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Abstract In this paper, an iterative Newton-type
method of three steps and fourth order is applied to solve
the nonlinear equations that model the load flow in electric
power systems. With the proposed method (N-1)
non-linear equations are formulated and solved iteratively
to calculate the Voltage in each node of an electrical system.
The justification of the method and its theoretical
preliminaries are presented in this paper. The proposed
method is applied to IEEE test systems, and their results are
compared obtaining a maximum error of 0.5%. From the
results obtained, the proposed method is an alternative to
solve load flows in electrical systems.

Keywords Electric Power Systems, Iterative Methods,
Load Flows, Non-linear Equations, Newton-Raphson

1. Introduction

There are different numerical methods for calculating
the real roots of a nonlinear equation, and the most used is
the Newton-Raphson method represented by equation (1)
[1,2].

(i)
Xk+1 = Xk —
k+1 kT Rk

(M

Where:

Jf (xx): Nonlinear function evaluated in iteration £,

f'(xx): Derivative of non-linear function evaluated in
iteration £,

Xy . Value of root in iteration k.

For solution of real nonlinear equations, several
Newton-type methods have been proposed to reduce
number iterations, increase the order of convergence and
make a more efficient method [3,4,5,6]. The convergence
analysis of equation (1) indicates that it has quadratic
convergence and is represented by equation (2).
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exr1 = meﬁ +(0)e

@

The Newton-Raphson method is widely used to
calculate the roots of nonlinear equations where initial
value x, so is sufficiently close to the root a and if the first

derivative of the function f{a) is non-singular. The
efficiency of the Newton-Raphson method is 22, the base
being the order of convergence and the denominator of the
exponent, the number of evaluations; f (x) and f '(x). For
solution of non-linear equations, multi-step methods with a
higher order of convergence have been proposed, with the
purpose of increasing the efficiency to more than 1.4142
[7-10]. In [10], the authors applied an iterative method of
three steps and eighteenth order with an efficiency index of
1.513. In [11, 12], the authors propose methods of
eighteenth order to reduce the number of iterations. In [13]
the authors propose a two-step and sixth-order method with
an efficiency of 1,431. In [14], the authors worked with a
three-step method and fifteenth order of convergence
which is represented by equation (3).
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Thus, different authors have proposed high-order,
multi-step methods to solve a real nonlinear equation, all
with the aim of increasing efficiency [15-20].

2. The Method and Analysis of
Convergence

In this section, the iterative method of three steps of the
fourth order of convergence is constructed, for which the
following basic definitions are necessary:

Definition 2.1. Let f € R™(D) be a function defined on an
open interval D, and let a there be a simple zero of the
nonlinear equation f{x) =0 and f’(o)#0. An iterative method
is said to have an integer order of convergence m if it
produces the sequence {x,} of real numbers such that:

X. —
lim— =420
n—»oo(xn—o()m
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or equivalently
Xp — o= A, — )™+ 0((xp — ™)
Definition 2.2. The efficiency of a method is measured by the index EI=p"*, where p is the order of the iterative method

and P is the total number of function evaluations per iteration.
Now, we consider the iteration scheme:

_ _(fxn)
Yo = %0~ (F) oy )
_ _ f )
Zn = Yn (f'(xn)) ay (5)
— 5 _ (HOn)fG&n)
Xn+1 = Zn ( (F ()2 )a3 (6)

Where: a,, a, and a3 are real constants

Theorem 2.1. Let o be a simple zero of sufficiently differentiable function f:D C R — R for an open interval D. If x, is
sufficiently close to a, the method defined by equations (4), (5) and (6) has local order of convergence at least 4 with the
following error equation

enss = e2(10C2 + 7C,C5 — 7C3 — 4C3) + 0(e5)

k
Where: C, = kff?g);k =

Proof. Let a be a simple zero of f{x).
To carry out the convergence analysis of a numerical method, it is necessary to develop the function f (x,) and its
derivatives in Taylor series. Applying Derive program, we have the equation (7).

f(xn) = f'(a)(e, + Cef + Czex + Cuey + Csep, + Coer) + 0(er) @)

The derivatives of the function f'(x,), are also important for development in Taylor series of functions contained in any
numerical method. For step 1, the derivatives of the function f'(x,) are represented by equations (8), (9), (10) and (11).

1,2,3.. and the error function is expressed as: e,= X,- &

f'(xn) = (@)1 + 2Cye, + 3Cse2 + 4C,e3 + 5Csep + 6Cgen) + 0(el) (8)
f"(xn) = f'(@)(2C, + 6Cse, + 12C4e2 + 20Cse3 + 30Cqer) + 0(e2) 9)
"' (x,) = f'(@)(6C5 + 24C e, + 60Cse2 + 120Ce3) + 0(eft) (10)
f%(x,) = f'(a)(24C, + 120Cse,, + 360Cse2) + 0(ed) (11)
With equations (7) and (8), we have equation (12).
% =e, — Cye2 + (2C; — 2C3)e3 + e (4C3 — 7C,C3 + 3C4) + 0(ed) (12)
Equation (4) and (12) give
¥, = Cye2 + (2C3 — 2C3)e3 + e} (4C3 — 7C,C5 + 3C,) + 0(el) (13)
If it is defined:
n= —% = —(e, — Cye2 + (2C; — 2C2)ed + e}(4C3 — 7C,C5 + 3C,) + 0(ed) (14)

For step two, it is necessary to know the function f{y,). To do this, the development in Taylor series is done in the
neighborhood of the function f{y,), for which the equation (14) is important because it represents an approximation to the
zero of the function. Then, developing in Taylor series f(y,), in the neighborhood of d,, we have equation (15).

FOm) = f (%0 = 5EB) = fGen) + f Cendy + 5 £ Gen)d + 55 Gea)d + 51 f @ Cen)d +0(d) - (15)

Developing equation (15) in Taylor series with Derive, we have equation (16).

FOm) = f (xn = Z222) = Cel + 263(C5 = €3) — e(3C3 = TC,C5 + 4C,) + 0(ef) (16)

From equation (16), until the third derivative equations (17), (18) and (19) are obtained.
f'Om) = f(@)(2Ce, + 6€7(C5 — CF) — 4e3(3C5 — 7C,C5 + 4C,) + O(ep) (17)
f'Om) = f1(@)(2C; + 12,(C; — €3) — 12eZ(3C3 — 7C,C5 + 4C4) + 0(ey) (18)

£ ) = f1(6a)(12(C5 — C3) — 24e,(3C3 — 7C,C5 + 4C,) + 0(er) 19)



16 An Iterative Method to Solve Nonlinear Equations

From equation (8) and (16), with a, = 1, we have equation (20).

(22) = Cye? +263(Cy — CF) + i (4C3 — 7C,C; + 3C,) + 0(ef)

f'(xn)
If it is defined:

th = —(Cre2 +2e3(C; — C3) + ep(4C3 — 7C,C5 + 3C,) + 0(ed)

(20)

2y

Developing f{z,) in Taylor series in the neighborhood of ¢, similar to (15), we have equation (22).

fzn) = f (- 522
Substituting (13) and (20) in (5), we find z,

Zn = 2C2e3 — e3(9C3 — 7C,C5 — C,) + 0(ef)

f(y")) = Cye? + 2e3(C3 — 2C2) — e4(20C3 — 17C,C5 + 2C,) + 0(eS)

(22)

(23)

Developing the second term of (6) in Taylor series, we obtain equation (24), with a; = 1.

(22220)) = 20263 + 2(2C; — 5CF) + 2e5(19C5 — 18C,C; + 2C,) + 0(ef)

(f'(xn))?

24

Substituting (23) and (24) in (6) and simplifying , we have the equation (25)
Xps1 = e (—=7C3 +10C? + 7C,C5 — 4C3) + e5(15Cy — 19C3 — 27C2C5 + 9C,(2C5 + C,) + 3C2 — C,) + 0(ed)

(25)

Then, the three-step iterative method represented by (4), (5) and (6), is the fourth order of convergence and an
efficiency index EI = 1.5874, only needs the evaluation of functions: f{x,), f'(x,) and f(y,)

3. Application in Electrical Power
Systems

In electrical engineering different studies are carried out
in steady state, among them is the one known as; study of
load flow. Network equations can be formulated
systematically in a variety of forms. However, the node
voltage method is the most suitable for power system
analysis. The formulation of the network equations in the
nodal admittance form results in complex linear
simultaneous algebraic equations in terms of node currents.
When node current are specified, the set of linear equations
can be solved for the nodal Voltage. However, in a power
system, powers are known than currents. Thus, the
resulting equations in terms of power, known as the load
flow equations, become nonlinear and must be solved by
iterative techniques. Load flow studies, commonly referred
to a load flow, are the backbone of power system analysis
and design. They are necessary for planning, operation,
economic scheduling and the exchange of power between
utilities. In addition, load flow analysis is required for other

analysis, such as transient stability and contingency studies.

In solving a load flow problem, the system is assumed to be
operating under balanced conditions and a single-phase
model is used. Four quantities are associated with each
node. These are: Voltage magnitude |V|, phase angle J, real

power P, and reactive power Q. The nodes are classified as:
Slack node, Load nodes, and Regulated nodes. Figure 1
shows the single-line diagram of a five-node system [21].
Transmission lines are represented by their @ equivalent,
where impedances have been converted to per unit on a
common MVA base.

The study of load flow has been carried out with the
Newton’s method [22-24]. In the polar version or in the
rectangular version of Newton's method because the
complex power is decomposed for the real power P and the
reactive power Q, a system of linear equations is generated,
which in both cases is of size 2(N-1). For large systems, the
solution requires important computational resources. To
analyze large systems it is convenient to use storage,
ordering and factoring schemes in order to reduce the
execution time and space in digital computer [27]. The
number of iterations, regardless of the size of the system
according to reports, is between three and five [22]. Other
methods have been developed to calculate load flow in
transmission and distribution systems [26]. Likewise,
commercial software has been developed with
Newton-Raphson method [29, 30]. With the method
proposed in this paper, only the Voltage derivative for each
is needed. At each node of the network, a non-linear
equation is generated, which depends on the Voltages,
admittances and operation condition.
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|V3|=1.03 50 MW

30 Mvar

Vi = 1.06+j0

1 3
- 0.08+j0.24 0.01+j0.03 - 4
_ 0.06+j0.18 y 20 MW 15 Mvar
0.02+j0.06 _ 0.08+j0.24
0.06+j0.18
- 0.04+j0.12 -I_l_-
2 5
20 MW '
V2 E1.045 10 Mvar 60 MW
40 Mvar
Figure 1. Five node system
For each node i of figure 1, we have an equation of the form (26).
fiV, Ve, V) = 8 — [ZJ 1 U ]] i= (26)

Where:

N: Number nodes,

S; : Net complex power node i

Y; : Admittance between node i and node j,

V;: Voltage node i,

Also: Yjj, Vi, Siand fi(V), V>, ... V) are complex quantities and * means its conjugate of

The method consists of evaluating in each step equation (26) and its derivative with respect to the Voltage. Then, for
each step, we have:
Step 1: Equation (4)

(k) (k)
S{=V B YV
Vlgiﬂ) VZS«? lpo*[k)j — ”m(k) a; i = 1,N, i # slack (27)
(k) Vino (21 YUVmo”
Step 2: Equation (5)
*(k+1) k+1)
S -V > Y;
V;z(j;rl) V;Z(jli+1) = Lp*l *[k)] 1YijV, jp (k)] a, i= 1’ N’ i # slack node (28)
6V(. )[ i ~Vipo [Z Y”VJPOH
Step 3: Equation (6)
*(k) (k) *(k+1) (k+1)
iV Oyl y v s{-v; > v
VL[(J};+1) V;I()I;H) ( ipo [ j=1"ij"jpo ()’E) ip1 (,E)J 171" jp1 ) as i = 1,N, i # slacknode (29)
(k)[ lPO 21 Iyllvjpo”
4. Results

Applying the Law of Voltages to system of Figure 1, we have the non-linear equations (30), (31), (32) and (33).

(19.712|—-71.51°)V, V; + (34.177|—71.52°)V,V; + (5.27(108.43)V,V; + (5.27108.43)V,V; +
(7.905]108.43)Vs V3 = 0.2 + 0.1i (30)

(3.952]108.43°)V, V5 + (5.27|103.43)V, V5 + (40.793|—71.54°)V5V; + (31.622|108.43)V,V; = 0.1 + 0.15i (31)
(5.27]108.43°)V,V; + (31.622(108.43)V,V; + (40.793|—71.54°)V,V; + (3.952|108.43)VsV; = —0.5 + 0.3i (32)
(7.905[108.43)V,VZ + (3.952[108.43)V, V¢ + (11.82|—71.50°)VsVi = —0.6 + 0.4 (33)
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Three programs in FORTRAN were developed to solve
the system represented in figure 1 and the test systems 30
and 118 nodes [31]. The first program (M1) corresponds to
the eighteenth order iterative method [10]. The program
(M2) corresponds to an iterative method of fourteenth
order [32]. The program (M3) corresponds to proposed
fourth order iterative method that has an efficiency of
1.5874. The equations (30),(31),(32) and (33) for the
network of five nodes of Figure 1, or similar equations for
larger systems are solved iteratively with three-step
methods with different efficiency indices. In the solution of
non-linear equations (30), (31), (32) and (33), there are
restrictions that must be met in an iterative process, nodes
two and three are P, V, therefore the voltage remains
constant. The value of V/;, is known, therefore, does not
enter to iterative process, which implies solving only (N-1)
non-linear equations. The initial condition for voltages that
have no restrictions is 1.0 + 0.0i [24,27,28]. The criterion to
finish the iterative process is given by (34)

vprovy

st = < tol i=I,N,i+# slack node

(34)
In Figure 2, a flow diagram is shown indicating the main
points of the three-step method presented here. In the first
block, general data are read, such as; the number of nodes,
number of transmission lines, base power, slack node,
tolerance and transformers. In second block data of
transmission lines are read so that in the fourth block the
admittance matrix Y is generated. In the third block,
complex power generated and demanded in each node is
read, to be used in block five for the formation of functions
f(V) and its derivative. The generated functions are used in
each step applying equations (27), (28) and (29) to
calculate Voltages of the system under study. When
completing the convergence, the iterative process ends.
Three cases are analyzed, and are described below

4.1. Case 1

For system of figure 1 with data shown, solve equations

(30),(31),(32) and (33) applying proposed methods in [10,
32] and M3 method, the values obtained are shown in table
1. The tolerance in each method was 0.001

| Star )
General data

| Sg, 5S¢, Nodes

< err=tol =

* Yes

Print Vi

f(vn) and " (Vn)

Step 3
Figure 2. Flow diagram
Table 1. Voltages obtained with methods M1, M2 and M3
Ml(iter =7) M2(iter = 11) M3(iter = 6)
Node

V| Lve V| Lve V| Lve
1 1.0600 0 1.0600 0 1.0600 0
2 1.0450 | -1.777 | 1.0450 | -1.773 | 1.0450 | -1.776
3 1.0300 | -2.655 | 1.0300 | -2.648 | 1.0300 | -2.654
4 1.0186 | -3.235 | 1.0186 | -3.228 | 1.0186 | -3.235
5 0.9901 | -4.399 | 0.9901 | -4.394 | 0.9901 | -4.401
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4.2. Case 2

In figure 3, a bar graph of voltages calculated with M1, M2, M3 and [31] is shown. In this case, factors o, and a, were
equal to 1.

[y [y =

= =

= JO:- ==} [
1 1 1 1

NodeVoltage [pu]
e
o
@
1

=

o

(%]
|

1 4 7 10 13 16 19 22 25 28

Node number

EM1 mM2 EM3 m[31]

Figure 3. Voltages obtained with (M1), (M2), (M3) and [31]

Figure 4 shows the angle of the voltages of figure 3.
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5
-10

-15 -

Node angle (deg.)

L

-20
1 4 7 10 13 16 19 22 25 28

Node number
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Figure 4. Angle Voltages figure 3

In figure 5, the value Voltages calculated with M1, M2, M3 and [31] is shown in a bar graph. In this case, the
acceleration factors a; and a; for the M3 method were equal to 1.8 and 2.0, respectively

1.12

=

o

(o3
1

1.04

0.96

Node Voltage (pu.)

0.92

1 4 7 10 13 16 19 22 25 28
Node number

EM1 =M2 mM3 m[31]

Figure 5. Voltages obtained with (M1), (M2), (M3) and [30]
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Figure 6 shows the angle of the Voltages of Figure 5.
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16 19 22 25 28

Node number
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=
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1 4 7 10 13
m M1l

M2 mM3 m[31]

Figure 6. Angle voltages for figure 4

4.3. Case 3

Figure 7 shows Voltages magnitude of 118 nodes. In the secondary axis the value reported in [31] is shown, in the

primary axis values obtained with methods M1, M2 and M3.

1.1 - - 1.1
S 1.05 - - 1.05 3
= =
S 1 - -1 Y
£ £
2 0.95 - - 0.95 =
D D
= S
Z 0.9 = — 0.9 Z

0-85 T T T T T T T T T T T 0-85

1 11 21 31 41 51 61 71 81 91 10111
Node number
—=—M1 M2 M3 [31]

Figure 7. System of 118 nodes, Voltages obtained with (M1), (M2), (M3) and [31]

Table 1 shows the results obtained from the five-node
system and the errors observed are imperceptible. From
point of view the number of iterations the M3 method
seems to be best, however, execution time is of greater
importance and in the three methods this was 15.6
milliseconds. In the system of 30 nodes, the maximum
error found is 0.15%. This error can be related to tolerance
used to finish iterative process. In Figure 6, corresponding
to system of 118 nodes the maximum error oscillates
around 0.5%. The simulation times are about 651.6, 806.8
and 140.4 milliseconds for method M1, M2 and M3,
respectively. In the M3 method, values of o, and o, have an
effect on execution time, and are selected by trial and error.
The use of partial derivatives in the matrix formulation

generates a robust system that requires between 5 and 10
iterations when solving it, regardless of the size of the
system. With the formulation used in this document, the
number of iterations increases to 12 in the case of the
system of 118 nodes when the appropriate values of the
acceleration factors are selected with an execution time of
140.4 milliseconds, however, only equations (N -1) are
solved and the formulation, as well as the solution is not
very elaborate. Methods of eighteenth and fourteenth order
that were adapted to compare their results with the M3
method, of figure 3, there is a lot of similarity, however for
larger systems they have a longer execution time, or simply,
they do not converge
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5. Discussion

One iterative method to calculate complex roots of a
non-linear equation have been used in this work. The
non-linear equation (26) is generated for each node of
electric power system, with its first derivative with respect
to the Voltages it is used for method proposed in this paper.
One advantage of the proposed method is that they are
simple to program and can be applied to large systems
without need to apply special methods of solution, likewise,
only (N-1) nonlinear equations are needed to find the
solution. A disadvantage that can be associated with the
technique applied to this work is a high iterations number,
however, the use of multistep methods with acceleration
factors is an option to reduce the execution time.

6. Conclusions

From the results obtained by application of the proposed
method to solve test electrical power systems, the
following concluding remarks can be written: 1) Only (N-1)
non-linear equations are necessary; 2) Only f(x,), f'(x,) and
f(v,) are necessary to establish the method with an
efficiency index of 1.5874; 3) The results obtained are
approximate, however, they are corrected, applying
acceleration factors a; and a,, reducing the number of
iterations and execution time; 4) Only the partial derivative
of the Voltage is used in each iteration; 5) Formation of the
jacobian matrix is not necessary; and 6) The results
obtained are comparable with those reported in the
specialized literature, there are differences that oscillate
around 0.5%.
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