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Abstract In this paper, some new approximations to
the cumulative distribution function of the standard normal
distribution via the He’s homotopy perturbation method
are proposed. There are several methods which provide an
approximation of the integral in the formula for the cumulative
distribution function by different numerical methods. For
the same purpose, we first establish a differential equation
of the second order that the cumulative distribution function
satisfied subjected with the certain initial conditions. Then we
apply the Homotopy Perturbation Method to solve the Cauchy
problem for the governing equation. As well known, the result
of solving an equation by this method and the convergence
rate greatly depend on the choice of homotopy applied.
Therefore, we consider two cases in this work. In one case, we
construct the homotopy from the idea of simplicity. In the next
case, we just follow the procedure of the general approach
proposed early. As a result, we obtain several approximations
which can be are easily calculated and are better than some
other approximations. Numerical comparison shows that our
approximations are very accurate.

Keywords Normal Distribution, Cumulative Distribution
Function, Approximations, Homotopy Perturbation Method

1 Introduction
The importance of the normal distribution in many areas of
science (for example, in mathematical statistics and statistical
physics) follows from the central limit theorem of probabil-
ity theory. If the observation result is the sum of many random
weakly interdependent quantities, each of which makes a small
contribution relative to the total sum, then with an increase in
the number of terms, the distribution of the centered and nor-
malized result tends to normal. This law of probability the-
ory has the consequence of a wide distribution of the normal
distribution, which was one of the reasons for its name. The
normal distribution [1], also called the Gauss or Gauss Laplace
distribution, is the probability distribution, which in the one-
dimensional case is given by a probability density function that

coincides with the Gauss function:

f(x) =
1

σ
√

2π
e
− (x− µ)2

2σ2
, (1)

where the parameter µ is the mean or mathematical expecta-
tion of the distribution, the median and the mode of distribu-
tion, and the parameter σ is the standard deviation (σ2 is the
dispersion or the variance) of the distribution. Thus, the one-
dimensional normal distribution is a two-parameter family of
distributions. The standard normal distribution is called the
normal distribution with the expectation µ = 0 and the stan-
dard deviation σ = 1.

If a random variable x is normally distributed with zero
mean and the standard deviation, then its probability density
function (1) is,

f(x) =
1√
2π

e
−x

2

2 . (2)

A wide usage of this distribution is due to the fact that it is
an infinitely divisible continuous distribution with finite vari-
ance. Therefore, some others distributions, for example, the
binomial and Poisson ones, approach it in the limit. Moreover,
many non-deterministic physical processes are modeled by this
distribution. The cumulative distribution function (CDF) of the
standard normal distribution is the integral

Φ(x) =
1√
2π

x∫
−∞

e
− t

2

2 dt. (3)

Unfortunately, Φ(x) cannot be expressed in a closed form in
terms of elementary functions for all values of x which would
be useful for the practical needs, many numerical approxima-
tions for Φ(x) are known. A number of approximate functions
for CDF have been proposed (see, for example, [2, 3], and ref-
erences therein). Let us represent CDF (3) in the following
form

Φ(x) =
1

2
+

1√
2π

x∫
0

e
− t

2

2 dt. (4)

It can be seen that the problem of approximating Φ(x) is equiv-
alent to the problem of approximating the integral in (4) which
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can be expressed by means of the error function erf(x) =

2√
π

x∫
0

e−t
2

dt as

Φ(x) =
1

2

[
1 + erf

(
x√
2

)]
. (5)

Therefore, the problem of approximating Φ(x) is equivalent to
the problem of approximating the error function. There are sev-
eral methods (see, for example, [4]) which provide an approx-
imation of the integral by different numerical methods: Taylor
series, asymptotic series, continual fractions, and some others.
For more, several other papers should be mentioned where dif-
ferent approximate formulae were obtained for Φ(x), such as
[5]-[10].

It could be mentioned that in [4] the application of the homo-
topy perturbation method (HPM) to calculate an approximate
analytical solution of the normal distribution integral was pro-
posed. Besides, after solving the Gaussian integral by HPM,
the result could serve as the base to solve other integrals like
error function and the cumulative distribution function. The
basic idea of [4] is that the integral similar to (4) can be refor-
mulated as a differential equation subjected to a certain initial
condition. Being applied to equation (4), this means that it is
necessary to solve

Φ′(x)− 1√
2π

e
−x

2

2 = 0 (6)

with the initial condition Φ(0) = 1
2 that follows directly from

(4). As noted in [4], the solution for (6) is similar, qualita-
tively, to a hyperbolic tangent because when x tends to ±∞,
the derivative Φ′(x) tends to zero, hence by symmetry, Φ(x)
tends to the same constant on both directions. It is why the
authors of [4] made the conclusion that the first approach of
the HPM method contains a hyperbolic term. Then they estab-
lished a differential equation that may be solved using hyper-
bolic tangent. It seems that the cited article provides one of the
possibilities of applying HPM in the problem under considera-
tion. The author of this article has already applied this method
to a similar problem earlier.

Recently, for the analytical calculation of the cosmological
luminosity distance, we offered to proceed from the solution
of differential equation with certain initial conditions instead
of calculating the corresponding integral. For this purpose,
we have obtained the differential equation which the luminos-
ity distance should satisfy to, and define the appropriate initial
conditions for this equation. We have showed that by using the
HPM [11], the explicit dependency of luminosity distance on
red-shift in arbitrary accuracy can be easily obtained by imple-
menting a simple procedure for the governing equation.

In the present paper, we apply the He’s HPM in order to
obtain the approximations for the cumulative normal distribu-
tion function. For this purpose , we consider Φ(x) as the un-
known function to be determine from solving a certain differ-
ential equation. Indeed, taking into account equations (4) and
(6), one can get the following Cauchy problem for Φ(x) :

Φ′′(x) + xΦ′(x) = 0 ; Φ∣∣x=0
=

1

2
, Φ′∣∣x=0

=
1√
2π
, (7)

where the prime stands for the derivative with respect to x.

2 Approximation by HPM
The main equation (7) is a linear differential equation of the
second order. It can be solved exactly in quadratures, but
the result again leads to the formula (4). Therefore, we will
solve this equation analytically, but with a certain approxima-
tion. Among all kinds of approximate methods we now use the
HPM. In this method, it is not required to introduce a small pa-
rameter, because it is naturally contained in the method itself.

Since the HPM has now become standard and for brevity, the
reader is referred to [12]-[15] for the basic ideas of HPM. In
this section, we shall apply the HPM to solve equation (7). Let
us assume that the solution of this equation can be represented
by a series in p as follows

Φ = Φ0 + pΦ1 + p2Φ2 + p3Φ3 + ... . (8)

where p ∈ [0, 1] is an imbedding parameter. When we put
p → 1, then equation (3) corresponds to (2), and (5) becomes
the approximate solution of (7), that is

Φ(x) = lim
p→1

Φ = Φ0 + Φ1 + Φ2 + Φ3 + ... . (9)

It is useful to note that the result of solving an equation by this
method and the convergence rate greatly depend on the choice
of the homotopy. Therefore, we consider two cases in what
follows. In one case, we construct the homotopy from the idea
of simplicity. In the next case, we just follow the procedure of
the general approach proposed in [12].

2.1 The case of trivial homotopy
From the purely pedagogical purposes, first we consider an ex-
tremely simple case of constructing homotopy in order to show
once more that the simple is not always the best. Applying the
HPM method to equation (7) in this case, we build the follow-
ing simplest homotopy:

Φ′′(x) + p x Φ′(x) = 0, p ∈ [0, 1], (10)

and assume that this equation can be solved by means of the
series in p as (8).

Substituting (8) into equation (10), and equating coefficients
of like powers of p, one obtains the following equations:

p0 : Φ ′′0 = 0,

p1 : Φ ′′1 + xΦ′0 = 0, (11)
. . . . . . . . . . . .

pn : Φ ′′n + xΦ′n−1 = 0,

. . . . . . . . . . . .

According to (7), the initial conditions for Φi(x) can be chosen
as follows

Φ
0
∣∣x=0

=
1

2
, Φ′

0
∣∣x=0

=
1√
2π

;

Φ
j
∣∣x=0

= 0, Φ′
j
∣∣x=0

= 0; (12)
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Figure 1: Comparison of the approximate solutions, given by
(14) (blue dashed line), (23) (blue solid line), (24) (blue line of
points) and (25) (red line), with the exact numerical solution to
Eq. (4) (black line).

where j ≥ 1. The exact solutions for the set of equations (11)
with initial conditions (12) can be readily found as

Φ0(x) =
1

2
+

x√
2π
,

Φ1(x) = − 1√
2π

x3

2 · 3
,

Φ2(x) =
1√
2π

x5

2! 4 · 5
(13)

Φ3(x) = − 1√
2π

x7

3! 8 · 7
...

Substituting all solutions (13) into equation (9), we obtain

Φ(x) =
1

2
+

1√
2π

(
x− x3

2 · 3
+

x5

2! 4 · 5
− x7

3! 8 · 7
+ ...

)
(14)

The convergence of this solution is rather obvious, because
formula (14) could be obtained merely from the decomposition

e
− t

2

2 = 1− t2

2
+

t4

4 · 2!
− t6

8 · 3!
+ ...

in equation (4). Thus, such a simple homotopy yielded a
rather expected result just coinciding with the approximation
obtained by decomposition of the exponent into a Taylor se-
ries. Acceptable accuracy of such an approximation can be
achieved only by keeping a sufficiently large number of terms
in this decomposition that is not always convenient. Obviously,
we must somehow improve the homotopy in order to obtain a
more accurate approximation for CDF.
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Figure 2: The absolute errors of the approximate solution given
by equation (25), compared to the exact numerical solution to
equation (4).

2.2 The case of improved homotopy
In this case, we build the homotopy according to the general
procedure of the method, namely

Φ′′(x) + Φ′(x) + p (x− 1) Φ′(x) = 0, (15)

where p ∈ [0, 1]. Then, substituting (8) into equation (15)
and equating coefficients of like powers of p, we obtain the
following set of the linear differential equations:

p0 : Φ ′′0 + Φ ′0 = 0, (16)
p1 : Φ ′′1 + Φ ′1 + (x− 1) Φ′0 = 0, (17)

. . . . . . . . . . . .

pn : Φ ′′n + Φ ′n + (x− 1) Φ′n−1 = 0, (18)
. . . . . . . . . . . .

Obviously, all successive approximations can be obtained
rather easily. Solving equation (16) with the initial conditions
(12), one can get

Φ0(x) =
1

2
+

1√
2π

(
1− e−x

)
. (19)

Substituting this function into equation (17), and taking into
account (12), we obtain after integration that

Φ1(x) =
x2

2
√

2π
e−x. (20)

Then we can solve equation (18) for n = 2 and n = 3 with
initial conditions (12). The result is as follows

Φ2(x) =
1√
2π
− 1

2
√

2π

(
2 + 2x+ x2 +

x4

4

)
e−x, (21)
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and

Φ3(x) =
1√
2π

[(
5+5x+

5x2

2
+

5x3

6
+
x4

4
+
x6

48

)
e−x− 5

]
.

(22)
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Figure 3: Comparison of the approximate solutions given by
formula (32) for λ = 0.5 (in blue) and λ = 1/

√
2 (in red) with

the exact numerical solution to Eq. (4) (in black).

According to equation (9) and the accuracy achieved in the
case Φ(x) ≈ Φ0(x) + Φ1(x), we obtain the following approx-
imate solution

Φ(x) ≈ 1

2
+

1√
2π

[
1−

(
1− x2

2

)
e−x

]
, (23)

by summing (19) and (20). Taking into account equations (19)-
(21), we can obtain the next approximation Φ(x) ≈ Φ0(x) +
Φ1(x) + Φ2(x) as follows

Φ(x) ≈ 1

2
+

1√
2π

[
2−

(
2 + x+

x4

8

)
e−x

]
. (24)

In the framework of the present study, we constrain our-
selves to the next approximation, namely, Φ(x) ≈ Φ0(x) +
Φ1(x) + Φ2(x) + Φ3(x). Due to equations (22) and (24), this
approximation is as follows

Φ(x) ≈ 1

2
− 1√

2π

[
3−

(
3 + 4x+

5x2

2
+

+
5x3

6
+
x4

8
+
x6

48

)
e−x

]
. (25)

In order to demonstrate the accuracy of the method applied, the
graphs of the approximate solutions Φ(x) according (16) for
different values of λ and the numerical solution to equation (4)
via the Maple package are given in Fig. 1. The absolute error of
the approximate solution (25), compared to the exact numerical
solution to equation (4), is plotted in Fig. 2, and demonstrates
a rather high level of accuracy for this approximation.

2.3 A one-parameter tuning of improved homo-
topy

In this case, we are going to introduce a real tuning parameter
λ into the homotopy (15) considered in the previous section,
for example, as follows

Φ′′(x) + λΦ′(x) + p (x− λ) Φ′(x) = 0. (26)

x
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Figure 4: The absolute errors of the approximate solutions,
given by equation (33) (in blue) and equation (34) (in red),
compared to the exact numerical solution to equation (4).

As a result, the system of equations (16)-(18) transforms into
the following set of linear equations

p0 : Φ ′′0 + λΦ ′0 = 0, (27)
p1 : Φ ′′1 + λΦ ′1 + (x− λ) Φ′0 = 0, (28)

. . . . . . . . . . . .

pn : Φ ′′n + λΦ ′n + (x− λ) Φ′n−1 = 0, (29)
. . . . . . . . . . . .

Solving equation (27) with the same initial conditions (12), we
obtain

Φ0(x, λ) =
1

2
+

1

λ
√

2π

(
1− e−λx

)
. (30)

Using this function in equation (28), and again taking into
account (12), we can obtain that

Φ1(x, λ) =
1

λ
√

2π

[
λ2 − 1

λ2
(
1− (1 + λx)e−λx

)
+
x2

2
e−λx

]
.

(31)
Taking into account equations (30) and (31), we can obtain the
simplest one-step approximate solution Φ(x, λ) ≈ Φ0(x, λ) +
Φ1(x, λ) as follows

Φ(x, λ) ≈ 1

2
+

1

λ
√

2π

[
2λ2 − 1

λ2
+

+

(
x2

2
− λ2 − 1

λ
x− 2λ2 − 1

λ2

)
e−λx

]
. (32)
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A single parameter that can be adjusted in (32) (for exam-
ple, by using the NonlinearFit command from Maple Release
15) in order to obtain a good approximation is λ. As a con-
sequence, this adjustment allows us to ignore a large number
of successive terms in a good approximation. The graphs of
the approximate solutions for Φ(x) given by equation (32) for
λ = 0.5 and λ = 1/

√
2 compared to the numerical solution to

equation (4) are plotted in Fig.3.
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Figure 5: Comparison of the approximate solutions given by
equations (34) (red solid line) and (35) (red line of points) with
the exact numerical solution to Eq. (4) (black line).

We present expression (32) in these two cases as the illustra-
tive examples, when the formulae take the most simple form.
Indeed, from (32) we have

Φ(x) =
1

2
+

1√
2π

[(
x2 + 3x+ 4

)
e
−x

2 − 4

]
, (33)

when λ = 0.5, and

Φ(x) =
1

2
+

1

2
√
π

(
x2 +

√
2x
)
e
− x√

2 , (34)

when λ = 1/
√

2. The absolute errors of these approximations
compared to the numerical solution of equation (4) are plotted
in Fig. 4.

It should be noted that approximation (32), and, conse-
quently, particular formulas (33) and (34), were obtained in
a single iteration. It is clear that subsequent iterations will sig-
nificantly improve the accuracy of the approximation, while at
the same time complicating the expression for CDF. In view of
the complexity of the general expression for the second itera-
tion, we give here the following approximation for the case of
the λ = 1/

√
2, which demonstrates the best result with relative

simplicity of the expression in the above result. One can easily
solve the linear equation (29) for n = 2 taking into account

Φ1(x, 1/
√

2) for λ = 1/
√

2 from (31), and then obtain the ap-
proximate solution Φ(x) ≈ Φ0(x) + Φ1(x) + Φ2(x) according
to (34) as follows

Φ(x)=
1

2
+

1√
π

[
7−

(
7+3
√

2x+
5

4
x2+

√
2

4
x3+

x4

8

)
e
− x√

2

]
.

(35)
The graphs of the approximate solutions for Φ(x) represented
by equations (34) and (35) compared to the numerical solution
to equation (4) are plotted in Fig. 5. The absolute error of the
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Figure 6: The absolute error of approximate solution, given
by equation (35), compared to the exact numerical solution to
equation (4).

best approximation (35) compared to the numerical solution of
equation (4) is plotted in Fig. 6. It can be seen from this figure
that formula (35) provides a rather accurate result along with
relative simplicity of its expression.

3 Conclusions

In this paper, we presented some approximate analytic solu-
tions for the cumulative normal distribution obtained by using
HPM. Formulae (25) and (35) provide the best approximations
with low order relative errors. For example, one of the best
approximation given by formula (35) for 0 < x < 2 has an
absolute error of less then 4.5 × 10−4. Our approximations to
CDF are comparable to other approximations found in the lit-
erature and has the advantage of being the simple expressions,
that may have potential applications in several areas of applied
sciences. It is worth to note that the approximate CDFs ob-
tained in the present paper can be employed for the solution of
different engineering and scientific problems with rather good
approximation.
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