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Abstract In the paper, we propose a systematic approach 
to design and investigate the adequacy of the computational 
models for a mixed dissipative boundary value problem 
posed for the symmetric t-hyperbolic systems. We consider a 
two-dimensional linear hyperbolic system with variable coef-
ficients and with the lower order term in dissipative boundary 
conditions. We construct the difference splitting scheme for 
the numerical calculation of stable solutions for this system. 
A discrete analogue of the Lyapunov’s function is constructed 
for the numerical verification o f s tability o f solutions f or the 
considered problem. A priori estimate is obtained for the 
discrete analogue of the Lyapunov’s function. This estimate 
allows us to assert the exponential stability of the numerical 
solution. A theorem on the exponential stability of the solution 
of the boundary value problem for linear hyperbolic system 
and on stability of difference splitting scheme in the Sobolev 
spaces was proved. These stability theorems give us the 
opportunity to prove the convergence of the numerical 
solution.

Keywords Difference Scheme, Lyapunov Function, Mixed
Problem, Stability

1 Introduction
We consider the mixed dissipative boundary value problem for
a two-dimensional linear hyperbolic system with variable co-
efficients and lower order term [1]. For this problem, we con-
struct and investigate the difference splitting scheme in order to
obtain stable solutions. A discrete analogue of the Lyapunov
function is constructed and an a-priori estimate is obtained for
it. The obtained a-priori estimate allows us to assert the expo-
nential stability of the numerical solution.

It should be noted that numerous problems have been de-
voted to the solution of such problems (see [3]-[10] and ref-
erences in them). Studying the stability of solutions for one-
dimensional hyperbolic systems is the subject of [2]. Authors
of the paper investigate the stability of the solution by con-
structing the Lyapunov function and using a priori estimates

for solution in various functional spaces. However, stability
of the difference schemes, constructed in all these papers, was
investigated using the technique of constructing dissipative en-
ergy integrals. The a-priori estimates are obtained in these pa-
pers. But they are not enough to get exponential stability of the
numerical solution.

2 Differential statement of the problem
In the domain G = {(t, x, y) : 0 < t ≤ T, 0 < x < l,−∞ <
y < +∞}, we considered a symmetric hyperbolic system in a
special canonical form

∂v

∂t
+ K

∂v

∂x
+ C

∂v

∂y
+ Mv = 0 (1)

with boundary conditions for x = 0 :

vI = svII (2)

for x = l :
vII = rvI (3)

and with initial data at t = 0

vi(0, x, y) = ϕi(x, y), i = 1, . . . , n, 0 ≤ x ≤ l,
−∞ ≤ y ≤ +∞

(4)

where vI = (v1, v2, . . . , vm)T , vII =
(vm+1, vm+2, . . . , vn)T , K is a diagonal matrix, C is a
positive definite matrix, M is a n-th order square real matrix

v =

[
vI

vII

]
, K =

(
K+ 0
0 −K−

)
,

K+ =


k1 0 · · · 0
0 k2 · · · 0
...

...
. . .

...
0 · · · 0 km

 ,

K− =


km+1 0 · · · 0

0 km+2 · · · 0
...

...
. . .

...
0 · · · 0 kn

 , ki > 0, i = 1, . . . , n;



Mathematics and Statistics 7(3): 82-89, 2019 83

C = ‖cij(x)‖,M = ‖mij(x)‖, i, j = 1, . . . , n, 0 ≤ x ≤ l,
s is a matrix of order (n − m) × m, r is a matrix of order
m × (n −m). The initial functions are assumed to vanish for

|y| > 1

2
Y . The similar problem is considered in [1].

The assumption of positive definiteness of the matrix C is
not mandatory [1]. It is introduced to simplify the construction
of the difference scheme. In fact, if the matrix C does not
satisfy this assumption, then by introducing new coordinates
x′, y′, t′

x′ = x, y′ = y + ωt, t′ = t

we can rewrite the equation in the form of

∂v

∂t′
+ K

∂v

∂x′
+ (C + ωE)

∂v

∂y′
+ Mv = 0,

where the symmetric matrix C + ωE of the coefficients at ∂v
∂y′

will be positively definite for a sufficiently large ω. Here E is
the identity matrix.

Suppose that the initial data ϕ = (ϕ1, ϕ2, . . . , ϕn)T ∈
W 1

2 ((0, l), (−∞,+∞),Rn) satisfy the compatibility condi-
tions:

ϕI = sϕII, x = 0, t = 0,
ϕII = rϕI, x = l, t = 0.

. (5)

Here W 1
2 ((0, l), (−∞,+∞),Rn) is the Sobolev space.

Definition 2 (exponential stability [2]). The system (1) with
boundary conditions (2)-(3) is said to be exponentially stable
in the L2− norm if there exists such ν > 0 and c > 0 that for
any initial condition ϕ ∈ L2 ((0, l), (−∞,+∞),Rn) , the L2-
solution of the mixed problem (1)-(4) satisfies the inequality

‖v(t, ·)‖L2((0,l),(−∞,+∞);Rn) ≤
≤ ce−νt‖ϕ‖L2((0,l),(−∞,+∞);Rn), t ≥ 0

(6)

We construct the Lyapunov’s function in the form:

L(t) =

+∞∫
−∞

l∫
0

(µ(x)v,v) dxdy =

=

+∞∫
−∞

l∫
0

{
m∑
i=1

µie
−νx [vi(t, x, y)]

2
+

+

n∑
i=m+1

µie
νx [vi(t, x, y)]

2

}
dxdy

(7)

where µi > 0, i = 1, . . . , n, µ+ = (µ1, ..., µm)T ,
µ− = (µm+1, ..., µn)T ,

µ(x) =

(
e−νxµ+ 0

0 eνxµ−

)
.

Theorem (exponential stability). The system (1) with the
boundary conditions (2)-(3) is exponentially stable in the L2

-norm if there exists ν > 0 and µi > 0, i = 1, . . . , n such that
the following matrices

(
K+(l) 0

0 K−(0)

)(
e−νlµ+ 0

0 µ−

)
−
(

0 r
s 0

)
×

×
(

K+(0) 0
0 K−(l)

)(
µ+ 0
0 eνlµ−

)(
0 s
r 0

)
(8)

and

ν |K(x)|µ(x)−K′(x)µ(x) + µ(x)MT (x)µ(x)+

+µ(x)M(x), x ∈ (0, l)
(9)

are positive definite.
Proof. We calculate the derivative of the Lyapunov function:

L′(t) =
+∞∫
−∞

l∫
0

∂t (µ(x)v,v) dxdy =

=
+∞∫
−∞

l∫
0

(µ(x)∂tv,v) dxdy +
+∞∫
−∞

l∫
0

(µ(x)v, ∂tv) dxdy =

=
+∞∫
−∞

l∫
0

(µ(x) [−K(x)∂xv −C(x)∂yv −M(x)v] ,v) dxdy+

+
+∞∫
−∞

l∫
0

(µ(x)v, [−K(x)∂xv −C(x)∂yv −M(x)v]) dxdy =

= −
+∞∫
−∞

l∫
0

[(µ(x)K(x)∂xv,v) + (µ(x)v,K(x)∂xv) +

+ (µ(x)C(x)∂yv,v) + (µ(x)v,C(x)∂yv)] dxdy −

−
+∞∫
−∞

l∫
0

[(µ(x)M(x)v,v) + (µ(x)v,M(x)v)] dxdy.

Since
(µ(x)K(x)∂xv,v) = (∂x [µ(x)K(x)v] ,v)−
− (µ′(x)K(x)v,v)− (µ(x)K′(x)v,v)
and

µ′(x)K(x) = −ν |K(x)|µ(x),

we have the following identity:

L′(t) = −
+∞∫
−∞

l∫
0

[∂x (K(x)µ(x)v,v) + ∂y (C(x)µ(x)v,v)] dxdy−

−
+∞∫
−∞

l∫
0

([
ν |K(x)|µ(x)−K′(x)µ(x) + MT (x)µ(x)+

+µ(x)M(x)] v,v) dxdy = −
+∞∫
−∞

(K(x)µ(x)v,v)

∣∣∣∣l
0

dy −

−
l∫

0

(C(x)µ(x)v,v)

∣∣∣∣+∞
−∞

dx−
+∞∫
−∞

l∫
0

([ν |K(x)|µ(x)−

K′(x)µ(x) + MT (x)µ(x) + µ(x)M(x)
]
v,v

)
dxdy =

= −
+∞∫
−∞

(K(x)µ(x)v,v)

∣∣∣∣l
0

dy −
+∞∫
−∞

l∫
0

([ν |K(x)|µ(x)−

K′(x)µ(x) + MT (x)µ(x) + µ(x)M(x)
]
v,v

)
dxdy.

Transform separately the each term of the obtained identity:

1)−(K(x)µ(x)v,v)

∣∣∣∣l
0

= − [(K(l)µ(l)v(t, l, y),v(t, l, y))−

(K(0)µ(0)v(t, 0, y),v(t, 0, y))] =

= −
((

K+(l) 0
0 −K−(l)

)(
e−νlµ+ 0

0 eνlµ−

)
×

×
[

vI(t, l, y)
vII(t, l, y)

]
,

[
vI(t, l, y)
vII(t, l, y)

])
+
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+

((
K+(0) 0

0 −K−(0)

)(
µ+ 0
0 µ−

)
×

×
[

vI(t, 0, y)
vII(t, 0, y)

]
,

[
vI(t, 0, y)
vII(t, 0, y)

])
=

= −
((

K+(l) 0
0 K−(0)

)(
e−νlµ+ 0

0 µ−

)
×

×
[

vI(t, l, y)
vII(t, 0, y)

]
,

[
vI(t, l, y)
vII(t, 0, y)

])
+

+

((
K+(0) 0

0 K−(l)

)(
µ+ 0
0 eνlµ−

)
×

×
[

vI(t, 0, y)
vII(t, l, y)

]
,

[
vI(t, 0, y)
vII(t, l, y)

])
=

= −
((

K+(l) 0
0 K−(0)

)(
e−νlµ+ 0

0 µ−

)
×

×
[

vI(t, l, y)
vII(t, 0, y)

]
,

[
vI(t, l, y)
vII(t, 0, y)

])
+

+

((
K+(0) 0

0 K−(l)

)(
µ+ 0
0 eνlµ−

)
×

×
(

0 s
r 0

)[
vI(t, l, y)
vII(t, 0, y)

]
,

(
0 s
r 0

)
×

×
[

vI(t, l, y)
vII(t, 0, y)

])
= −

((
K+(l) 0

0 K−(0)

)
×

×
(
e−νlµ+ 0

0 µ−

)[
vI(t, l, y)
vII(t, 0, y)

]
,

,

[
vI(t, l, y)
vII(t, 0, y)

])
+

((
0 r
s 0

)
×

×
(

K+(0) 0
0 K−(l)

)(
µ+ 0
0 eνlµ−

)(
0 s
r 0

)
×

×
[

vI(t, l, y)
vII(t, 0, y)

]
,

[
vI(t, l, y)
vII(t, 0, y)

])
< 0.

According to (9) we have

2)−
l∫

0

([ν |K(x)|µ(x)−K′(x)µ+

+MT (x)µ(x) + µ(x)M(x)
]
v,v

)
dx < 0.

Taking into account these transformations, we obtain

L′(t) = −
+∞∫
−∞

(K(x)µ(x)v,v)

∣∣∣∣l
0

dy −
+∞∫
−∞

l∫
0

([ν |K(x)| ×

×µ(x)−K′(x)µ(x) + MT (x)µ(x)+
+µ(x)M(x)] v,v) dxdy < 0.

Since the matrices (9) and ν |K(x)|µ(x) are posi-
tive definite for any x,we get following inequality([

ν |K(x)|µ(x)−K′(x)µ(x) + MT (x)µ(x)+
+µ(x)M(x)] v,v) > ν(|K(x)|µ(x)v,v) > να(µ(x)v,v),
α = ν min

1≤i≤n
0≤x≤l

ki(x)

for any vector v ∈ Rn. Then we have

L′(t) < −να
∫ +∞

−∞

∫ l

0

(µ(x)v,v) dxdy = −ηL(t), η = να

Hence,
L(t) ≤ e−ηtL(0), t > 0.

However, since there is such a constant γ > 0 such that
1
γ ‖v(t, ·)‖2L2((0,l),(−∞,+∞),Rn) ≤ L(t) ≤
≤ γ ‖v(t, ·)‖2L2((0,l),(−∞,+∞),Rn) ,

‖v(t, ·)‖2L2((0,l),(−∞,+∞),Rn) =
∫ +∞
−∞

∫ l
0

(v,v) dxdy

we obtain
‖v(t, ·)‖L2((0,l),(−∞,+∞),Rn) ≤
≤ γe−νt/2 ‖Φ‖L2((0,l),(−∞,+∞),Rn) , t ∈ [0,+∞).

3 The difference scheme
In the domain G, construct the difference grid
Gh = {(tκ, xj , yq) : 0 ≤ tκ ≤ T, 0 ≤ xj ≤ l, −∞ <

yq < +∞} where tκ = κ∆t, κ = 0, . . . , N ; N∆t = T,

xj =
(
j + 1

2

)
∆x; J∆x = l; j = 0, . . . , J − 1;

yq =
(
q + 1

2

)
∆y; q = −∞, . . . ,+∞;

and denote the values of the numerical solution at the nodal
points by

vκjq =
1

∆x

1

∆y

y
q+1

2∫
y
q− 1

2

x
j+1

2∫
x
j− 1

2

v(tκ, x, y)dxdy, j = 0, . . . , J−1.

For the numerical solution of the mixed problem (1)-(4), we
suggest a difference splitting scheme

[ (
wI
)κ
jq(

wII
)κ
jq

]
=

[ (
vI
)κ
jq(

vII
)κ
jq

]
− ∆t

∆x
×

×
[

K+
j−1 0

0 K−j+1

][ (
vI
)κ
jq
−
(
vI
)κ
j−1,q(

vII
)κ
jq
−
(
vII
)κ
j+1,q

]
,

j = 0, . . . , J − 1; κ = 0, . . . , N − 1;
q = −∞, . . . ,+∞;

(10)

uκjq = wκ
jq − ∆t

∆yCj

[
wκ
jq −wκ

jq−1

]
,

j = 0, . . . , J − 1; κ = 0, . . . , N − 1;
q = −∞, . . . ,+∞;

(11)

vκ+1
jq = uκjq −∆tMju

κ
jq, j = 0, . . . , J − 1;

κ = 0, . . . , N − 1.
(12)

The initial conditions (4) are approximated as follows:

v0
jq =

1

∆x

1

∆y

y
q+1

2∫
y
q− 1

2

x
j+1

2∫
x
j− 1

2

Φ(x, y)dxdy,

j = 0, . . . , J − 1; q = −∞, . . .+∞

(13)

The boundary conditions are approximated in this way:( (
vI
)κ+1

−1q(
vII
)κ+1

Jq

)
=

(
0 s
r 0

)( (
vI
)κ+1

J−1,q(
vII
)κ+1

0q

)
,

κ = 0, . . . , N − 1; q = −∞, . . .+∞

(14)

Suppose that the condition of the CFL

∆t

∆x
max

1≤i≤n
0≤j≤J−1

|ki,j | ≤ 1,
∆t

∆y
max

1≤i≤n
0≤j≤J−1

|λi(Cj)| ≤ 1
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holds. Here λi(Cj) are eigenvalues of the matrix Cj .
Now we study the question on the exponential stability of

the solution of the difference problem (10)-(14).

Definition 2. The difference scheme (10)-(12) with a differ-
ence boundary condition (14) exponentially stable if there exist
constants η > 0 and c > 0 such that for any initial condition
v0
jq ∈ L2((xj− 1

2
, xj+ 1

2
), (yq− 1

2
, yq+ 1

2
),Rn), the solution of

the difference boundary value problem (10)-(14) satisfies the
equality

∆x∆y
+∞∑
q=−∞

J−1∑
j=0

(
vκjq,v

κ
jq

)
≤ ce−ηtκ ×

×∆x∆y
+∞∑
q=−∞

J−1∑
j=0

(
v0
jq,v

0
jq

)
, κ = 1, . . . , N.

Here, we formally write out the sums of an infinite number
of terms. However this is done only formally, since only a
finite number of them are nonzero. It is due to the fact that
the difference solution is non-zero only at a finite number of
points.

Consider the difference boundary-value problem (10) - (14)
with the stationary solution
vκjq = 0, κ = 0, . . . , N − 1; j = 0, . . . , J − 1;
q = −∞, . . . ,+∞.

In order to prove the stability of the difference boundary-
value problem (10) - (14), we propose the following function
as the discrete Lyapunov function

L(vκ) = Lκ = ∆x∆y

+∞∑
q=−∞

J−1∑
j=0

(
vκjq, µjv

κ
jq

)
,

µj = µ(xj), j = 1, . . . , J − 1

(15)

Here µj =

(
e−νxjµ+ 0

0 eνxjµ−

)
.

Theorem 2. Let T > 0 and the discrete Lyapunov function be
defined by (15). If the condition of CFL ∆t

∆x max
1≤i≤n
0≤j≤J−1

|ki,j | ≤

1, ∆t
∆y max

1≤i≤n
0≤j≤J−1

|λi(Cj)| ≤ 1, holds, and there exist real

numbers ν > 0 and µi > 0, i = 1, . . . , n such that
0 < η ≡ ναe−ν∆x − β < 1, where α = min

1≤i≤n
0≤j≤J−1

|ki,j | ,

β = max
1≤i≤n
0≤j≤J−1

∣∣k′i,j∣∣ , Mj
Tµj + µjMj −∆tMj

TµjMj , j =

0, . . . , J − 1 are non-negative definite matrices and[
µ+e−νxJK+

J−1 0
0 µ−eνx−1K−0

]
−
(

0 r
s 0

)
×

×
[
µ+e−νx0K+

−1 0
0 µ−eνxJ−1K−J

](
0 s
r 0

)
is a positive definite matrix, then the numerical solution vκjq of
the difference boundary value problem (10)-(14) converges to
the stationary solution v∗jq = 0 for the norm L2.

Proof. Using the Lyapunov discrete function, we calculate
the derivative of the Lyapunov function (15) as follows
L(vκ+1)−L(vκ)

∆t = L(vκ+1)−L(uκ)
∆t + L(uκ)−L(wκ)

∆t +

+ L(wκ)−L(vκ)
∆t ,

where L(vκ) = ∆x∆y
+∞∑
q=−∞

J−1∑
j=0

(vκjq, µjv
κ
jq), L(wκ) =

= ∆x∆y
+∞∑
q=−∞

J−1∑
j=0

(wκ
jq, µjw

κ
jq),

L(uκ) = ∆x∆y

+∞∑
q=−∞

J−1∑
j=0

(uκjq, µju
κ
jq), κ = 0, . . . , N.

Now we prove that this quadratic form is negatively defined.
For this, it suffices to show that all three quadratic forms on the
right-hand side of the previous equation are negatively defined:

L(vκ+1)−L(uκ)
∆t = ∆x∆y

∆t ×

×
+∞∑
q=−∞

J−1∑
j=0

[
(vκ+1
jq , µjv

κ+1
jq )− (uκjq, µju

κ
jq)
]
,

L(uκ)−L(wκ)
∆t = ∆x∆y

∆t ×

×
+∞∑
q=−∞

J−1∑
j=0

[
(uκjq, µju

κ
jq)− (wκ

jq, µjw
κ
jq)
]
,

L(wκ)−L(vκ)
∆t = ∆x∆y

∆t ×

×
+∞∑
q=−∞

J−1∑
j=0

[
(wκ

jq, µjw
κ
jq)− (vκjq, µjv

κ
jq)
]
.

Lemma 1. Let the conditions of Theorem 2 be satisfied.
Then the quadratic form

L(vκ+1)− L(uκ)

∆t
≤ 0

is not positively defined.
Proof. Using the difference scheme (12), calculate the

quadratic form L(vκ+1)−L(uκ)
∆t .

L(vκ+1)−L(uκ)
∆t = ∆x∆y

∆t

+∞∑
q=−∞

J−1∑
j=0

[([
uκjq −∆tMju

κ
jq

]
,

µj

[
uκjq −∆tMju

κ
jq

])
− (uκjq, µju

κ
jq)
]

= ∆x∆y
∆t ×

×
+∞∑
q=−∞

J−1∑
j=0

[
(uκjq, µju

κ
jq)− (uκjq, µju

κ
jq)
]
−∆x∆y×

×
+∞∑
q=−∞

J−1∑
j=0

[(
Mju

κ
jq, µju

κ
jq

)
+
(
uκjq, µjMju

κ
jq

)
−

−∆t(Mju
κ
jq, µjMju

κ
jq)
]

= −∆x∆y×

×
+∞∑
q=−∞

J−1∑
j=0

[(
uκjq,M

T
j µju

κ
jq

)
+
(
uκjq, µjMju

κ
jq

)
−

−∆t(uκjq,M
T
j µjMju

κ
jq)
]

= −∆x∆y×

×
+∞∑
q=−∞

J−1∑
j=0

(
uκjq,

[
Mj

Tµj + µjMj −∆tMj
TµjMj

]
uκjq

)
.

By virtue of Theorem 2. MT
j µj + µjMj −

∆tMT
j µjMj , j = 0, ..., J − 1 are nonnegative definite

matrix. Hence,

L(vκ+1)− L(uκ)

∆t
≤ 0.

Lemma 1 is proved.
Lemma 2. Let the conditions of Theorem 2 be satisfied.

Then the quadratic form

L(uκ)− L(wκ)

∆t
≤ 0
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is not positively defined.

Proof. Introduce the notation Oj = ∆t
∆yCj . Using

the difference scheme (11), calculate the quadratic form
L(uκ)−L(wκ)

∆t .

L(uκ)−L(wκ)
∆t = ∆x∆y

∆t

+∞∑
q=−∞

J−1∑
j=0

[(
uκjq, µju

κ
jq

)
−
(
wκ
jq, µjw

κ
jq

)]
=

∆x∆y
∆t

+∞∑
q=−∞

J−1∑
j=0

[({
wκ
jq −Oj

[
wκ
jq −wκ

jq−1

]}
, µj

{
wκ
jq−

−Oj

[
wκ
jq −wκ

jq−1

]})
−
(
wκ
jq, µjw

κ
jq

)]
∆x∆y

∆t

+∞∑
q=−∞

×

×
J−1∑
j=0

{(
wκ
jq, µjw

κ
jq

)
−
(
wκ
jq, µjw

κ
jq

)
− 2

(
µjw

κ
jq,Oj×

×
[
wκ
jq −wκ

jq−1

])}
+∆x∆y

∆t

+∞∑
q=−∞

J−1∑
j=0

(
µjOj

[
wκ
jq −wκ

jq−1

]
,

Oj

[
wκ
jq −wκ

jq−1

])
= ∆x∆y

∆t

+∞∑
q=−∞

J−1∑
j=0

{(
µjOj

[
wκ
jq −wκ

jq−1

]
,

Oj

[
wκ
jq −wκ

jq−1

])
− 2

(
µjw

κ
jq,Oj

[
wκ
jq −wκ

jq−1

])}
=

∆x∆y
∆t

+∞∑
q=−∞

J−1∑
j=0

{(
µjOjw

κ
jq,Ojw

κ
jq

)
− 2

(
µjOjw

κ
jq,

Ojw
κ
jq−1

)
+
(
µjOjw

κ
jq−1,Ojw

κ
jq−1

)}
+

+ ∆x∆y
∆t

+∞∑
q=−∞

J−1∑
j=0

{
−2
(
µjw

κ
jq,Ojw

κ
jq

)
+ 2

(
µjw

κ
jq,

Ojw
κ
jq−1

)}
= ∆x∆y

∆t

+∞∑
q=−∞

J−1∑
j=0

{(
µjOjw

κ
jq,Ojw

κ
jq

)
+

+2
(
µj [E−Oj ] w

κ
jq,Ojw

κ
jq−1

)
+
(
µjOjw

κ
jq−1,

Ojw
κ
jq−1

)
− 2

(
µjw

κ
jq,Ojw

κ
jq

)}
.

Here E is the unit matrix. By virtue of the condition of the
CFL, the matrix (E−Oj) ≥ 0. Suppose that the matrix
(E−Oj)µjOj is a positive definite matrix. Then we obtain

2
(
µj [E−Oj ] w

κ
jq,Ojw

κ
jq−1

)
≤

≤
(
µj [E−Oj ]w

κ
jq,Ojw

κ
jq

)
+

+
(
µj [E−Oj ]w

κ
jq−1,Ojw

κ
jq−1

)
=(

µjw
κ
jq,Ojw

κ
jq

)
−
(
µjOjw

κ
jq,Ojw

κ
jq

)
+

+
(
µjw

κ
jq−1,Ojw

κ
jq−1

)
−
(
µjOjw

κ
jq−1,Ojw

κ
jq−1

)
.

Taking into account this inequality, we have
L(uκ)−L(wκ)

∆t =

∆x∆y
∆t

+∞∑
q=−∞

J−1∑
j=0


(
µjOjw

κ
jq,Ojw

κ
jq

)
+

+2
(
µj [E−Oj ] w

κ
jq,Ojw

κ
jq−1

)
+

+
(
µjOjw

κ
jq−1,Owκ

jq−1

)
−

−2
(
µjw

κ
jq,Ojw

κ
jq

)
 ≤

∆x∆y
∆t

+∞∑
q=−∞

J−1∑
j=0

[(
µjOjw

κ
jq,Ojw

κ
jq

)
+

+
(
µjw

κ
jq,Ojw

κ
jq

)
−
(
µjOjw

κ
jq,Ojw

κ
jq

)]

∆x∆y
∆t

+∞∑
q=−∞

J−1∑
j=0



{
µjw

κ
jq−1,Ojw

κ
jq−1

}
−

−
(
µjOjw

κ
jq−1,Ojw

κ
jq−1

)
+

+
(
µjOjw

κ
jq−1,Ojw

κ
jq−1

)
−

−2
(
µjw

κ
jq,Ojw

κ
jq

)


= ∆x∆y

∆t

+∞∑
q=−∞

J−1∑
j=0

[(
µjw

κ
jq−1,Ojw

κ
jq−1

)
−

−
(
µjw

κ
jq,Ojw

κ
jq

)]
.

Since the initial functions are assumed to be zero at |y| >
1
2Y , then (see [1]) for t = ∆t, the difference solution ob-
tained by the described scheme will be obviously equal to zero
if |y| > 1

2Y + ∆y at t = 2∆t, if |y| > 1
2Y + 2∆y , etc. The

difference solution will be equal to zero on the last grid layer
t = T if |y| > 1

2Y + T
∆t∆y. Thus, the grid function wκ

jq will
be nonzero on any considered grid layer that only at a finite
number of points. If t is not too large, wκ

jq = 0 if |y| > Y
. Taking into account this property of difference solutions, we
have:
L(uκ)−L(wκ)

∆t ≤ ∆x∆y
∆t

+∞∑
q=−∞

J−1∑
j=0

[(
µjw

κ
jq−1,

Ojw
κ
jq−1

)
−
(
µjw

κ
jq,Ojw

κ
jq

)]
= 0 .

Therefore
L(uκ)− L(wκ)

∆t
≤ 0.

Lemma 2 is proved.
Lemma 3. Let the conditions of Theorem 2 be satisfied.

Then the following inequality

L(wκ)− L(vκ)

∆t
< −ηL(vκ)

holds.
Proof. Introduce the following notation

Wκ
jq =

[ (
vI
)κ
j−1,q(

vII
)κ
j+1,q

]
, |K|j =

[
K+
j−1 0

0 K−j+1

]
,

Dj = ∆t
∆x |K|j

Taking into account these notations, using the difference
scheme (10), calculate the quadratic form L(wκ)−L(vκ)

∆t . Then
we obtain:

L(wκ)−L(vκ)
∆t = ∆x∆y

∆t

+∞∑
q=−∞

J−1∑
j=0

[
(wκ

jq, µjw
κ
jq)−

−(vκjq, µjv
κ
jq)
]

== ∆x∆y
∆t

+∞∑
q=−∞

J−1∑
j=0

[({
vκjq −Dj

[
vκjq−

−Wκ
jq

]}
, µj

{
vκjq −Dj

[
vκjq −Wκ

jq

]})
− (vκjq, µjv

κ
jq)
]

=

= ∆x∆y
∆t

+∞∑
q=−∞

J−1∑
j=0

[
(vκjq, µjv

κ
jq)− (vκjq, µjv

κ
jq)−

−2
(
µjv

κ
jq,Dj

[
vκjq −Wκ

jq

])]
+ ∆x∆y

∆t ×

×
+∞∑
q=−∞

J−1∑
j=0

[(
µjDj

[
vκjq −Wκ

jq

]
,Dj

[
vκjq −Wκ

jq

])]
=

∆x∆y
∆t

+∞∑
q=−∞

J−1∑
j=0

[(
µjDj

[
vκjq −Wκ

jq

]
,Dj

[
vκjq −Wκ

jq

])
−

−2
(
µjv

κ
jq,Dj

[
vκjq −Wκ

jq

])]
= ∆x∆y

∆t

+∞∑
q=−∞

J−1∑
j=0

[(
µjDjv

κ
jq,Dvκjq

)
− 2

(
µjDvκjq,DjW

κ
jq

)
+

+
(
µjDjW

κ
jq,DjW

κ
jq

)]
+ ∆x∆y

∆t ×

×
+∞∑
q=−∞

J−1∑
j=0

[
−2
(
µjv

κ
jq,Djv

κ
jq

)
+ 2

(
µjv

κ
jq,DjW

κ
jq

)]
=

∆x∆y
∆t

+∞∑
q=−∞

J−1∑
j=0

[(
µjDjv

κ
jq,Djv

κ
jq

)
+

+2
(
µj(E−Dj)v

κ
jq,DjW

κ
jq

)]
+

+∆x∆y
∆t

+∞∑
q=−∞

J−1∑
j=0

[(
µjDjW

κ
jq,DjW

κ
jq

)
− 2

(
µjv

κ
jq,Djv

κ
jq

)]
.
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By virtue of the CFL condition, matrices
(E−Dj) ≥ 0 and (E−Dj)µjDj are posi-
tive definite diagonal matrices. Hence, we have
2
(
µj(E−Dj)v

κ
jq,DjW

κ
jq

)
≤
(
µj(E−Dj)v

κ
jq,Djv

κ
jq

)
+

+
(
µj(E−Dj)W

κ
jq,DjW

κ
jq

)
=
(
µjv

κ
jq,Djv

κ
jq

)
−

−
(
µjDjv

κ
jq,Djv

κ

jq

)
+
(
µjW

κ
jq,DjW

κ
jq

)
−
(
µjDWκ

jq,DWκ
jq

)
,

Taking into account this inequality, we obtain
L(wκ)−L(vκ)

∆t =

= ∆x∆y
∆t

+∞∑
q=−∞

J−1∑
j=0

[(
µjDjv

κ
jq,Djv

κ
jq

)
+

+2
(
µj(E−Dj)v

κ
jq,DjW

κ
jq

)]
+

+∆x∆y
∆t

+∞∑
q=−∞

J−1∑
j=0

[(
µjDjW

κ
jq,DjW

κ
jq

)
−

−2
(
µjv

κ
jq,Djv

κ
jq

)]
≤ ∆x∆y

∆t

+∞∑
q=−∞

J−1∑
j=0

[(
µjDjv

κ
jq,Djv

κ
jq

)
+

+
(
µjv

κ
jq,Djv

κ

jq

)
−
(
µjDjv

κ
jq,Djv

κ

jq

)]
+

∆x∆y
∆t

+∞∑
q=−∞

J−1∑
j=0

[(
µjW

κ
jq,DjW

κ
jq

)
−
(
µjDjW

κ
jq,DjW

κ
jq

)]
+

∆x∆y
∆t

+∞∑
q=−∞

J−1∑
j=0

[(
µjDjW

κ
jq,DjW

κ
jq

)
− 2

(
µjv

κ
jq,Djv

κ
jq

)]
= ∆x∆y

∆t

+∞∑
q=−∞

J−1∑
j=0

[(
µjW

κ
jq,DjW

κ
jq

)
−
(
µjv

κ
jq,Djv

κ
jq

)]
or L(wκ)−L(vκ)

∆t ≤ ∆x∆y
∆t

+∞∑
q=−∞

J−1∑
j=0

[(
µjW

κ
jq,DjW

κ
jq

)
−

−
(
µjv

κ
jq,Djv

κ
jq

)]
.

Transform separately the first quadratic form in the right side
of this inequality:

∆x∆y
∆t

+∞∑
q=−∞

J−1∑
j=0

(
µjW

κ
jq,DjW

κ
jq

)
=

= ∆y
+∞∑
q=−∞

J−1∑
j=0

(
Wκ

jq,[
µ+e−νxjK+

j−1 0

0 µ−eνxjK−j+1

]
Wκ

jq

)
=

e−ν∆x∆y
+∞∑
q=−∞

J−1∑
j=0

(
Wκ

jq,[
µ+e−νxj−1K+

j−1 0

0 µ−eνxj+1K−j+1

]
Wκ

jq

)
=

= e−ν∆x∆y
+∞∑
q=−∞

J−1∑
j=0

(((
vI
)κ
j−1,q

, µ+e−νxj−1×

× K+
j−1

(
vI
)κ
j−1,q

))
=

= e−ν∆x∆y
+∞∑
q=−∞

J−1∑
j=0

((
vII
)κ
j+1,q

, µ−eνxj+1×

× K−j+1

(
vII
)κ
j+1,q

)
=

e−ν∆x∆y
+∞∑
q=−∞

J−1∑
j=0

((
vI
)κ
jq
, µ+e−νxjK+

j

(
vI
)κ
jq

)
e−ν∆x∆y

+∞∑
q=−∞

((
vI
)κ
−1,q

, µ+e−νx−1K+
−1

(
vI
)κ
−1,q

)
−((

vI
)κ
J−1,q

, µ+e−νxJ−1K+
J−1

(
vI
)κ
J−1,q

)
e−ν∆x∆y

+∞∑
q=−∞

J−1∑
j=0

((
vII
)κ
jq
, µ−eνxjK−j

(
vII
)κ
jq

)
e−ν∆x∆y

+∞∑
q=−∞

−
((

vII
)κ

0q
, µ−eνx0K−0

(
vII
)κ

0q

)
+((

vII
)κ
Jq
, µ−eνxJK−J

(
vII
)κ
Jq

)
=

e−ν∆x∆y
+∞∑
q=−∞

J−1∑
j=0

(vκjq, µjKjv
κ
jq) +

+e−ν∆x∆y
+∞∑
q=−∞

((
vI
)κ
−1,q

, µ+e−νx0K+
−1

(
vI
)κ
−1,q

)
−((

vI
)κ
J−1,q

, µ+e−νxJK+
J−1

(
vI
)κ
J−1,q

)
−e−ν∆x∆y

+∞∑
q=−∞

((
vII
)κ

0q
, µ−eνx0K−0

(
vII
)κ

0q

)
+((

vII
)κ
Jq
, µ−eνxJK−J

(
vII
)κ
Jq

)
=

= e−ν∆x∆y
+∞∑
q=−∞

J−1∑
j=0

(vκjq, µjKjv
κ
jq) +

+e−ν∆x∆y
+∞∑
q=−∞

([ (
vI
)κ
−1,q(

vII
)κ
Jq

]
,[

µ+e−νx0K+
−1 0

0 µ−eνxJ−1K−J

] [ (
vI
)κ
−1,q(

vII
)κ
Jq

])
−

−e−ν∆x∆y
+∞∑
q=−∞

([ (
vI
)κ
J−1,q(

vII
)κ

0q

]
,

×
[
µ+e−νxJK+

J−1 0
0 µ−eνx−1K−0

][ (
vI
)κ
J−1,q(

vII
)κ

0q

])

Here

|K|j =

[
K+
j 0

0 K−j

]
.

Taking into account the boundary conditions

( (
vI
)κ+1

−1,q(
vII
)κ+1

Jq

)
=

(
0 s
r 0

)( (
vI
)κ+1

J−1,q(
vII
)κ+1

0q

)
,

we have
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∆x∆y
∆t

+∞∑
q=−∞

J−1∑
j=0

(
µjW

κ
jq,DjW

κ

jq

)
= e−ν∆x∆y×

×
+∞∑
q=−∞

J−1∑
j=0

(vκjq, µjKjv
κ
jq)+∆y

+∞∑
q=−∞

(
0 s
r 0

)
×

×

( (
vI
)κ+1

J−1,q(
vII
)κ+1

0q

)
,

[
µ+e−νx0K−1

+ 0
0 µ−eνxJ−1KJ

−

]
×

×
(

0 s
r 0

)( (
vI
)κ+1

J−1,q(
vII
)κ+1

0q

)
−

−∆y
+∞∑
q=−∞

([ (
vI
)κ
J−1,q(

vII
)κ

0q

]
,

×
[
µ+e−νxJKJ−1

+ 0
0 µ−eνx−1K0

−

] [ (
vI
)κ
J−1,q(

vII
)κ

0q

])
Suppose that the dissipativity condition[
µ+e−νxJK+

J−1 0
0 µ−eνx−1K−0

]
−
(

0 r
s 0

)
×

×
[
µ+e−νx0K+

−1 0
0 µ−eνxJ−1K−J

](
0 s
r 0

)
> 0 holds.

Then we obtain
∆x∆y

∆t

+∞∑
q=−∞

J−1∑
j=0

(
µjW

κ
jq,DjW

κ
jq

)
≤

≤ e−ν∆x∆y
+∞∑
q=−∞

J−1∑
j=0

(vκjq, µjKjv
κ
jq) and, hence,

L(wκ)−L(vκ)
∆t e−ν∆x∆y

+∞∑
q=−∞

J−1∑
j=0

(
vκjq, µjKjv

κ
jq

)
−

−∆y
+∞∑
q=−∞

J−1∑
j=0

(
vκjq, µj |K|j vκjq

)
=

= ∆y
+∞∑
q=−∞

J−1∑
j=0

(
vκjq, µj

[
e−ν∆xKj − |K|j

]
vκjq

)
=

= ∆y
+∞∑
q=−∞

J−1∑
j=0

(
vκjq, µj

[
e−ν∆xKj −Kj + Kj − |K|j

]
vκjq

)
=

= ∆y
+∞∑
q=−∞

J−1∑
j=0

(
vκjq, µj

[
e−ν∆xKj −Kj

]
vκjq
)

+

+ ∆y
+∞∑
q=−∞

J−1∑
j=0

(
vκjq, µj

[
Kj − |K|j

]
vκjq

)
=

= (e−ν∆x − 1)∆y
+∞∑
q=−∞

J−1∑
j=0

(
vκjq, µjKjv

κ
jq

)
+

∆y
+∞∑
q=−∞

J−1∑
j=0

(
vκjq, µj

[
K+
j −K+

j−1 0

0 K−j −K−j+1

]
vκjq

)
=

= −ν∆x∆y
+∞∑
q=−∞

J−1∑
j=0

(
vκjq, µjKjv

κ
jq

)
+

∆x∆y
+∞∑
q=−∞

J−1∑
j=0

(
vκjq, µjK

′
jv
κ
jq

)
.

Since according to the condition of Theorem 2, there are
constants

α = min
1≤i≤n
0≤j≤J−1

|ki,j | , β = max
1≤i≤n
0≤j≤J−1

∣∣k′i,j∣∣
such that 0 < ναe−ν∆x − β < 1, we get

L(wκ)− L(vκ)

∆t
< −ηL(vκ).

Here
η = ναe−ν∆x − β.

Lemma 3 is proved.
As a result, lemmas 1-3 imply the following inequalities:
L(vκ+1)−L(uκ)

∆t ≤ 0, L(uκ)−L(wκ)
∆t ≤ 0,

L(wκ)−L(vκ)
∆t < −ηL(vκ).

Summing up these inequalities, we have the following for the
quadratic form
L(vκ+1)−L(vκ)

∆t : L(vκ+1)−L(vκ)
∆t = L(vκ+1)−L(uκ)

∆t +

+L(uκ)−L(wκ)
∆t + L(wκ)−L(vκ)

∆t < −ηL(vκ)orL
κ+1−Lκ

∆t <

−ηLκ or Lκ+1−Lκ
∆t < −ηLκ. Recursively applying this

inequality, we obtain
Lκ+1 < (1 − ∆tη)κ+1 L0 ≤ e−η∆t(κ+1)L0 =
e−ηtκ+1L0, κ = 0, . . . , N − 1 .
Denote
C1 = min

1≤i≤n
0≤j≤J−1

{$ij : |µj −$ijE| = 0} , C2 =

max
1≤i≤n
0≤j≤J−1

{$ij : |µj −$ijE| = 0} ,

Then

C1E ≤ µj ≤ C2E, j = 0, . . . , J − 1.

It follows from here that

C1∆x∆y
+∞∑
q=−∞

J−1∑
j=0

(
vκjq,v

κ
jq

)
≤ Lκ ≤

≤ C2e
−ηtκ∆x∆y

+∞∑
q=−∞

J−1∑
j=0

(
v0
jq,v

0
jq

)
, κ = 0, . . . , N,

∆x∆y
+∞∑
q=−∞

J−1∑
j=0

(
vκjq,v

κ
jq

)
≤ Ce−ηtκ∆x∆y ×

×
+∞∑
q=−∞

J−1∑
j=0

(
v0
jq,v

0
jq

)
, κ = 0, . . . , N ; C = C2/C1.

Hence, the numerical solution vnjq of the mixed problem is
exponentially stable in the L2-norm.
Theorem 2 is proved.

4 Conclusions
In conclusion, we note that the stability of a difference splitting
scheme was studied in the work for the numerical calculation
of stable solutions of a two-dimensional linear hyperbolic sys-
tem with dissipative boundary conditions in the case of variable
coefficients with lower terms. A discrete analogue of the Lya-
punov function is constructed for the numerical value of stable
solutions of a two-dimensional linear hyperbolic system with
dissipative boundary conditions in the case of variable coeffi-
cients with lower terms. An a priori estimate is obtained for
the discrete analogue of the Lyapunov function. The obtained
prior estimate allows us to assert the exponential stability of
the numerical solution. A theorem on the exponential stabil-
ity of the solution of both the differential problem and the dif-
ference split-ting scheme for linear hyperbolic systems in the
corresponding norms is proved. Consequently, this gives us
the opportunity to prove the convergence of a stable numerical
solution to a stable solution of a differential problem.
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