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Abstract The linear transformation of the plane is
considered, whose matrix belongs to the Heisenberg group.
The transformation matrix is neither symmetric nor
orthogonal. But the determinant is one. The class of the
second-order curves is studied, which is obtained from
each other by the transformation under consideration. The
invariant values of curves of this class are proved. In
particular, the conservation of the product of semi-axes of
curves in this class is proved, as well as the equality of the
areas for the ellipses of the class under consideration. The
obtained invariants of the second order curves are applied
to curves of the second order, which is the indicatrix of the
surface. Conclusion: a theorem is obtained which proves
the invariance of the total curvature of a surface in a
Euclidean space of the class under consideration is a
transformation, which is a deformation.
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1. Introduction

The invariant is one of the main concepts in mathematics.

When we consider the concept of the invariant, we
understand a number or an algebraic expression associated
with the figures, which keeps their values when they
perform a certain transformation on that figure. We refer to
the invariants of motion groups. They help to consider the
important problems. In addition to these invariants, the
invariants are also involved when determining parameters
of a surface, a line, that’s getting two parameters instead of
one parameter.

We determine constants in the following
transformation in Euclidean space:

X'=x+a
y'=hx+y+b

linear

—o<h<+400. (1)

This transformation comprises parallel motion of

1 0
a=(a,b) and Az(h J matrix transformation [1].

Here DetA =1. Matrix A is an element of Heisenberg
group [8:4;3]. Let a=b =0 in(1). Then (1) is written as

X=X .
y'=hx+y.
Taking aline X = X, parallel tothe Oy axis converts
linear transformation into

!
X'=X,
y'=hx,+y.
Equality X' = X, asserts that line does not change and

from the equality y'=hx,+Y we can see that the line
slides a distance of hx, (Fig 1).
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Figure 1. Linear transformation in plane

Let be given a surface F in Euclidean space R, and
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M e F, IT isatangent plane taken at M node.

Our objective is to learn a curvature of the surface when
a linear transformation holds for the indicatrix equation of
the surface (2).

2. Preliminaries
Let surface F be given by the vector function below:

= F(u,v): x(u,v)i + y(u,v)i + z(u,v)lg
(u,v)eD. ?)

We take a regular ¥ line:
r=r(s), x=x(s); y=y(s) z=2(s). (4

By denoting K curvature of the line ¥ given by (4),

its unit normal i at the point M of the surface, the angle
6 between the principal normal at that point and vector
i, we get the following equality for the normal curvature
at the point M of the line lying on the surface [7;9]:

Ldu? + 2Mdudv + Ndv?
Edu? + 2Fdudv + Ndv?

Here is K - curvature of the line, @ - angle between
i and © normal vectors, E,F,G; L,M,N are the

first and the second fundamental form coefficients
respectively.
We rewrite (5) in a following way:

2 2
(3] ()
R ds ds /\ ds ds

If an intersecting plane rotates around its normal, that is
if du:dv changes, then K, curvature of appropriate

k, =kcoséd = (5)

normal section changes. We take such a section MP for

each normal section of tangent plane at M node of
surface that the following equality holds:

WP = 7]

Where R is a curvature radius of the section.

Geometric position of the node P constituted in the
tangent plane is called curvature indicatrix [10]. These
yields to

1
K, =—— 5 (6)
(M)
Normal sections corresponding to the principal
directions of indicatrix are called principal sections, while

their curvatures are principal curvature. The product of
principal curvatures at a given are called total curvatures
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[5].

In addition Gauss curvature for a surface is determined
and Gauss curvature of the surface is equal to the absolute
value of the total curvature [2].

Let be given a second order curve ¥ in the tangent

plane by the following equation:
a,X* +2a,Xy +a,,y> +2a,X+2a,,y+a, =0 (7)

Then for the direction {I, m} the curve

(a'.l.ll + aizm)x+ (a12| + azzm)y"‘aml +a,Mm= 0

is a conjugate diameter to the direction {I, m} [6].
Moreover, if {I',m’} and {l,m} are directions of
conjugate diameters, then the next equality holds [6]:

I":m’" = _(a12| + azzm) : (anl +a12m) _

It is known that, orthogonal and conjugate directions are
named as the principal directions of a second order curve
[11]. The orthogonality condition is written as

"+ mm'=0. (8)

According to (8), in order the direction {l, m} to be the
principal direction; it has to be conjugate to the direction
{—m,1}. Indeed, if {I, m} is direction, {—m, I} is also
principal direction.

It follows from (8) that for the principal directions of the
curve given by (7) hold the following condition [11]:

a12|2 + Im(azz _an) _aizmz =0. 9)

3. Main Results

Let F beaconvex surface. It is known that if all points
of a surface in Euclidean space are composed by elliptic
points, this surface is said to be convex surface. Curvature
indicatrix in tangent plane of the convex surface forms
ellipses. Let curvature indicatrix in tangent plane I/ to

the convex surface F at the point M be given by the
following equation

2 2
X—2+g—2=1. (10)

We define invariants of ellipse given by curvature
indicatrix (10) in the following linear transformation

o]

X=X
, h (11)
y'=y-—X
a
Property 3.1. When the second order curve given by the
equation (10) is linearly transformed by (11) all points of
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ellipse which are X = X, # 0, —a< X, £ a slip off the
h

distance —X, parallel to Oy while the points (0,b)
a

and (0,—b) remain unmoved.

One can prove this property by applying (11) linear
transformation to (10).

Applying linear transformation (11) to (10) the equation
of ellipse is written as

(b® +h*)x* —2ahxy +a’y* —a’h*=0. (12

- M1
i
N{xB)
NZ% &
G
\34\9"/ £ M(a,0)
My F/O\k\ x
A o N:(0,-b)

Figure 2. Curvature indicatrix is Ellipse

For the given direction {l, m} the principal directions
of ellipse (12) obtained from (9) are as follows:

(h? —c?) +/(h? —c?)? + 4a’h?
—2ah '
., a=<MOM’

L = cot =
m 2P

Here c?=3°-p? and
@ =<MOM" (Fig2).

Theorem 3.1. Let the surface indicatrix be given with
the equation (10). Then if the linear transformation (11) is
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satisfied, then the equality below holds:
1 11 1 1
(OM)®* (ON)> (OM’)* (ON')? a%?’
Proof. If principal directions of the ellipse given by the

equation makes an angle ¢ with the axis OX , equations

of curves passing through principal directions take the
following forms:

J(h? —c?)? +4a%h? —(c* —h?) )
2ah

oM™

Dy, =tang -x=

J(h? =c?)? +4a%h? + (c2 —h?) )
—2ah

ON": y,=tang,-x=

Now we find the point of intersection of these equations
with the ellipse. Then we obtain the distance between the
origin of ellipse and the intersection point:

|0 =y v aa?h? + (07 —cyp?|

dlz =(OM *)2 =
| —c?)? +aa?h? —(n*+c?) |
47— N’ | (Jnr =) v aath? - (n? - )|
: JI7 —c?)? 4270 + (0 +¢%) |
and hence

1 [hera?+b? - (¥ ) + 4a7h7 |
(OM™)? 2a’h’ |

1 |Wa?ab?+ (07 -y + 4077 |
(ON™)? 2a%h? ‘

Finally

1 1

(OM™)2 (ON’)? 2a%h?

_[? +a? +b2 - J(h —c?) 42t h?+a® +b? 4\ J(hF —c?) +dalh’ |

2a’b’ |=

(@ +b?)? ¢
| 4a%t

4| 1
| a%?
So (OM)*=a*, (ON)? =b?>. Theorem proved.

Corollary 3.1. In linear transformation (11) the area of ellipse given by the equation (10) doesn’t change (Fig 2).
Proof. We know from the course of analytic geometry that the area of the ellipse is equal to

S=abr. (13)

It yields that the area of the ellipse given by the equation (10) is equal to (13). In linear transformation, ellipse (12)
shifts to an ellipse. Now we find the area of the ellipse (12). Semi - major and semi - minor axis of the ellipse (12) are
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W07 =c?) v aarh? + (07— )|
JiP=c?y +aa?h? —(n2+c?) |

N N e —c?)b?|
JI0? —c?)? +42%h? + (h2+¢?) |

Its area equals to

|0t ety 4ath? - (n? —ct)b?| |y(h? —c?)? + 4ath? —(h* —c)b?|
| e —ezeaath —(nexc) || J(P—c?)Praa%hE + (h¥+c?) |

- \/| 4a’b’ | -r=+/a’h? -7 =abr.

|(a2 +b2)2 _C4|

S=ab'x

So the area of the ellipse (10) in linear transformation (11) does not change.

So it takes to the following theorem.

Theorem 3.2. Curvature indicatrix of a convex surface whose all points are elliptic at the point M in linear
transformation (2), the Gauss curvature at the point does not change.

Proof. The proof follows from the previous theorem. Let curvature indicatrix of the surface F be given by the

equation (10). Then when the curvature indicatrix is linearly transformed by (11), it converts to the surface F" whose
indicatrix equation given by (12).

We obtain principal curvatures of these surfaces from the equality (6). The principal curvatures of the surface whose
curvature indicatrix given by the equation (10) are

AR S S S
F: ™ (OM)2 a?’ ? (ON)2 b?
total curvature is equal to
1
e =y

We have principal curvatures of the surface whose curvature indicatrix given by the equation (12) are found from (6) as

1 | +a?+b?— (P —c))? + 4ah’|

k = =
LT (OM7)? | 2a’h? |
-
(1 |ntratente 0t ety dath’]
27 (ON)? _| 2a’h? |
total curvature equal to
P 1 |n @b = (P =) +4ah’ hP+al+b% + /(0P =’ +4a’h?|
272 T OM®)2 (ON7)? \ 2a’b’ 2a’b? \
@bt 1
R 4a“b4 | a%?’

It follows that total (Gauss) curvature doesn’t change:
K, =K,
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We proved geometrically that total curvature of a surface doesn’t change.

Now we study invariants of curvature indicatrix of saddle surfaces in linear transformation (2).

Let F be asaddle surface. It is known that if all points of a surface in Euclidean space are composed by hyperbolic
points, this surface is said to be saddle surface. Curvature indicatrix in tangent plane of the saddle surface forms
hyperbolas. Let curvature indicatrix in tangent plane I/ to the saddle surface F at the point M be given by the
following equation

2 2
Xy
—-——=11. (14)
2 bZ
We define invariants of hyperbola given by curvature indicatrix (14) in the linear transformation (11).
Applying linear transformation (11) to the equation of hyperbola (14) is rewritten as

(b? —h?)x* + 2ahxy —a’y*Fa’h’ =0 . (15)

QD

For the given direction {lI, m} the principal directions of hyperbola (15) are obtained from (9) as

(c? —h?)/(h? —c?)? + 4a’h?
2ah

I = cot =
m (ZP)

Here c* =a”+Db* (Fig 3).

Figure 3. Curvature indicatrix is Hyperbola

Theorem 3.3. Let the surface indicatrix be given with the equation of (14). If the linear transformation (11) holds for
(14), then the equality below holds:

1 1 1 1 1
(OA)* (OB)> (OA")* (OB")?* a’b?
Proof. If the principal directions of a hyperbola (15) makes an angle ¢ with the axis OX, then the equations of the
lines passing through the principal directions take the next form:
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(c2 —h?)—/(h? —c?)? + 4a%h’ )
—2ah

(€2 —h?)+/(h? —c?)? + 4a’h? )
—2ah

We seek the intersection points of these equations with the hyperbola. And then we find the distances between the
origin of the hyperbola and intersection points:

|/ =r®)? v 4ath? — (¢ ~h3))b?|
(2 +h?)—f(c—h?) +4a’h® |

OA™: y =tang -x=

OB™: y,=tang,-x=

— (OA')?

:_ oy _‘(\/(hz—c) + 4707 + (7 —h?))(-b?)|
| ()P —c))+da’h |

These yields to

1 |02 (0 +a?) + (¢ —h?)? + 42’ |
(OA')? 2a’h’ \

1 02— (0 +a%)— (@ —h°) + 427 |

(OB™)? 2a’h’ ‘
and
o -2+ ad) + () +4a’h? b2 (0 +a%)— (@ —h*) +4ath?|
(OA) (OB )2 | 2a’h? 2a’h? |_
_|(a2_b2)2_c4|_ 1
_| 4a°b* |_ a’b?’

So, (OM)?=a*, (ON)? =Db?. Theorem proved.

Corollary 3.2. When we consider hyperbola (14) in linear transformation (11), areas of the rectangles CDEF and
C'D'E'F' are equal (Fig 3).

Proof. It is known that, the area of a rectangle whose sides are a,b is computed by the following formula

S=ab

In figure 3, the sides of the rectangle CDEF are CD =EF =2a, CE =DF =2b. The area of the rectangle
CDEF is
S=4ab.

After linear transformation hyperbola (15) rectangle CDEF shifts to the rectangle C'D'E'F'. The sides of the
rectangle C'D’'E'F’ are determined as follows:

‘(\/(c —h?)? +4a’h? — (c? —h?))b?|

CD' —EF'=
\ (¢ +h?) - —h?)+4a’h* |
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e Do, |(J(h? —c?)? + 4% + (2 - h))(—b?)|
| () (P —c)) + s |

Its area equals to

|(J(c? —h?)? +4a°h? — (¢ —h?)b?| .. |(J(h? =) +4a?h? 4 (c2 W) (-b?)| _
| (@+h)—Jce—h)aa’h’ || (W) (0 - +dath? |

| 4a |, Jai < dab

=4- |(a2_b2)2_c4|

S=2.

So, the areas of CDEF and C'D'E'F’ of the rectangles are equal.

Theorem 3.4. The Gauss curvature at the point M does not change in linear transformation (2) of curvature
indicatrix at the point M of a saddle surface whose all points are hyperbolic points.

Proof. The proof follows from the previous theorem. Let the curvature indicatrix of the surface F be given by (14).

Then by carrying out linear transformation (11) to its curvature indicatrix it is converted to the surface F* with the
curvature indicatrix equation (15).
Remark 3.1. In saddle surfaces normal curvatures of the sections with downward concavity are less than zero while

with upward concavity they are greater than zero. In this case K =Kk, -k, <0, thatis k; are Kk, different signs, for
example:

k,>0,k, <0

We get principal curvatures of these surfaces from (6). The principal curvatures of the surface with the curvature
indicatrix equation (14) are obtained from (6):
1 1 1 1
2

= k,=-

k, = 2~ 2 2
(oaf @ " (oBf b

We assume that concave of the first principal section is directed to [ and of the second to —I . Normal curvature is
positive for some directions and negative for some.
Total curvature has the form

We get principal curvatures of the surface formed in linear transformation with the curvature indicatrix equation (15)
from (6)

1 |- (n2rad) + (- )+ aaln|
L (OA)? _\ 2ah? \
F*
1 b= +a?) = (@ —h?) 4’|
27 (OB’ \ 2a’h’ \
total curvature equal to
DD S o= @)+ (P =07 47 b7 - (0 +a?) - (P =P +4a’h |
272 T (0AT)? (0B)? | 2a’b? 2a’b? -

__|(a2_b2)2_c4|__ 1
| 4a't | a?

It follows from above expression that (total) Gauss curvature doesn’t change:
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K, =K,

We proved geometrically that total curvature in linear transformation of the surface at a saddle point doesn’t move.
As we experienced linear transformation (1) the lines parallel to Oy transfer the lines again parallel to Oy .

Asymptotes of the hyperbola (14) are not parallel to Oy . It is not possible to shift the hyperbola given by (14) to the
hyperbola whose asymptotes are the Oy axis in linear transformation (1). Therefore, we study separately the hyperbola
whose asymptotes are located on the Oy axis.

Let the given L be a hyperbola with coordinate axes of the asymptotes of the curvature index of the plane of 17,
transferred to the point M of the surface. We make a linear transformation (17) to the surface given by the equation

y=i§ (16)

X' =X

Y—y—hx 40
%

We determine the constants in this transformation. Hyperbola equation (16) after the linear transformation (17) takes the
form (Fig 4):

kxy —hx*¥k?=0 . (18)

Figure 4. Curvature indicatrix is special Hyperbola.

For the given direction {I, m} the principal directions of hyperbola (18) are obtained from (9) has the form:

I —h++h*+k’

— =cCot =
m (2P K

Theorem 3.5. Let surface indicatrix be given by (16). If we accomplish linear transformation (17), then it holds the
following equality:
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1 1 1 11
(OM)? (ON)®2  (OM™*)? (ON")?  4k?

Proof. If the principal directions of hyperbola (18) makes an angle ¢ with the axis OX, then the lines passing

through the principal directions has the forms
h—+vh®+k? y
k

h++/h% +k? y
k

We find the points of intersection of these equations with hyperbola. Then we compare the distance between the origin
of hyperbola and the points of intersection:

d2=(OM")’ =‘—2(\/h2 K —h)‘
d,2 = (ON")? =‘2(\/h2 K+ h)‘

OM™: y =tang,-x=

ON": y,=tang,-x=

From this, we have

1| 1
OM")* "~ |—2(/h? +Kk2 —h)
1 1|

_|
(ON'Y ~ [2(J/h2 + k2 +h)|
Hence

S S IR SO SR 5
(OM') (ON') | 2(Jn2+k? —h) 2(Jh?+k? +h)| 4k

1
2

So (OM?) =2k, (ON?) =2k . Theorem is proved.

We arrive at the following proposition.
Proposition 3.3. The areas of MNM,N, square and M"N"M,'N,” rhombus are equal (Fig 4).

Proof. In transformation (17), MNM N, square shift to M N"M,"N,” rhombus. The side of square whose

vertices are M(\/E,\/F) , M*(\/E,—\/E) , N(—\/E,\/E) , N(—\/E,—\/E) equals 2vK and the area is

S =4k . Now we calculate the area of M“"N*M,"N,” rhombus. First we find its diagonal as follows:

d,=MM =20M" = 2\/‘—2(\/h2 K —h)‘
d,=NN =20N" = 2\/‘2(\/h2 K +h)‘ .

Then the area of the rhombus is
S =%d1d2 =%-2\/‘—2(\/h2 K2 —h)‘ -2\/‘2(\/h2 K +h)‘ =%~4\/4k2 _ 4K

Therefore the areas of MNM,N, squareand M “N"M,'N," rhombus are equal.
Theorem 3.6. Gauss curvature doesn’t change at the point M when we have linear transformation (2) of the surface
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with the curvature indicatrix (16).
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Proof. The proof follows from the above theorem. Let curvature indicatrix of the surface F be given by (16). Then

when curvature indicatrix is linearly transformed by (17) it is converted to the surface F " with curvature indicatrix (18).
We find the principal curvatures of these surfaces from (6). According to the remark 3.8, the principal curvatures of the
surface with curvature indicatrix (16) are obtained (6)

1 1

I(2

Total curvature has the form
K, =kk, =
(18) from (6)
koL | 1 |
(OM*)* | 2(Jh? +k? —h) |

Total curvature can be written as

1 1

k

1 1

(ON) 2

1

4K

We obtain the principal curvatures of the surface formed in linear transformation with the curvature indicatrix equation

I S N S
*TONY 2k K )|

1

1 1
K. =kk. = — __. __ . —_
©TE(OMYY (ONT)Y | 2(h kP —h)  2(JhE kP +h)| 4K

This yields that total (Gauss) curvature does not change:

K, =K,

We proved geometrically that total curvature of the

surface with the curvature indicatrix equation (16) in linear
transformation doesn’t change.

4. Conclusions

Obtained results show that, Gauss curvature of the

surface doesn’t change when special linear transformation
in curvilinear coordinates is done. Linear transformation in
curvilinear coordinates defines deformation bounded by
the surface in Euclidean space. So, in this deformation
Gauss curvature of the surface remains unchanged.
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