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Abstract  In this paper, we study some topological 
properties of connected topological groups. From a logical 
point of view, the concept of a topological group arises as a 
simple combination of the concepts of a group and a 
topological space. In the same set G , operations 
multiplication and topological closure are specified 
simultaneously. 
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1. Introduction
Definition 1.1 [2]. A topological group is the set G  on 

which both topological and group structures are given. This 
requires that the maps  

GGG →× : yxyx );(

and 
GG → : 1−xx   be continuous. 

A topological group (or shortly G  - group) is a 
topological space that is simultaneously a group, with xy  

being a continuous function of x  and y  and 1x−  being 
a continuous function of x . In this case, the following are 
added to the four axioms of the group and the two axioms 
of open sets: 

TG1. For each neighborhood )(abU  of the product 
ab  there are neighborhoods ( )V a  and ( )W b  whose 
product is contained in )(abU . 

TG2. For each neighborhood )( 1−aU , there exists a 
neighborhood )(aV  such that 1( )V a −  is contained in 

)( 1−aU . 
From TG1 and TG2, the statements readily follow: 
TG1/1. For each neighborhood )( 1baU −  there are 

neighborhoods )(aV  and )(bW  such that 

)()( 1 bWaV −  is contained in )( 1baU − . 

TG2/1. For each neighborhood 1( )U ab−  there are 
neighborhoods )(aV  and )(bW  such that 

1( ) ( )V a W b −  is contained in 1( )U ab− [2]. 

The topological group is usually denoted by ,,θG .

Suppose F  is a closed set, U  is an open set, P  is 
an arbitrary set, and a  is some element of the topological 
group G . Then Fa , aF , 1−F  are closed sets; UP , 
PU , 1−U  are open sets [6]. 

If a basis at the unit e  is given, then all neighborhoods
of this element are specified: those will be the sets )(eU ,
which contain at least one of the basis neighborhoods. But 
then the neighborhoods and other points are known, 
because if )(eU  is a neighborhood of the unit e , then

)(eaU  is a neighborhood of a  and all neighborhoods
of a  can be represented in this form[6]. 

Indeed, if )(aU  is an arbitrary neighborhood of a ,

then )(1 aUa−  is an open set and )(1 aUae −∈ , then 

)()( 1 aUaeU −= , therefore, we have )()( eaUaU = .

One can call )(eaU  «neighborhood of the point e
shifted by a » [4]. 

The sets of all neighborhoods of e G∈  are denoted 
by Ω . 

The following properties are true [3]: 
1. e U∈  for all U ∈Ω .
2. if Ω∈21,UU , then exists Ω∈U  since 

21 UUU ∩⊂
3. if U is open subset and Ua∈ , then exists

Ω∈V  since UaV ⊂
4. if Ω∈U  and Ga∈ , then exists Ω∈V  since

UaVa ⊂−1

5. if Ω∈U , then exists Ω∈V  since UVV ⊂−1

The closure of A  is denoted by A . 



46 Some Properties of a Connected Topological Group  
 

Proposition 1.1 [5] 

Let G  be a topological group and GE ⊂  be an 

arbitrary subset of G , then 


Ω∈Ω∈

==
UU

EUUEE . 

Proposition 1.2 [4] 

Let G  be a group and g G∈ , Mα  a family a 
subset of G  for each Iα ∈ . Then 

α
αα

α MgMg
II


∈∈

=)( , where I  is the set of indices. 

We introduce the following definition and the 
corresponding theorems. 

Definition 1.2 [4] 

Let ( )∗,G  be a group and H  be a non-empty subset 
of G . Then ( )∗,H  is called a subgroup of ( )∗,G , if 
( )∗,H  is a group. 

Definition 1.3 [4] 

Let ( )∗,G  be a group. A subset H  of a group G  is 
called a normal subgroup of G , if HaaH =  for all 

Ga∈ . 

Definition 1.4 [4] 

Let H  be a subgroup of G . Then the number of 
distinct left cosets (written ]:[ HG ) of H  is called the 
index of H  in G . 

A topological space X  is called connected [2], if X  
cannot be decomposed into a union of non-empty open 
non-intersecting sub sets. 

Proposition 1.3 [2] 

A topological space X  is connected if and only if X  
does not have its proper subset Y  (i.e. XY ,∅≠ ), 
which is closed and open simultaneously. 

A connected component [2] of a topological space X  
is any maximal connected subset in .X  

If Xx ∈0  is a fixed point, then the union 

0
)( 0 xMxK ∪=  of all connected subsets of 

XM x ⊂
0

 containing 0x  is connected. It is easy to 

show that )( 0xK  is not a proper subset of any other 

connected set, i.e. )( 0xK connected component 

containing the point 0x . 

Theorem 1.1 [7] 
Let ,A B G⊆  be arbitrary non-empty subsets in a 

topological group G  and b G∈  an arbitrary element 

of G . Then the following statements are true: 
1) If A  is a connected set in a topological group G , 

then 1A−  is a connected set in a topological group 
G . 

2) If a A  connected set in the topological group G , 
then bA  and Ab  are connected sets in the 
topological group G . 

3) If A  and B  are non-empty connected sets in the 
topological group G , then the set A B⋅  is a 
connected set in the topological group G . 

Theorem1.2 [7] 

If G  is a topological group and eС  is a connected 

component of the unit e  in the topological group G , 
then it is a closed normal subgroup in the topological group 
G , and for any element g G∈  the set gCe  is a 
connected component of the point g  in the topological 

group G  and ee gCgC = . 

2. Main Results 
Proposition 2.1 

Let G  be a topological group and GE ⊂  be an 
arbitrary subset, a G∈ , then 

a. aE aE= )( aEEa = . 

b. )()( EaIntaEInt = ))()(( aEIntEaInt = . 

Proof: a) By proposition 1.1 we have

( )
U

aE aE U
∈Ω

=


))((


Ω∈

=
U

EaUEa . By 

associatively of the group operation 
( ) ( )aE U a EU= ))()(( aUEEaU =  and we have 

( ) ( )
U U

aE U a EU
∈Ω ∈Ω

=
 

))()((


Ω∈Ω∈

=
UU

aUEEaU . Now, by virtue of 

proposition 1.2, we have ( )
U U

a EU a EU
∈Ω ∈Ω

=
 

( ( ) ( ) )
U U

UE a UE a
∈Ω ∈Ω

=
 

, then the equality 

aE aE= )( aEEa =  holds. 

b) Firstly, we prove that a map GGLa →: is 

homeomorphism, at axxLa =)(  for all Gx∈ (where 

a  is a fixed element of group G ). The mapping aL is 

one-to-one. Indeed, for every element y′  there is an 
element x′ , and moreover, there is only one such that 
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xay ′=′ . Further, the mapping aL  is continuous. 

Indeed, if xay ′=′  and W  are some neighborhood of 
the element y′ , then there exist neighborhoods U  and 
V of the elements a and x′  such that WUV ⊂ ; but 

Ua∈  and, therefore, WaV ⊂ , i.e. WVLa ⊂)( , 

which means the continuity of the mapping aL .The 

continuity of the inverse mapping yayLa
11 )( −− = is also 

proved. Then by the homeomorphism property we have 
that )()( IntELEIntL aa = .Hence, 

)()( EaIntaEInt = .Secondly, a map GGRa →:  
(at xaxRa =)(  for all Gx∈ ) is a homeomorphism. 

Because, the aR  mapping is one-to-one. Indeed, for every 

element y′  there is an element x′ , and moreover, there 

is only one such that axy ′=′ . Further, the mapping aR  

is continuous. Indeed, if axy ′=′  and W  are some 
neighborhood of the element y′ , then there exist 
neighborhoods U  and V  of the elements x′  and a  
such that WUV ⊂ ; but Va∈  and, therefore, 

WUa ⊂ , i.e. WVRa ⊂)( , which means the continuity 

of the mapping aR .The continuity of the inverse mapping 
11 )( −− = yayRa  is also proved. Then by the 

homeomorphism property we have that 
)()( IntEREIntR aa =  for an arbitrary subset of 

GE ⊂ . Hence, aEIntEaInt )()( = . Proposition 2.1 
is completely proved. 

Theorem 2.1 

Let the topological group G  be connected: 

1). then there is no open proper subgroup of group 
G . 

2). if the subgroup H  has a finite index in the 
topological group G , then the subgroup H  is 
dense in G . 

3). if subgroup H  has a finite index in the 
topological group G , then each cosets of group 
G  over subgroup H  is dense in G . 

Proof. 1) Suppose the opposite. Let a topological group 
G be connected and there is an open proper subgroup H
of the group G . We show that HH = . It is known that

HH ⊂ for arbitrary subset GH ⊂ . Choose an 
arbitrary point Ha∈ . Then aH  will be an open 
subset in the topological space G  containing point a , 

and we have ∅≠∩ HaH . Assume that aHb∈  
and Hb∈ , then there exists Hh∈  such that 

Hahb ∈= . We have HHHHha =⊂∈ −− 11 . In 
this way, HH = . This means that the subgroup H  is 
clopen. By proposition 1.3 topological group G  is 
disconnected. This contradicts the condition of theorem 2.1. 
So, there is an open proper subgroup of the group G . 

2) Now suppose that H  is a subgroup with a finite 
index of a topological group .G  Then there exists a finite 

sequence 1 2, ,..., na a a  ( HaHa ji ≠  for all ji ≠ ,

ni ,....,2,1=  and nj ,....,2,1= ) of G , such that 

1 2 ... na H a H a H G∪ ∪ ∪ = . It is known that, 

i ia H a H⊂  for all ni ,....,2,1= , then 

1 2 1 2( ... ) ( ... )n nG a H a H a H a H a H a H G= ∪ ∪ ∪ ⊂ ∪ ∪ ∪ ⊂

. Hence have, that 1 2 ... na H a H a H G∪ ∪ ∪ = . 

Now we prove that H  is a subgroup of a topological 

group G . Let Hgg ∈21 ,  and U  is be an arbitrary 

neighborhood of point 21gg . Since we have continuity of 
the group operation with respect to both variables, there 
exist neighborhoods 1V , 2V of points 1g  and 2g , 
respectively, such that UVV ⊂21 . From the definition of 

closure, we get HVg ∩∈ 11  and HVg ∩∈ 22 . 

This means that Hg ∈1 , Hg ∈2 . We get that 

2121 VVgg ∈  and since H  is a group we have 

Hgg ∈21 . Since UVV ⊂21  we get Ugg ∈21 , so 

HUgg ∩∈21 . Finally, we proved that Hgg ∈21 . 

Let Hh∈ and U is be an arbitrary neighborhood of a 
point 1−h . From the continuity of the inverse map we get 

1−U is neighborhood of a point h .From the definition of 
closure, we get ∅≠∩− HU 1 . So, there exists point 
g : such that 1−∈Ug and Hg ∈ ,then Hg ∈−1

since H is a subgroup of G . We get that Ug ∈−1 and 

Hg ∈−1 , so HUg ∩∈−1 . In order to show 

Hh ∈−1 we need to prove ∅≠∩ HU for all U is 
an arbitrary neighborhood of a point 1−h . It follows that 

Hh ∈−1 , as required. Then we have that H  is a closed 
subgroup with a finite index in the topological group G . 

Then coset Ha  is also closed in G . The union of all 

finite cosets, except of H , is closed again. This union is a 

 



48 Some Properties of a Connected Topological Group  
 

complement of the subgroup H . Consequently, H  is 

open. Hence, H  is clopen subgroup in G .Then the 

proposition 1.3, we have that H G= . Then H  is 
dense in G . 

3) Suppose that H  subgroup has finite index 
connected of topological group G . Then by virtue of 

theorem 2.1 part 2), H  is dense in G , i.e. GH = . By 
proposition 2.1 part a) we have that 

GxGHxxH === )( GGxxHHx ===  for all 
Gx∈ . Then xH )(Hx  is everywhere dense in G . 

Theorem 2.1 is completely proved. 
For a subset A  of a group G  we write 

{ : }n nA a a A= ∈ [4]. 

Definition 2.1[4] 

A group G  is called nilpotent if }{eGn =  for some 
positive integer n . 

Proposition 2.2 

If G is a Hausdorff topological group and H  is a 
nilpotent subgroup of a group G , then H  also be a 
nilpotent subgroup of a group G . 

Proof: According to theorem 2.1, H  is a subgroup of a 
group G . 

We prove that H  is a nilpotent subgroup.  
Assume that }{eH n = . It means that ehn =  for all 

Hh∈ . Suppose the opposite, and let Ha∈  such 
elements that ean ≠ . Since G  is a Hausdorff 
topological group, then in a topological group G  there 

are such neighborhoods U  and V  elements na  and e , 
respectively, that ∅=∩VU . 

It follows from the continuity of the multiplication 
operation that there exist such neighborhoods 

)(),...,(),( 21 aUaUaU n  of a such that 

UaUaUaU n ⊂)()...()( 21  . It is known that 



n

i
i aUaU

1
)()(

=
=  is a neighborhood of a . It means that 

for all nj ,...,2,1= . In this case, we have 

( ) ( ) ... ( )U a U a U a U⋅ ⋅ ⋅ ⊂  i.e. ( )nU a U⊂ . 

Since, Ha∈  then ( )U a H ≠ ∅ . If 
( )b U a H∈  , then from the nilpotent subgroup H it 

follows that nb e= . Moreover ( )n ne a U a U= ∈ ⊂ , 
so U V∩ ≠∅ . 

We got a contradiction with the choice of neighborhoods 

V and U . 
Denote by aС  connected component of the point a  

in the topological group. 
The connected component of the neutral element e  of 

group G is called the neutral component of this group [3].  
Theorem 2.2 

If G  is a topological group and ,a b G∈  is an 
arbitrary element in G . Then the following statements are 
true: 

1. 1a b a
С b С −= ⋅  

2. ab a bС С С= ⋅  

3. 1
1

aa
С С−

−=  

Proof. 1) First we show that aba bCC 1−= . 

According to theorem 1.1, part 2), aCb 1−  will be a 

connected set in the topological space G  containing 

point 1b a− . Then 1
1

a b a
b С С −
− ⋅ ⊂ since 

1a b a
С b С −⊂ ⋅ . Similarly, 1b a

b С −⋅  will be a 

connected set in the topological space G  containing the 
point a .Then 1 ab a

b С С−⋅ ⊂ .We have that 

aba bCC 1−=  

2) Now we show that ab a bС С С= ⋅  By theorem 

1.2, eeeeeab CbCaCCababCC )()( === . 
We have that 

baeeeeab CCbCaCCbCaC === ))(()( . 

3) By virtue of theorem 1.2, ea CaC 1
1

−=− . It is 

known that eС  is a normal subgroup of the topological 

group G . Then 
1−= ee CC  So

11111 )(1
−−−−− ====− aeeea CaCCaCaC . 

Theorem 2.2 is completely proved. 

A topological space X  is called hereditarily 
disconnected [1] if X does not contain any connected 
subsets of cardinality larger than one. Hence, a space X is 
hereditarily disconnected if and only if the component of 
any point Xx∈ consists of the point x alone. Since the 
components of a space are closed, every hereditarily 
disconnected space is a 1T -space. 

A topological space X  is called extremally 
disconnected [1], if X is a Hausdorff space and for every 

open set XU ⊂  the closure U  is open in X . 
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We say that a topological space X  is locally connected 
[1], if for every point Xx∈  and any neighborhood U
of the point x  there exists a connected set UC ⊂  such 
that IntCx∈  

Theorem 2.3 

Let G  be a topological group. Then  
a. G is hereditary disconnected if and only if there is 

a connected component of a point Gx∈
consisting only of x .  

b. G is extremally disconnected if and only if there 
exists an open set U G⊂ whose closure ][U is 
open in G . 

c. G is locally connected, if and only if for unit point 
Ge∈  and any neighborhood U of e  there is 

a connected set UC ⊂  such that IntCe∈ . 

Proof: a) 1) It is clear that a topological group G is 
hereditarily disconnected, then the component of every 
point Gx∈ consists only of x . 

2) Let { }хC x= ,where is хC is be a connected 
component of the point x  of the topological group G. We 
show that { }aC a= for all a G∈ , where aC is 
connected component of a point a . Then, by theorem 1.2,

e xxC C=  since, { }exC x= . This equality of the 

product of both parts 1ax G− ∈ , we get { }eaC a= . 

Now, still using theorems 1.2, it follows that e aaC C= . 

From where we have that { }aC a= . 
b) 1) It is known that if a topological group G is 

extremally disconnected, then for every open set XU ⊂
the closure U is open at G . 

2) Suppose that there is an open setU G⊂ , such that 
the closure U is open in G . We choose point x U∈ , 
then there exists a neighborhood eU of a point of a neutral 
element e G∈ such that eU xU= . Then, by part a) of 
proposition 2.1the closure [ ] [ ]eU x U= is open in G . 
Consequently, the closure [ ]eU is open at G . Choose 
arbitrary point y G∈ . Then the set [ ] [ ]e ey U yU= is 
open at G . Then for every open set yU G⊂ the closure 

[ ]yU is open in G , where yU is a neighborhood of an 

arbitrary point y G∈ . Therefore, the topological group 
G is extremally disconnected. 

c) 1) It is known that if a topological group G is locally 
connected, then for each point Gx∈ in particular 

Ge∈ and any its neighborhood U  there exists a 
connected set UC ⊂ such that IntCe∈ . 

2) Choose an arbitrary point Gx∈ topological group
G . Let for a single point Ge∈ and any its neighborhood
U there exists a connected set UC ⊂ , such that

IntCe∈ . Then, any of its neighborhoods U ′ of a point
x , there exists a neighborhood U of a point Ge∈ such 

that xUU =′ and UxUxC ′=⊂ . It is easy to see that 
the set xCC =′ are connected. By virtue we get

xIntCxe∈ . By proposition 2.1 part b) implies that
)(xCIntx∈ . Then for each point Gx∈ and any its 

neighborhood U ′ there exists a connected set UC ′⊂′ , 
such that CIntx ′∈ . Therefore, a topological group G is 
locally connected. Theorem 2.3 is completely proved. 
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