ t ∈ [0, T ], Π := {(t, s) | t ∈ (0, T ), s ∈
(0, t)}.

Let Lp(Ω) and Lp(Q) be standard Lebesgue spaces. We
denote by W 1,p(Ω) = {v ∈ Lp(Ω) | vxi

∈ Lp(Ω), i =
1, n} a standard Sobolev space with the norm ‖v‖W 1,p(Ω) :=(∑n

i=1 ‖vxi‖
p
Lp(Ω) + + ‖v‖pLp(Ω)

)1/p

.

Let K be a convex closed set in W 1,p(Ω) which contains 0.
Let us consider the problem of finding a function u ∈ Lp(Q),
uxi
∈ Lp(Q), i = 1, n, ut ∈ L2(Q), that satisfies the initial

condition

u|t=0 = u0(x), x ∈ Ω, (1)

and, for a.e. t ∈ (0, T ], u(·, t) ∈ K and∫
Ωt

{
ut(v − u) + |∇u|p−2∇u∇(v − u)+

+|u|p−2u(v − u) + (v − u)

∫ t

0

b̂(x, t, s)u(x, s) ds
}
dx ≥

≥
∫
Ωt

f(v − u) dx ∀ v ∈ K, (2)

where f ∈ L2(Q), u0 ∈ L2(Ω), b̂ ∈ L∞(Ω× (0, T )× (0, T ))
are given,∇u := (ux1 , . . . , uxn).

Note that an operator Q 3 (x, t) 7→
t∫

0

b̂(x, t, s)u(x, s) ds :

L2(Q)→ L2(Q) is called a Volterra type operator.
We remark that the problem (2) can be written in more ab-

stract way. Indeed, after an appropriate identification of func-
tions and functionals, one usually writes

W 1,p(Ω) ⊂ L2(Ω) ⊂ (W 1,p(Ω))′,

where all the injections are continuous and dense (provided
W 1,p(Ω) is reflexive). Clearly for any h ∈ L2(Ω) and v ∈
W 1,p(Ω) we have 〈h, v〉 = (h, v), where by 〈·, ·〉 we denote
the scalar product on dual pair

[
(W 1,p(Ω))′, W 1,p(Ω)

]
, and

by (·, ·) we denote the scalar product in L2(Ω). Thus, we may
use the notation (·, ·) instead of 〈·, ·〉.

Now we denote V := W 1,p(Ω), H := L2(Ω) and define
operators A : V → V ′, B̂(t, s; ·) : H → H, (t, s) ∈ Π, as
follows

(A(v), w) :=

∫
Ω

[
|∇v|p−2∇v∇w+|v|p−2vw

]
dx, v, w ∈ V,

(
B̂(t, s)v

)
(·) := b̂(x, t, s)v(·) : Ω→ R, (t, s) ∈ Π, v ∈ H.

Then the problem is to find a function u ∈ Lp(0, T ;V )
such that u′ ∈ L2(0, T ;H), u(0) = u0 and, for a.e. t ∈ (0, T ),
u(t) ∈ K and(

u′(t) +A(u(t)) +

∫ t

0

B̂(t, s)u(s) ds , v − u(t)
)
≥
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≥
(
f(t), v − u(t)

)
∀ v ∈ K, (3)

where f ∈ L2(0, T ;H), u0 ∈ H are given.
We remark that variational inequality (3) can be written as a

subdifferential inclusion. For this purpose we put IK(v) := 0
if v ∈ K, and IK(v) := +∞ if v ∈ V \K, and also

Φ(v) :=
1

p

∫
Ω

[
|∇v|p + |v|p

]
dx+ IK(v), v ∈ V.

It is easy to verify that the functional Φ : V → R∪{+∞}
is convex and semi-lower-continuous. By the known results
(see., e.g., [12, p. 83]) it follows that the problem of finding a
solution of the variational inequality (3) can be written as such
subdifferential inclusion: to find a function u ∈ Lp(0, T ;V )
such that u′ ∈ L2(0, T ;H), u(0) = u0 and, for a.e. t ∈ (0, T ),
u(t) ∈ D(∂Φ), and

u′(t) + ∂Φ(u(t)) +

∫ t

0

B̂(t, s)u(s) ds 3 f(t) in H, (4)

where ∂Φ : V → 2V
′

is a subdifferential of the functional Φ.
The aim of the present paper is to investigate the problems

for inclusions type (4).
The parabolic variational inequalities (subdifferential inclu-

sions) and its modifications appear at the simulation of various
physical processes, problems from economics, mechanics, fi-
nance, optimization, optimal control, game theory, and its re-
search has been conducted in papers [12], [14], [19], [20], [21],
[22], and others.

Let us remark that problems for evolutionary variational in-
equalities without Volterra type operators are widely investi-
gated, particularly in [5], [8], [9], [15], [16], [23], [24], [25],
[26], and others. Most of the results, which are known to us,
were obtained by using the Banach’s fixed point theorem (the
principle of compression mappings).

Various classes of evolutionary variational inequalities with
an elliptic principal parts and integral Volterra type operators
have been investigated by many authors (in particular, see [27],
[28], [29], [30]). For instance, in [30] it is obtained the mathe-
matical model of the injection molding process which is char-
acterized by the variational inequalities with an elliptic bilinear
form and a Volterra term. Existence and uniqueness of the so-
lution of these problems are derived by means of an argument
based on the Banach’s fixed point theorem.

In addition, in papers [28] and [29] it has been investigated
an abstract evolutionary variational inequalities arising in the
study of frictionless contact problems for linear viscoelastic
materials with long-term memory. This abstract problem is of
the following form:

find u : [0, T ]→ V which satisfies, for t ∈ (0, T ),

u(t) ∈ U,

(
Au(t) , v − u(t)

)
V

+
(∫ t

0

B(t− s)u(s) ds , v − u(t)
)
V
≥

≥
(
f(t) , v − u(t)

)
V
∀v ∈ U, t ∈ [0, T ],

where V is a real Hilbert space, T > 0, U is a nonempty closed
convex subset of V , A : V → V is a nonlinear operator, B(t) :
V → V is a linear continuous operator for all t ∈ [0, T ], and
f : [0, T ] → V is given. The results deal with the existence
of a unique solution to problem, which is obtained by using
arguments for time-dependent elliptic variational inequalities.

In this paper, we consider the problem for parabolic varia-
tional inequalities with Volterra type operators, that is, when
the value of the solution in the actual moment of time depends
on the values of the solution in the previous moments.

Initial-boundary value problems for nonlinear evolutionary
equations with Volterra type operators, which can be inter-
preted as a partial case of evolutionary variational inequalities,
are investigated in papers [17], [18]. Let us note that problems
for parabolic variational inequalities or subdifferential inclu-
sions with Volterra type operators have not been considered in
the literature before. It serves us as one of the motivations for
the study of such kind of problems.

The paper is structured as follows. In Section 1, we formu-
late the main notations and auxiliary facts. The main results
of our paper are established in Section 2. In Section 3, it is
substantiated the main results.

2 Preliminaries
Let V be a separable reflexive Banach space with the norm

‖ · ‖, H be the Hilbert space with the scalar product (·, ·) and
the norm | · |. Assume that the injection V ⊂ H is dense,
continuous, and compact.

Let V ′ and H ′ be the dual spaces to V and H , respectively.
We assume (after an appropriate identification of functionals),
that the space H ′ is a subspace of V ′. Identifying (by the
Riesz—Fréchet representation theorem) H ′ with H , one usu-
ally writes

V ⊂ H ⊂ V ′ , (5)

where all the injections are continuous and dense (provided V
is reflexive).

Note that in this case 〈g, v〉V = (g, v) for every v ∈ V,
g ∈ H, where 〈·, ·〉V is the scalar product on the duality pair[
V ′, V

]
. Therefore, further we will use the notation (·, ·) in-

stead of 〈·, ·〉V .
Let T > 0 be an arbitrary fixed number. Let us intro-

duce some spaces of functions and spaces of distributions.
Let X be an arbitrary Banach space with the norm ‖ · ‖X .
By C([0, T ];X) we mean the Banach space of continuous
functions w : [0, T ] → X with the norm ‖w‖C(0,T ;X) :=
max
t∈[0,T ]

‖w(t)‖X . By Lq(0, T ;X), where q ≥ 1, we denote

the Banach space of measurable functions w : (0, T ) → X
such that ‖w(·)‖X ∈ Lq(0, T ) with the norm ‖w‖Lq(0,T ;X) :=( ∫ T

0
‖w(t)‖q dt

)1/q

. By L∞(0, T ;X) we denote the Ba-
nach space of measurable and essentially bounded functions
w : (0, T ) → X such that ‖w(·)‖X ∈ L∞(0, T ) with the
norm ‖w‖L∞(0,T ;X) := ess sup

t∈(0,T )

‖w(t)‖X . By D′(0, T ;X) we

mean the space of distributions on D(0, T ) with values on X ,
i.e., the space of linear continuous (in weak topology on X)
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functionals on D(0, T ) with values on X (hereafter D(0, T )
is space of test functions, that is, the space of infinitely differ-
entiable on (0, T ) functions with compact supports, equipped
with the corresponding weak topology). It is easy to see (us-
ing (5)), that spaces Lq(0, T ;V ), L2(0, T ;H), Lq

′
(0, T ;V ′),

where q > 1, 1/q + 1/q′ = 1, can be identified with the corre-
sponding subspaces of D′(0, T ;V ′). In particular, this allows
us to talk about derivatives w′ of functions w from Lq(0, T ;V )
and L2(0, T ;H) in the sense of distributions D′(0, T ;V ′) and
belonging of such derivatives to Lq

′
(0, T ;V ′) or L2(0, T ;H).

Let us define the spaces

H1(0, T ;H) := {w ∈ L2(0, T ;H)
∣∣ w′ ∈ L2(0, T ;H)},

W 1
q (0, T ;V ) := {w ∈ Lq(0, T ;V )

∣∣ w′ ∈ Lq′(0, T ;V ′)},
q > 1, q′ := q/(q − 1).

From known results (see., for example, [10, p. 177-179]) it
follows that H1(0, T ;H) ⊂ C([0, T ];H) and W 1

q (0, T ;V ) ⊂
C([0, T ];H). Moreover, for every w in H1(0, T ;H) or
W 1
q (0, T ;V ) the function t 7→ |w(t)|2 is absolutely continu-

ous on [0, T ] and the following equality holds

d

dt
|w(t)|2 = 2(w′(t), w(t)) for a.e. t ∈ [0, T ]. (6)

3 Statement of the problem and the
main results

Let Φ : V → (−∞,+∞] be a proper functional, i.e.,
dom(Φ) := {v ∈ V | Φ(v) < +∞} 6= ∅, which satisfies
the following conditions:

(A1) Φ
(
αv + (1− α)w

)
≤ αΦ(v) + (1− α)Φ(w)

∀ v, w ∈ V, ∀α ∈ [0, 1],

i.e., the functional Φ is convex,

(A2) vk −→
k→∞

v in V =⇒ lim
k→∞

Φ(vk) ≥ Φ(v),

i.e., the functional Φ is lower semicontinuous.

Recall that the subdifferential of functional Φ is a mapping
∂Φ : V → 2V

′
, defined as follows

∂Φ(v) := {v∗ ∈ V ′ |Φ(w) ≥ Φ(v)+(v∗, w−v) ∀w ∈ V },

v ∈ V , and the domain of the subdifferential ∂Φ is the set
D(∂Φ) := {v ∈ V | ∂Φ(v) 6= ∅}. We identify the subdif-
ferential ∂Φ with its graph, assuming that [v, v∗] ∈ ∂Φ if and
only if v∗ ∈ ∂Φ(v), i.e., ∂Φ = {[v, v∗] | v ∈ D(∂Φ), v∗ ∈
∂Φ(v))}. R. Rockafellar (see [11, theorem A]) proves that the
subdifferential ∂Φ is a maximal monotone operator, that is,

(v∗1 − v∗2 , v1 − v2) ≥ 0 ∀ [v1, v
∗
1 ], [v2, v

∗
2 ] ∈ ∂Φ, (7)

and for every element [v1, v
∗
1 ] ∈ V × V ′ we have the implica-

tion
(v∗1 − v∗2 , v1 − v2) ≥ 0 ∀ [v2, v

∗
2 ] ∈ ∂Φ.

From this implies that [v1, v
∗
1 ] ∈ ∂Φ.

Additionally, assume that the following condition hold:

(A3) there exist constants p ≥ 2, K > 0 such that

Φ(v) ≥ K‖v‖p ∀ v ∈ dom(Φ);

moreover, Φ(0) = 0.

Remark 2. Condition (A3) implies that Φ(v) ≥ Φ(0) +
(0, v − 0) ∀ v ∈ V , hence [0, 0] ∈ ∂Φ.

Let B : L2(0, T ;H) → L2(0, T ;H) be an operator that
satisfies the following condition:

(A4) there exists a constant L ≥ 0 such that, for a.e. t ∈
(0, T ) and for any w1, w2 ∈ L2(0, T ;H), the following
inequality holds:

|B(w1)(t)− B(w2)(t)| ≤ L
t∫

0

|w1(s)− w2(s)| ds;

moreover, B(0) = 0.
It is easy to varify that the condition (A4) implies that

|B(w)(t)| ≤ L
t∫

0

|w(s)| ds (8)

for a.e. t ∈ (0, T ) and for any w ∈ L2(0, T ;H).
Operator B is called a Volterra type operator.

Remark 3. An important example of B is the following op-
erator:

B(w)(t) := B
(
t,

∫ t

0

b(t, s, w(s)) ds
)
, t ∈ (0, T ), (9)

where B : (0, T ) × H → H , b : Π × H → H are mappings
which satisfy conditions:

• for any v ∈ H the mapping B(·, v) : (0, T ) → H is
measurable, and there exists a constant L1 ≥ 0 such that
the following inequality holds

|B(t, v1)−B(t, v2)| ≤ L1|v1 − v2| (10)

for a.e. t ∈ (0, T ) and for all v1, v2 ∈ H; in addition,
B(t, 0) = 0 for a.e. t ∈ (0, T ).

• for any v ∈ H the mapping b(·, ·, v) : Π → H is mea-
surable, and there exists a constant L2 ≥ 0 such that the
following inequality holds

|b(t, s, v1)− b(t, s, v2)| ≤ L2|v1 − v2| (11)

for a.e. (t, s) ∈ Π and for all v1, v2 ∈ H; in addition,
b(t, s, 0) = 0 for a.e. (t, s) ∈ Π.

Let us show that the operator B, which is defined in (9),
satisfies the condition (A4) with L = L1L2. Indeed, based on
(10) and (11) we have

|B(w1)(t)− B(w2)(t)| ≤
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≤
∣∣B(t, ∫ t

0

b(t, s, w1(s)) ds
)
−B

(
t,

∫ t

0

b(t, s, w2(s)) ds
)∣∣ ≤

≤ L1

∣∣∣ ∫ t

0

b(t, s, w1(s)) ds−
∫ t

0

b(t, s, w2(s)) ds
∣∣∣ ≤

≤ L1L2

∫ t

0

|w1(s)− w2(s)| ds.

Let us consider the evolutionary variational inequality
(subdifferential inclusion)

u′(t) + ∂Φ
(
u(t)

)
+ B(u)(t) 3 f(t), t ∈ (0, T ), (12)

where f : (0, T ) → V ′ is a given measurable function, u :
(0, T )→ V is an unknown function.

Definition. Let conditions (A1) – (A4) hold, and f ∈
Lp

′
(0, T ;V ′), where p′ = p/(p − 1). The solution of vari-

ational inequality (12) is called a function u that satisfies the
following conditions

1) u ∈W 1
p (0, T ;V ) (then u ∈ C([0, T ];H));

2) u(t) ∈ D(∂Φ) for a.e. t ∈ (0, T );

3) there exists a function g ∈ Lp′(0, T ;V ′) such that, for a.e.
t ∈ (0, T ), we have g(t) ∈ ∂Φ

(
u(t)

)
and

u′(t) + g(t) + B(u)(t) = f(t) in V ′. (13)

We consider the problem of finding a solution u of the vari-
ational inequality (12) that satisfies the following condition

u(0) = u0, (14)

where u0 ∈ H is given.
It is called the problem P(Φ,B, f, u0), and the function u is

called its solution.

Remark 4. The problem P(Φ,B, f, u0) can be replaced
by the following one. Let K be a convex, closed set in V ,
A : V → V ′ be a monotone, bounded and semi-continuous
operator such that (A(v), v) ≥ K̃1‖v‖p ∀v ∈ V , where
K̃1 = const > 0, and f ∈ Lp

′
(0, T ;V ′), u0 ∈ H . The

problem is to find a function u ∈ W 1
p (0, T ;V ) such that

u(0) = u0 and, for a.e. t ∈ (0, T ), we have u(t) ∈ K
and (u′(t) +A(u(t)) + B(u)(t), v − u(t)) ≥ (f(t), v − u(t))
∀ v ∈ K.

Theorem 1 (uniqueness of the solution). Let conditions
(A1) – (A4) hold, and f ∈ Lp

′
(0, T ;V ′), u0 ∈ H . Then

the problem P(Φ,B, f, u0) has no more than one solution.

Theorem 2 (existence of the solution). Let conditions (A1)
– (A4) hold, and f ∈ L2(0, T ;H), u0 ∈ dom(Φ). Then
the problem P(Φ,B, f, u0) has a unique solution, it belongs
to the space L∞(0, T ;V ) ∩ H1(0, T ;H), while Φ

(
u(·)

)
∈

C([0, T ];H), and satisfies estimates

max
t∈[0,T ]

|u(t)|2 +

∫ T

0

‖u(t)‖p dt+

∫ T

0

Φ
(
u(t)

)
dt ≤

≤ C1

(
|u0|2 +

∫ T

0

|f(t)|2 dt
)
, (15)

ess sup
t∈[0,T ]

‖u(t)‖p + max
t∈[0,T ]

Φ
(
u(t)

)
+

∫ T

0

|u′(t)|2 dt ≤

≤ C2

(
|u0|2 + Φ(u0) +

∫ T

0

|f(t)|2 dt
)
, (16)

where C1, C2 are positive constants depending on K, L, and T
only.

4 Proof of the main results
Proof. Proof of Theorem 1. Assume the contrary. Let u1 and
u2 are two solutions of the problem P(Φ,B, f, u0). Then for
every i ∈ {1, 2} there exists function gi ∈ Lp

′
(0, T ;V ′) such

that, for a.e. t ∈ (0, T ), we have gi(t) ∈ ∂Φ(ui(t)) and

u′i(t) + gi(t) + B(ui)(t) = f(t) in V ′, i = 1, 2. (17)

We put w := u1−u2. From equalities (17), for a.e. t ∈ (0, T ),
we obtain

w′(t)+g1(t)−g2(t)+B(u1)(t)−B(u2)(t) = 0 in V ′. (18)

Multiplying equality (18) for a.e. t ∈ (0, T ) byw(t), we obtain

(w′(t), w(t)) + (g1(t)− g2(t), u1(t)− u2(t))+

+(B(u1)(t)− B(u2)(t), w(t)) = 0. (19)

By (6), (7) and the fact that [ui(t), gi(t)] ∈ ∂Φ, for a.e. t ∈
(0, T ), i = 1, 2, we obtain

1

2

d|w(t)|2

dt
+
(
B(u1)(t)− B(u2)(t), w(t)

)
≤ 0 (20)

for a.e. t ∈ (0, T ).
Integrating (20) from 0 to τ , where τ is an arbitrary from

(0, T ], and taking into account that w(0) = 0, we obtain

|w(τ)|2 + 2

τ∫
0

(
B(u1)(t)− B(u2)(t), w(t)

)
dt ≤ 0. (21)

Let move the second term of inequality (21) to the right hand
side. By the condtion (A4) and the Cauchy-Schwartz inequal-
ity we obtain

∣∣∣ τ∫
0

(
B(u1)(t)− B(u2)(t), w(t)

)
dt
∣∣∣ ≤

≤
τ∫

0

|B(u1)(t)− B(u2)(t)||w(t)| dt ≤

≤ L
τ∫

0

( t∫
0

|w(s)| ds
)
|w(t)| dt ≤
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≤ L
√
T
( τ∫

0

|w(t)|2 dt
)1/2 ( τ∫

0

( t∫
0

|w(s)|2 ds
)
dt
)1/2

≤

≤ LT
τ∫

0

|w(t)|2 dt. (22)

Thus, based on (22) from (21) we obtain

|w(τ)|2 ≤ 2LT

τ∫
0

|w(t)|2 dt. (23)

Using the Gronwall-Belman lemma, from (23) we get
|w(τ)|2 ≤ 0, τ ∈ [0, T ]. From this it follows w(τ) =
0 ∀τ ∈ [0, T ], i.e., u1 = u2. This contradicts our assump-
tion. Therefore, a solution of the problem P(Φ,B, f, u0) is
unique.

Proof. Proof of Theorem 2. First, we define the functional
ΦH : H → (−∞; +∞] by the rule: ΦH(v) := Φ(v), if
v ∈ V , and ΦH(v) := +∞ otherwise. Note that conditions
(A1), (A2), Lemma IV.5.2 and Proposition IV.5.2 of the mono-
graph [12] imply that ΦH is a proper, convex and lower-semi-
continuous functional on H , dom(ΦH) = dom(Φ) ⊂ V , and
∂ΦH = ∂Φ ∩ (V × H), where ∂ΦH : H → 2H is the sub-
differential of the functional ΦH . Moreover, condition (A3)
yields 0 ∈ ∂ΦH(0).

Let us consider the auxiliary problem of finding a function
u ∈ H1(0, T ;H) such that u(0) = u0 and, for a.e. t ∈ (0, T ),
inclusions u(t) ∈ D(∂ΦH), and

u′(t) + ∂ΦH(u(t)) + B(u)(t) 3 f(t) in H (24)

hold, i.e., there exists a function g ∈ L2(0, T ;H) such that, for
a.e. t ∈ (0, T ), we have g(t) ∈ ∂ΦH(u(t)), and

u′(t) + g(t) + B(u)(t) = f(t) in H. (25)

This problem is called P(ΦH ,B, f, u0).

Let us show that there exists a unique solution of the problem
P(ΦH ,B, f, u0). For this we needed the following statements.

Proposition 1 ([12, Lemma IV.4.3]). Let v ∈ H1(0, T ;H)
and ĝ ∈ L2(0, T ;H) such that, for a.e. t ∈ (0, T ), v(t) ∈
D(∂ΦH) and ĝ(t) ∈ ∂ΦH

(
v(t)

)
. Then the function ΦH

(
v(·)
)

is absolutely continuous on the interval [0, T ] and for any func-
tion h : [0, T ]→ H such that h(t) ∈ ∂ΦH

(
v(t)

)
the following

equality holds

d

dt
ΦH
(
v(t)

)
= (h(t), v′(t)) for a.e. t ∈ (0, T ).

Proposition 2 ([7, Proposition 3.12], [12, Proposi-
tion IV.5.2]). Let h ∈ L2(0, T ;H) and w0 ∈ dom(Φ). Then
there exists a unique function w ∈ H1(0, T ;H) such that
w(0) = w0 and, for a.e. t ∈ (0, T ), w(t) ∈ D(∂ΦH) and

w′(t) + ∂ΦH(w(t)) 3 h(t) in H, (26)

i.e., there exists a function g̃ ∈ L2(0, T ;H) such that, for a.e.
t ∈ (0, T ), g̃(t) ∈ ∂ΦH(w(t)), and

w′(t) + g̃(t) = h(t) in H. (27)

Let us continue to prove our theorem.
Let M :=

{
w ∈ C([0, T ];H)

∣∣ w(0) = u0

}
be a set of

functions with a metric

ρ(u1, u2) = max
t∈[0,T ]

[e−αt|u1(t)− u2(t)|], u1, u2 ∈M,

where α > 0 is an arbitrary fixed number. It is obvious that the
metric space is complete.

Now let us consider an operator A : M → M which is
defined as follows: for any given function w̃ ∈ M , it defines a
function w ∈ M such that w ∈ H1(0, T ;H), w(0) = u0 and,
for a.e. t ∈ (0, T ), w(t) ∈ D(ΦH) and

w′(t) + ∂ΦH(w(t)) 3 f(t)− B(w̃)(t) in H. (28)

Clearly, variational inequality (28) coincides with varia-
tional inequality (26) after replacing h by f − B(w̃). Thus,
using Proposition 2 we get that operator A is well-defined. Let
us show that the operator A is a contraction operator. Indeed,
let w̃1, w̃2 be arbitrary from M and w1 := Aw̃1, w2 := Aw̃2.
According to (28) there exist g1, g2 ∈ L2(0, T ;H) such that
for each k ∈ {1, 2} and for a.e. t ∈ (0, T ) we have gk(t) ∈
∂ΦH(wk(t)) and

w′k(t) + gk(t) = f(t)− B(w̃k)(t) in H. (29)

Subtracting identity (29) for k = 2 from identity (29) for
k = 1, and, for a.e. t ∈ (0, T ), multiplying the obtained iden-
tity by w1(t)− w2(t), we get(

(w1(t)− w2(t))′, w1(t)− w2(t)
)
+

+
(
g1(t)− g2(t), w1(t)− w2(t)

)
=

= −
(
B(w̃1)(t)− B(w̃2)(t), w1(t)− w2(t)

)
, (30)

w1(0)− w2(0) = 0. (31)

We integrate equality (30) by t from 0 to τ ∈ (0, T ], taking
into account that for a.e. t ∈ (0, T ) we have

(
(w1(t)− w2(t))′, w1(t)− w2(t)

)
=

1

2

d

dt
|w1(t)− w2(t)|2.

As a result we obtain the equality

1

2
|w1(τ)− w2(τ)|2 +

τ∫
0

(
g1(t)− g2(t), w1(t)− w2(t)

)
dt =

= −
τ∫

0

(
B(w̃1)(t)− B(w̃2)(t), w1(t)− w2(t)

)
dt. (32)

By condition (A2), for a.e. t ∈ (0, T ), we obtain(
g1(t)− g2(t), w1(t)− w2(t)

)
≥ 0. (33)
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We will use the Cauchy inequality

ab ≤ εa2 + (4ε)−1b2 ∀ a, b ∈ R, ∀ ε > 0. (34)

According to (A4) and (34) with ε = 1, for a.e. t ∈ (0, T ), we
obtain ∣∣(B(w̃1)(t)− B(w̃2)(t), w1(t)− w2(t)

)∣∣ ≤
≤ |B(w̃1)(t)− B(w̃2)(t)| |w1(t)− w2(t)| ≤

≤ L
( t∫

0

|w̃1(s)− w̃2(s)| ds
)
|w1(t)− w2(t)| ≤

≤ |w1(t)− w2(t)|2 + 4−1L2
( t∫

0

|w̃1(s)− w̃2(s)| ds
)2

≤

≤ |w1(t)− w2(t)|2 + 4−1L2T

t∫
0

|w̃1(s)− w̃2(s)|2 ds. (35)

From (32), according to (33) and (35), we have

|w1(τ)− w2(τ)|2 ≤ 2

τ∫
0

|w1(t)− w2(t)|2 dt+

+2−1L2T

τ∫
0

( t∫
0

|w̃1(s)− w̃2(s)|2 ds
)
dt. (36)

Let us evaluate the right-hand side of inequality(36) in the fol-
lowing way

τ∫
0

( t∫
0

|w̃1(s)− w̃2(s)|2 ds
)
dt ≤ T

τ∫
0

|w̃1(s)− w̃2(s)|2 ds.

(37)
From (36), taking into account (37), we get

|w1(τ)− w2(τ)|2 ≤ 2

τ∫
0

|w1(t)− w2(t)|2 dt+

+2−1(LT )2

τ∫
0

|w̃1(t)− w̃2(t)|2 dt, τ ∈ (0, T ]. (38)

Multiplying (38) by e−2ατ , where α > 1 is some constant,
we obtain

e−2ατ |w1(τ)− w2(τ)|2 ≤

≤ 2e−2ατ

τ∫
0

e2αt e−2αt |w1(t)− w2(t)|2 dt+

+ 2−1(LT )2 e−2ατ

τ∫
0

e2αt e−2αt |w̃1(t)− w̃2(t)|2 dt ≤

≤ 2e−2ατ max
t∈[0,T ]

[e−2αt |w1(t)− w2(t)|2]

τ∫
0

e2αt dt+

+ 2−1(LT )2 e−2ατ max
t∈[0,T ]

[e−2αt |w̃1(t)−w̃2(t)|2]

τ∫
0

e2αt dt =

=
(
1/α

)
(1− e−2ατ ) (ρ(w1, w2))2+

+
(
(LT )2/4α

)
(1− e−2ατ ) (ρ(w̃1, w̃2))2 ≤

≤
(
1/α

)
(ρ(w1, w2))2 +

(
(LT )2/(4α)

)
(ρ(w̃1, w̃2))2, (39)

τ ∈ [0, T ].

From (38) it follows

ρ(w1, w2) ≤
(
LT/(2

√
α− 1)

)
ρ(w̃1, w̃2).

Thus, choosing α > 1 such that LT/(2
√
α− 1) < 1, we ob-

tain, that operator A is a contraction operator. Hence, we may
apply the Banach fixed point theorem (the contraction map-
ping principle) [6, theorem 5.7], and deduce that there exists a
unique function u ∈ M such that Au = u, i.e., there exists a
unique solution u of the problem P(ΦH ,B, f, u0) (see (25)).

Let us show that u is a solution of the problem
P(Φ,B, f, u0). Indeed, taking into account that D(∂ΦH) ⊂
dom(ΦH) = dom(Φ), we obtain that u(t) ∈ V for a.e.
t ∈ (0, T ). According to the definition of the subdifferential
of the functional and the fact that g(t) ∈ ∂ΦH(u(t)) for a.e.
t ∈ (0, T ) we have

Φ(0) ≥ Φ(u(t)) + (g(t), 0− u(t)) for a.e. t ∈ (0, T ).

This and condition (A3) yields that for a.e. t ∈ (0, T ) we have

(g(t), u(t)) ≥ Φ(u(t)) ≥ K‖u(t)‖p. (40)

Since the left side of this chain of inequalities belongs to
L1(0, T ), u belongs to Lp(0, T ;V ). Thus, u is a solution of
the problem P(Φ,B, f, u0).

Let us prove now the accuracy of estimates (15) and (16).

Multiplying (25) by u(t) and integrating by t from 0 to τ ∈
(0, T ] we obtain∫ τ

0

(u′(t), u(t)) dt+

∫ τ

0

(g(t), u(t)) dt+

∫ τ

0

(B(u)(t), u(t)) dt =

=

∫ τ

0

(f(t), u(t)) dt.

From this, using equality (6), we get∫ τ

0

d

dt
|u(t)|2 dt+2

∫ τ

0

(g(t), u(t)) dt+2

∫ τ

0

(B(u)(t), u(t)) dt =

= 2

∫ τ

0

(f(t), u(t)) dt. (41)

Integrating by parts the first term of the left-hand side of the
equality (41) we obtain

|u(τ)|2 + 2

∫ τ

0

(g(t), u(t)) dt+ 2

∫ τ

0

(B(u)(t), u(t)) dt =

= |u0|2 + 2

∫ τ

0

(f(t), u(t)) dt. (42)



188 Evolutionary Variational Inequalities with Volterra Type Operators

By using (40), we estimate now the second term of the left-
hand side of the equality (42)

2

∫ τ

0

(
g(t), u(t)

)
dt ≥

≥
∫ τ

0

Φ
(
u(t)

)
dt+K

∫ τ

0

‖u(t)‖p dt. (43)

Let us estimate the third term of the left-hand side of (42) as
follows

2
∣∣∣ τ∫
0

(B(u)(t), u(t)) dt
∣∣∣ ≤ 2L

τ∫
0

( t∫
0

|u(s)| ds
)
|u(t)| dt ≤

≤ 2L
√
T
( τ∫

0

|u(t)|2 dt
)1/2 ( τ∫

0

( t∫
0

|u(s)|2 ds
)
dt
)1/2

≤

≤ 2LT

τ∫
0

|u(t)|2 dt. (44)

By using the Cauchy-Schwartz inequality (34), let us estimate
the second term of the right-hand side of the equality (42). As
a result we obtain

2

∫ τ

0

(f(t), u(t)) dt ≤ 2

τ∫
0

|f(t)||u(t)| dt ≤

≤
∫ τ

0

|u(t)|2 dt+

∫ τ

0

|f(t)|2 dt. (45)

From (42) by using (43), (44), and (45), we get

|u(τ)|2 +K

τ∫
0

‖u(t)‖p dt+

τ∫
0

Φ(u(t)) dt ≤

≤ |u0|2 + 2LT

τ∫
0

|u(t)|2 dt+

τ∫
0

|u(t)|2 dt+

τ∫
0

|f(t)|2 dt ≤

≤ |u0|2 +

T∫
0

|f(t)|2 dt+ (2LT + 1)

τ∫
0

|u(t)|2 dt, (46)

τ ∈ (0, T ].

Using (46) and the Gronwall-Belman Lemma, we obtain

|u(τ)|2 ≤ C3

(
|u0|2 +

T∫
0

|f(t)|2 dt
)
, (47)

where C3 > 0 is a constant depended on L, T only.
Based on (47), we get

τ∫
0

|u(t)|2 dt ≤ C3

τ∫
0

(
|u0|2 +

T∫
0

|f(s)|2 ds
)
dt ≤

≤ C4

(
|u0|2 +

T∫
0

|f(t)|2 dt
)
, (48)

where C4 := TC3.
From (46) and (48) by virtue of arbitrariness τ ∈ [0, T ] we

obtain

max
t∈[0,T ]

|u(t)|2 +K

∫ T

0

‖u(t)‖p dt+

∫ T

0

Φ
(
u(t)

)
dt ≤

≤ C5

(
|u0|2 +

T∫
0

|f(t)|2 dt
)
, (49)

where C5 is a positive constant depended on L and T only.
From this it follows (15).

Let us find an estimate of function u′. For almost every
t ∈ (0, T ) we multiply (25) by u′(t) and integrate by t from 0
to τ ∈ (0, T ]. Then we obtain∫ τ

0

|u′(t)|2 dt+
∫ τ

0

(g(t), u′(t)) dt+

∫ τ

0

(B(u)(t), u′(t)) dt =

=

∫ τ

0

(f(t), u′(t)) dt. (50)

Since g ∈ L2(0, T ;H) and g(t) ∈ ∂ΦH
(
u(t)

)
for a.e.

t ∈ (0, T ), Proposition 2 implies that the function ΦH
(
u(·)

)
is

absolutely continuous on [0, T ] and

d

dt
ΦH
(
u(t)

)
= (g(t), u′(t)) for a.e. t ∈ (0, T ). (51)

By (51) we can rewrite the second term of the left-hand side
of equality (50) as follows∫ τ

0

(g(t), u′(t)) dt =

∫ τ

0

d

dt
ΦH
(
u(t)

)
dt =

= ΦH
(
u(τ)

)
− ΦH

(
u(0)

)
. (52)

Let us evaluate the third term of the left-hand side of equality
(50). By using (8) and the Cauchy inequality (34) we obtain

∣∣∣ τ∫
0

(B(u)(t), u′(t)) dt
∣∣∣ ≤ τ∫

0

|B(u)(t)| |u′(t)| dt ≤

≤ L
τ∫

0

( t∫
0

|u(s)| ds
)
|u′(t)| dt ≤

≤ L2

τ∫
0

( t∫
0

|u(s)| ds
)2

dt+ 4−1

τ∫
0

|u′(t)|2 dt ≤

≤ L2T

τ∫
0

( t∫
0

|u(s)|2 ds
)
dt+ 4−1

τ∫
0

|u′(t)|2 dt ≤

≤ (LT )2

τ∫
0

|u(t)|2 dt+ 4−1

τ∫
0

|u′(t)|2 dt. (53)
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Let us estimate the right-hand side of the equality (50) by
using the Cauchy inequality (34) as follows∫ τ

0

(
f(t), u′(t)

)
dt ≤

≤
∫ τ

0

|f(t)|2 dt+ 4−1

∫ τ

0

|u′(t)|2 dt. (54)

By (52) – (54), from (50) we get

1

2

τ∫
0

|u′(t)|2 dt+ ΦH
(
u(τ)

)
≤

≤ ΦH
(
u0

)
+ (LT )2

τ∫
0

|u(t)|2 dt+

τ∫
0

|f(t)|2 dt. (55)

Taking into account estimate (48), from (55) we have

τ∫
0

|u′(t)|2 dt+ ΦH
(
u(τ)

)
≤

≤ ΦH
(
u0

)
+ C6

(
|u0|2 +

T∫
0

|f(t)|2 dt
)
, (56)

where C6 is a positive constant depended on K, L, and T only.
According to the definitions of the functional ΦH , con-

dition (A3) (recall that u(t) ∈ V for a.e. t ∈ [0, T ]) and an
arbitrariness of τ ∈ [0, T ] from (56) we have

ess sup
t∈[0,T ]

||u(t)||p + max
t∈[0,T ]

Φ
(
u(t)

)
+

∫ T

0

|u′(t)|2 dt ≤

≤ C7

[
Φ
(
u0

)
+ C6

(
|u0|2 +

T∫
0

|f(t)|2 dt
)]
, (57)

where C7 is a positive constant depended on K, T , and L only.
From this it follows (16).

5 Conclusions
This paper concerns the initial-value problems for parabolic

variational inequalities (sub-differential inclusions) with
Volterra type operators. We prove that there exists no more
than one weak solution of the considered problem. The results
are achieved using the Banach’s fixed point theorem, that is,
the principle of compression mappings. Furthermore, the esti-
mates of the solution are obtained.
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