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Abstract In this paper, we discuss Hausdorff measure
and Hausdorff dimension. We also discuss iterated
function systems (IFS) of the generalized Cantor sets and
higher dimensional fractals such as the square fractal, the
Menger sponge and the Sierpinski tetrahedron and show
the Hausdorff measures and Hausdorff dimensions of the
invariant sets for IFS of these fractals.
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1. Introduction

Any fractal has some infinitely repeating pattern. When
crating such fractal, repetition of a certain series of steps is
necessary which create that pattern. Iterated Function
System is another way of generating fractals. It is based on
taking a point or a figure and substituting it with several
other identical ones. Iterated function system represents an
extremely versatile method for conveniently generating a
wide variety of useful fractal structures [1].

In this paper, we study the Cantor set and formulate
iterated function system with probabilities of the generalized
Cantor sets and also show their invariant measures using
Markov operator and Barnsley-Hutchison multifunction [2].
We formulate iterated

function system of two dimensional the square fractal
and the three dimensional fractals such as the Menger
sponge, the Sierpinski tetrahedron. We also discuss
Hausdorff measures and Hausdorff dimensions of the
invariant sets for iterated function systems of these fractals.

The Iterated Function System is based on the application
of a series of Affine Transformations. An Affine
Transformation is a recursive transformation of the type [3]

- ()

where a,b,c and d control rotation and scaling, while
e and f control linear translation.

Now we consider W,, W,,...W, as a set of affine

linear transformations, and let A be the initial geometry.
Then a new geometry can be represented by

N
F(A)=Jw(4),
i=1
where F' is known as the Barnsley-Hutchinson operator
(3, 4]
We can also define iterated function system as follows:

Let 0< B <1. Let p, p,,..., Py be points in the
plane. Let A, (p)=p(p—p,)+ p,, where p:(xj
y

and i=1,2,3,..., N. The collection of functions

{4,,A4,,..., Ay} is called an iterated function system
[5]-

In Section 2, we present a brief review on Hausdorf
measure, their properties and Hausdorff dimension.
Moreover, we present Hausdorff dimension of the invariant
set for contracting maps. In Section 3, we present
Hausdorff measures and Hausdorff dimensions of the
generalized cantor sets. Hausdorff measures and Hausdorff
dimensions of the invariant sets for IFS of the generalized
cantor sets are presented in Section 4. In Section 5, we
present some examples of two dimensional fractals and
determine Hausdorff measures and Hausdorff dimensions
of the invariant sets for IFS of these fractals. In Section 6,
we present examples of Hausdorff measures and Hausdorff
dimensions of the invariant sets for IFS of three
dimensional fractals.
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2. Preliminaries

2.1. [6] Hausdorff Measure

Let U be any non-empty subset of the n-dimensional

Euclidean space R". The diameter of U is defined as
|U [=sup{[x—yl|:x,yeUj}.

Here we will use the Euclidean metric:

|x_y|::((xl _y])z +(x2_y2)2 +“.+(xn _yn)z)l/z'

However, as will be shown shortly, we may use any L »

metric. If £ R", and a collection {U,},, satisfies
the following conditions:

A,

2. Ec U,

iel !
then we say the collection is a O -cover of E. We may
assume the collection is always countable.

Definition 2.2. [7] Let £ €R" be a Borel set with
{U,},.; a O -cover for it. Given any § >0, we define

foreach i € [;

the O -approximating s-dimensional Hausdorff measure

H5:R" — R as follows

S(E)=inf()"|U, [ {U},.,
7_{ i=1

S cover for E }.

If 6 — 0, then we have a more succinct formula

H' () = lim (745(E))

forms a

gives the s-dimensional Hausdorff measure of E.

Definition 2.3. A mapping S:R" —>R" is a
similarity with ratio 7 > 0 if

|S(x) =S [Fr|x=yl.
Definition 2.4. Let (M,d) be a metric space. A

mapping f :M — M is a contraction or contractor
with the property that there is some nonnegative real
number such that forall X and y in M,

d(f(x), f(y)) < kd(x, ).

The smallest such value of k is called the Lipschitz
constant of f. Contractive maps are sometimes called
Lipschitzian maps.

2.5. Properties of Hausdorff Measure

Theorem 2.5.1. (Outer Measure) The following are true
for any metric space

(i) (Null Empty set) H’ (¢4) = 0.
(ii) (Monotonicity) If E < F', then

H*(E)<H*(F).

(iii) (Countable Subadditivity)

0

Ue)<y.

(
H = =l H*(E).
Proof: The proof can be found in [8].
Theorem 2.5.2. (Countable Additivity)
Let {E,}7, be a countable collection of disjoint " —

measurable subsets of X. Then we have

o0

-3

S(
H - = (E,).

Proof: The proof can be found in [9].
Theorem 2.5.3. [7] (Scaling Property).

Let S:R" >R be a similarity mapping, and any
A >0 such that [S() =S = Alx =y for any
x,yeR” EeR”,

> where A is the scaling factor. If

then 3 (S(E)=A g (E).

Proof: Let {U,}”, be a 0= cover of £- Then
{SU)H}, isa A9 cover of S(E). Thus we see that,

given § > 0:
H S (SE) =inf(> S U forms o
16 -cover} .
Here 3 [SWU) < Y| AU, =2 YU, |
i1 =1 pan

We obtain
3, (S(E)) < 2 H5,(E).

So, letting & — 0 gives that
H (S(E) S A H(E).

1
Replacing A by B and £ by S(E) gives the

opposite inequality, as required.
Theorem 2.5.3. [7] (Scaling Property).
Let S R">R

be a similarity mapping, and any
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A>0 such that 5@ =50 Alx=y] for any 1.If7{S(E)<OO and 175 thenﬂt(E)ZO'

5VERL  here A s the scaling factor.  If ~ Proof: Equation (1) shows that

EERn, then (}_{S(S(E):ﬁvsq_{s(E) }{;(E)Sgt_sq‘[fs(E) foranypositive 5
The result follows after taking limits, since
Proof: Let {U,}, be a 0= cover of £. Then s
ifi H*(E) <.
{SWU)}., isa A0 cover of S(E). Thus we see that,
3 s>0: s t _
given 2. IfH (E)>0 and £ <5 then M (£) = .

s N oAU
H 5(S(E)) = 1nf{z NEAE Uiia forms a Proof: Equation (1) shows that
i1

A0 -cover} 5 HS(E)<SH5(E) for any positive 8. After
H SWU,)I'< AU '=X U. [ ! =
ere;| ( l)l IZ:;| ! | IZ:;| ! | taking limits, we see that H (£) =00, since
We obtain

lil’n5ﬁo iy =00 and
H5(S(E)) S A H(E). o
: s _ (E) > 0.
So, letting & — 0 gives that lim; ,,H3(E) =H (£)
One immediate consequence of these observation is that

H (S(E)) S A H(E).
| 00 if s <dim, (E)
Replacing A by z and E by S(E) gives the (E)=40 if s > dim,, (E£)
opposite inequality, as required. finite, nonzero if s = dim, (E)

2.5.4. [7] Hausdorff Dimension
Hausdorff Dimension of the Invariant set for
Let E be a given set. Note that H;(E)) decreases as  Contraction Maps

S increases. This means that H " (E) also decreases with Let S,,S,,...,S, be contractions. A subset F' of
X is called invariant for the transformation S , if

s increasing. If #>s and {U,} is a O -cover of E, N
theneach |U,[ <™ since |U, <3, so F= LJlSi(F)
b
Z| U, "= Zﬂ U, ] Ul In the case where §,:X — X are similarities with
1:100 - . Lipschitz constants L, for i=1,2,...,N respectively,
< Z(é‘H U, ") < 5HZ| U.l. a theorem proved by M. Hata (Theorem 10.3 of [9] and
=) =)

Proposition 9.7 of [6]) allows us to calculate the Hausdorff

After taking the infima over all & -covers, we can easily dimension of the invariant set for S§,S,,...,8y.
see that Namely, if we assume that /' is an invariant set for the
H(E)< 5" H(E) o similarities §,,S,,..., S, and Si(F)mSj(F):¢

for 1 # j, then

Let 6 > 0. Then H5(E)—>0 if H'(E) is finite. dim,F =s, where § is givenby

Also if H'; is bounded and finite then N
YL =1 )
i=1

H5(E) — oo.

Two applications of equation (1) should be noted:

3. Hausdorff Measures and Hausdorff
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Dimensions of the Generalized
Cantor Sets

1
Let C),; be the Cantor mlddleg set. The set C,
. 1 ,
splits into a left part (C,,;);, =C, 3 N [0, 5] and a right

2
part (C3)p =G5 ﬂ[g,l]
Clearly, both parts are geometrically similar to C,;

1
but scaled by a ratio 3 and C,,,=(C,;), U(C, ),

with this union disjoint.
Thus by the scaling property we have

H(C3) =H ((Cy)3),) + H ((C)5)z)

1Y 1Y .
—(Ej H(C,)5) ‘*‘(Ej H(Cy)3)

(assume 0 < H*(C,,;) <o when s=dim,F")

Now cancelling H*(C, ;) form both sides, we have

1:(17 +(lj =1=2x3"°
3 3
521082 _ 63y

log3

1
Thus the Hausdorff dimension of the Cantor middleg
setis dim,, C,,; = 0.631.

Since the Cantor middle — set is in R

-

dim,,C,,, =0.631<1, #*(C,;)=0.

Hence the Hausdorff measure of the Cantor middle —

set is zero.
Similarly, we can show that the Hausdorff dimension of

the Cantor middle — set is

dim,, C,,; = 0.682.
Since dim,,C,,; =0.682<1, H*(C,,5)=0.

We obtain the Hausdorff measure of the Cantor middle

1

— set is zero. In general, we can show that the

Hausdorff dimension of the Cantor middle
2m—1
(2<m <), setis
. logm
dim,C ==
1 v@m-n log (2m —1)
logm

Since dimHszm,l) = m
H* (Cyampy) =0 for 2<m <oo.

Hence the Hausdorff measure of the generalized Cantor sets
is zero.

L
0 1
3 - — =
. L 2 3 2m-2 L
Zm-1 Zm-1 Zm-1 Im-1
B — — - — R [ - - -
1 2 3 2m-2
’ Zm-1 Zm-1 2Zm-1 Im-1 !
Figure 1. Construction of the Cantor middle > 1 set as IFS
m —

4. Hausdorff Measures and Hausdorff
Dimensions of the Invariant Sets for
IFS of the Generalized Cantor Sets

Iterated Function System of the Generalized Cantor Sets:
Let X =[0,1]. Let (X,p) be a complete separable

metric space. If W, :X — X is a function which is
defined by
x 2(k-1
+ ( ) ,m>2
2m—-1  2m-1

w, (x) =

1
with contracting factor L = Ey—E (2<m < o) for

k=12,....m the
{w, :k=12,...,m} is called an iterated function
system of the generalized Cantor sets (IFSGCS) which is

respectively,  then family

denoted by the Cantor middle 5 ,(2<m <o) sets.

Let F' be an invariant set for IFS of the Cantor middle

set. If ' R, then w,(F)Nw (F)=¢ for
2m-1 !

[# ], and L, =

for i=1,2,...,m.
2m—1
Now from (2), we have
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= 3" =5=slog3=1log5

m( ! J=1:slog(2m-1)=logm

2m—1 1
oo m Ls=2085 4
s=—BM ) <m<o), log3
log (2m - 1) Thus the Hausdorff dimension of the invariant set for

Thus the' Hausdorff dimgnsion of the invariant set for IFS of  [rg of the box fractal is dimH B =1.46.
the generalized Cantor sets is

log m Since the box fractal is in R’ , and
dim, F=—————,2<m< o). . )
4 10g(2m_1)’( ) dim, B =1.46 <2, #’(B)=0.
Hence the Hausdorff measures of the generalized Cantor sets Hence the Hausdorff measure of the invariant set for IFS
is zero. of the box fractal is zero.

5. Hausdorff Measures and Hausdorff
Dimensions of the Invariant Sets for
IFS of Two Dimensional Fractals

5.1. Hausdorff Measure and Dimension of the Invariant
Set for IFS of the Box Fractal

Let B be an invariant set for IFS of the box fractal
which is defined by the following

1 1 1 21
Wl(x,y)=(§x, gy)a wz(x,y)=(§x+§, gy)a BO
1 1 2
W3(xay):(§x’§y+§)a
1 21 2
W4(x’y):(§x+_a_y+§)’

33
1 1 1
ws(x,y)=(=x+—,—y+—
5(x, ) (3 3 3)/ 3)
Now we have
P (x,»),w (X', ¥")
1 "2 1 "2 B (1%t Tteration)
=,=(x—-x)y+=(y- !
\/9( ) 9(y »)

- é\/(x YA (—yy

1
= gp((xo y)> (x,a y'))
It follows that w,, w,, w,;, w, and w, are
1
contraction on R? with L =—.
5
2 B)= 1 B
If BCR”, then ﬂ w(B)=¢ and L = 5 for 2 (2" fteration)
i=1
each 1= 1,2,3,4’ 5. Now from (2), we have Figure 2. onstruction of the box fractal as IFS

l I l n l i l n l -1 5.2. Hausdorff Measure and Dimension of the Invariant
3 3 3 3 3 Set for IFS of the Square Fractal (Using the Cantor
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1
Middle 5 Set)

Let S be an invariant set for IFS of the square fractal

1
(using the Cantor middle g set) which is represented by the

following:
1 2
w(x,)=(= w,(x —x+— —
(X, ) (3 ), wy(x,y) = ( 3 3y)
Wy (5,9) = (- 2),
3 (XY 3 3)/
1 2
9 =\ +_a_ +—=
w,(x,¥) (3x 337 3)
We have
pw(x, ), m(x', 1)

1 "2 l _ "2
—\/g(x—X) +9(y )

= %\/(x -xXY+(y-))

1
= gp((xa y)> (X', y’))
It follows that w;, w,, w; and W, are contraction

on R? with L=%

4
If ScR?, then ﬂwi(S)Zgﬁ and Ll.=% for

i=1
1,2,3,4. Now from (2), we have

BRORBNY
—| =]+ =] +H =] =1
3 3 3 3
=3 =4= slog3 =log4
10g4

each [ =

=1.26.
log3

Thus the Hausdorff dimension of the invariant set for IFS of
the square fractal is dim S =1.26.

1 (1* Iteration)

2 (2 Iteration)

Figure 3. Construction of the square fractal (using the Cantor middle —

set) as IFS

Since the square fractal is in Rz, and
dim,, S =1.26<2,

H*(S)=0.

Hence the Hausdorff measure of the invariant set for IFS of
the square fractal is zero.

5.3. Hausdorff Measure and Dimension of the Invariant
Set for IFS of the Square Fractal (Using the Cantor

1
Middle g Set)

Let F be an invariant set for IFS of the square fractal
which is defined by the following:

1 1 1 1

wl(x,y)=(—x,—y), Wz(xyy)=(—x+—,—y),
57575

W, (5,7) = <1x1 2),
(X, Y 5 Sy

1 4
w,(x —x+—,—
(X, ) = (5 5 5y)
W) = (et y ey,
(X, Y s Sy

1 1 2
we(X,y)=(=x+—,—y+—-),
6 (X)) (5 5 5y 5)

1 21 4
wo (X, y)=(=x+—,—y+-),
5 (X, ) (5 55 5)

1 41 2
we(x%,y)=(=x+—,—y+-),
(X, 1) (5 557 5)

1 41 4
Wo(x,y)=(=x+—,—y+—)

5755 5

Now we obtain
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Pw(x,),w (X', )

1 "2 1 "2
= /—=G@-x)Y+—=(-
\/25( ) 25(y )

- g\/(x— Y+ (- y)

=§p((x,y),(x',y’))

It follows that w,, w,,w,,...,w, and w, are

contraction on R? with L =—.

9

If ScR?, then ﬂWi(S)=¢ and Ll.=§ for
i=1

each i=12,3,...,9.

Now from (2), we have
9(%} =1=5"=9=slog5=1og9

s=1089 )36
log5

Thus the Hausdorff dimension of the invariant set for
IFS of the square fractal is dim,, ' =1.36.

Since the square fractal 1is in Rz, and
dim, S =1.36<2,
H'(S) = 0.

Hence the Hausdorff measure of the invariant set for IFS

of the square fractal is zero.

S

0 1 (1* Iteration)
(N N ] Emn
EEE EEEm Emn
EEm (NN Emn
EEE EEn EEE
(N RN ] Emw
EEE EEE EmE
EEE EEwm Emn
EEE EEE EEE
EEE EEwm Emn

S

2 (2 Iteration)

Figure 4. Construction of the square fractal (using the Cantor middle —
set) as IFS

6. Hausdorff Measures and Hausdorff
Dimensions of the Invariant Sets for
IFS of Three Dimensional Fractals

6.1. Hausdorff Measure and Dimension of the Invariant
Set for IFS of the Menger Sponge

Let M be an invariant set for IFS of the Menger sponge
which is represented by the following:

w,(x Z)—(lx 1 lzj
1 ’y’ 3 D) 3)7;3 )
1 1 1
wy(x,y,2) = (5 (x+1), Ey,gz],
1 1 1
s Vo =| <X, = +17_ s
w; (X, ,2) (3)6 3(y )32)
w,(x,y,2) = l(x+1) 1 l(z+l)
4 5y5 3 D) 3ya3 )
1 1 1
Ws(x,y,z):tg(x+2), Eyagzja
1 1 1
s Vo =| <X, = +29_ s
we(x,¥,2) (336 3(y )3Zj
1 1 1
L) = <X V. +2 5
w; (X, ¥,2) (3)6 3y3(2 )j
we(x z)—(l()htl) l( +2) lzj
8 5y5 3 53 y 53 b
W, (x Z)—(l(x+l) 1 l(z+2)j
9 :y: 3 a3y93 )
wy, (x Z)—(lx l( +1) l(z+2)j
10 aya 3 73 y 73 D)
w, (x z)—[l(x+2) l( +1) lzj
11 5y5 3 93 y 33 s
wy,(x,9,2) = l(x+2) 1 l(z+1)
12 ay9 3 93y93 D)

1 1 1
Wis (x,y,Z) = (E'xﬁ §(y+2)9§(z+1)J9

1 1 1
W14(xayaz) = (E(X‘f' 2)5 g(y+2)agzj’
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w@hamﬂ=(%@+2%%%§@+2ﬂ,
w%u;m@=(§m§owax§@+zﬂ,
wnuda@=(§@+2xiowaxgw+n}
wmuJaa=(§u+zx§oH4L§@+zﬂ,
wwuda@=(§uH4x§owax§@+zﬂ,
Wy (X, 1,2) = (%(x+2), %(y+2),%(z+2)j Now

we have

pw (x,y,2),w (x,',2"))

1 "2 l N2 l N2
—\/g(x—x) o=y HgE=2)

=§Ju—ff+w—yf+@—zf

1
=§p((x,y,x),(x',y',z'))
It follows that w,, W,,...,w,, and Ww,, are

contraction on R® with L =—.

20 1
If MR, then (\w(M)=¢ and L, =— for
i1 3 Iy
each [ = 1,2, .. ,20 2 (2" Iteration)

Now from (2), we have

20(%] =1=3"=20= slog3=10g20

Figure 5. Construction of the Menger sponge as IFS

6.2. Hausdorff Measure and Dimension of the Invariant
Set for IFS of the Sierpinski Tetrahedron

log 20
§= log3 =2.726. Let 7 be an invariant set for IFS of the Sierpinski

) ) ) ) tetrahedron which is defined by the following:
Thus the Hausdorff dimension of the invariant set for

IFS of the Menger sponge is dim,M =2.726. Since w,(x,y,2) = (f’ Z’(Z_—\/g)),
the Menger sponge is in R’ R and 22
dim, M =2.726 <3, w, (x, ,2)= (g, 5

7_{3 (M) = 0. X 1

Hence the Hausdorff measure of the invariant set for IFS W (x, Y.z ) = (_ e R _),
of the Menger sponge is zero. \/5 \/g 2\/5

b

N | N
(\)
(98]

<
%mw

W4 (xayaz)z(
We have
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= \/%(X—X')2 +%(y—y')2 +%(z—z')2

=%J<x—x'>2 F—y) +(z-7)

- %P((X,y,x),(x',y',Z'))

It follows that w;, w,,w; and W, are contraction on

R® with L =l.
2

4
1

If TR, then [\w(T)= d L =— f

c en (I)=¢ and L, 5 or

i=1

each i =1,2,3,4. From equation (2), we get

4(%) =1=2"=4=slog2=1log4

S_log4_2

- log2 -

Thus the Hausdorff dimension of the invariant set for IFS of
the Sierpinski tetrahedron is dim ;7" =

Since the Sierpinski tetrahedron is in R3, and

dim, T =2<3,
H*(T) =0.

Hence the Hausdorff measure of the invariant set for IFS

of the Sierpinski tetrahedron is zero.

2.

Ti (1** Tteration)

T2 (2" Iteration)

Figure 6. Construction of the Sierpinski tetrahedron as IFS

7. Conclusions

We observe that the Hausdorff dimensions of the
invariant sets for IFS of the geometric fractals are different.
But the Hausdorff measures of the invariant sets for IFS of
the geometric fractals are zero as the Hausdorff dimensions
are less than the Euclidean dimensions of the
corresponding fractals.
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