Mathematics and Statistics 5(4): 143-150, 2017
DOI: 10.13189/ms.2017.050402

http://www.hrpub.org

Qualitative Properties of the Solution to
Brinkman-Stokes System Modelling a Filtration Process

Yulia Koroleva

Department of Higher Mathematics, Gubkin State University of Oil and Gas, (National Research University), Russia

Copyright (©2017 by authors, all rights reserved. Authors agree that this article remains permanently
open access under the terms of the Creative Commons Attribution License 4.0 International License

Abstract The paper deals with study of Stokes-Brinkman
system with varying viscosity that describes the fluid flow
along an ensemble of partially porous cylindrical particles
using the cell approach. Existence and uniqueness of the
solution to the system is proved for an arbitrary varying
viscosity. Some uniform estimates on the velocity of flow
are derived. Moreover, an axillary weighted Friedrichs
inequality was proved for the solution of the considered
system. The numerical illustration of the obtained results is
given.
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1 Introduction

The development of modern nano-technologies requires
the knowledge of filtration processes. They can be model-
led as flow through porous medium. Some important ex-
amples of flow through porous medium are pressure driven
membrane processes, flows of underground water and crude
oil. Usually porous medium is modeled by a dense set of ri-
gid impermeable particles [1]. However, the structure of a
porous layer should be viewed from different points of view.
For example, it is not necessary that the particles always have
a smooth homogeneous surface, they can have a rough sur-
face or a surface covered by a porous shell. The cell model
[1] has been effectively used for studying of the mentioned
above flows. The basic principle of the cell model is to re-
place the system of randomly oriented particles by a periodic
array of spheres or cylinders embedded in the centrally spher-
ical or centrally cylindrical liquid cells. Boundary conditions
on the cell boundary must describe the influence of surroun-
ding particles on the flow inside the cell and the force acting
to the particle in the center of the cell. There are four types of

these conditions: the Happel (the absence of tangential stres-
ses on the cell surface), Kuwabara (the absence of vortexes,
equivalently, the flow potentiality), Kvashnin (the cell sym-
metry), and Cunningham (the flow on the surface of cell is
assumed to be uniform) models [2].

Flow through porous shells is frequently modeled by
Brinkmans equation [4]. However, it has been observed that
the obtained results based on the Brinkmans equations do
not agree with the experimental data for non-homogeneous
porous media. For that reason a modification of the Brink-
mans equation was suggested in [14] for the media having
non-homogeneous porosity. The possible way to overcome
this problem it to use variable viscosity model for the li-
quid/porous boundary region. We assume that considered
porous shells have a uniform porosity but variable liquid vis-
cosity inside porous layer. It is supposed that the investiga-
ted membranes are built by either non-porous particles with
rough surface or particles covered by porous shell. The lat-
ter shells have rough surface and the scale of roughness is
equal to or bigger than the average pore size inside the shell.
The important problem is to select correctly boundary con-
ditions. We use bellow the condition of “tangential stresses
slippage”, i.e. the presence of tangential stresses jump at the
porous-liquid interface [8],[9].

In present paper the described physical problem was sta-
ted strongly mathematically. The unknown velocity of flow
was considered as the weak solution of the Brinkman-Stokes
system. The aim is to investigate qualitative properties of the
considered model. We prove the existence and uniqueness of
the weak solution as well as derive uniform estimates which
show the behaviour of the flow depending on the variable
viscosity. Let us mention that similar problems for constant
viscosity and spherical particles were solved analytically in
[10] and [11]. The case of flow with varying viscosity can
not be treated analytically in general, perhaps except some
particular situations. Therefore the fact of existence and uni-
queness of the solution is the important result. Moreover, the
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derived estimates give a restriction on growth of the solution
and confirm the natural phenomena: the greater viscosity the
less the speed of the flow. In the analysis we have derived
an independently important fact on validity of weighted Frie-
drich’s inequality.

The obtained results are validated numerically. The visua-
lisation for graphs of the solution to Stokes-Brinkman system
is presented in Section 4 for the case of polynomial viscosity.

2 Statement of the problem

The viscous flow through porous medium modelled as a set
of parallel composite cylindrical particles and filled by liquid
with varying viscosity can be described by two systems: the
Stokes one

Vp° = i°AV,

- (1
divv? =0

outside the porous layer a < 7 < band R < 7 < a by the

Brinkman’s system

-~ M Tt ) oy}
{ Y]/)N_— div(a'Dv*) — =V, )
divv* =0
in the porous layer. Here the tilde denotes dimensional vari-
ables, indices o and 7 refer to the external and porous zones
respectively; fi* and 7i° are the viscosities inside of Brink-
man’s layer and outside of it, correspondingly. The varia-
ble k is the specific permeability of the porous layer. We
suppose that viscosity of clear liquid z° is constant over re-
giona < 7 < b while the viscosity of Brinkmans liquid
@t = p°up(r), u(r) > 0 is the function of r variable. In
general case the unknown functions are velocities v°, v and
pressures p°, p* of flow.
The following boundary conditions are assumed to be va-
lid: B
vi=0,as7 =R, 3)
t=v°, &° as 7 = a. 4)

_ =i
rr = Orps

v
Here (4) is the continuity condition. The assumption for the
jump of tangential stresses at the interface between porous

layer and clear liquid reads

) 10
Gi_go =P ai—a )

rz_\/z z)

Here —co < [ < sup Z—O is the dimensionless para-
T

meter which can be found from a physical experiment [5].
In case when flow is parallel to the cylinders all four known
conditions at the outer cell boundary are reduced to the scalar
one [12]:

dv? ~

I =0, as7 =0b. ©6)
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Let us pass to the dimensionless operators and variables by
the following substitutions:

b1 P z - N

f:ar:z,Z—i?V:V a, A=A-a?

a a a
B R v p

§=2 R="=1-6v=—v p=2L, (7
a a U Po

. _U-/lo _ k dp

Po = A 7k_?>07w_£

Here U is the cell (filtration) velocity U=—-Ln %7 where

L1, is the hydrodynamic permeability of the membrane [13],
and w < 0 is a given pressure gradient.
Denote by B, the layer

B, ={1<r<— ¢€l0,2n], z €[0,00)}

=2 |~

and by Bp, the set
Br={R<r<1, pe€l0,2n], z€[0,00)}.

In the dimensionless notations the systems (1) and (2) read
as
Vp® = Av®in B,
divv? = 0in B,, ®)

dvy _ 1 o _ . —
4 —oonr=_,v2=v onr=1,

and A ‘ .
Vp' = div(u(r)Dv') — ¥ in Bp,
divv® = 0 in Bg,

UZZ—OOII7 —li’ ( )
dv? dv?
d”:_;rz \%vzoasr—l.

Problems (8) and (9) are linked to each other via the
boundary conditions on the common boundary r = 1 which
physically means the continuous flow regime.

Our goal is to investigate the qualitative properties of the
obtained systems. It is necessary to verify rigorously the ex-
istence and uniqueness of the solution as well as to derive
apriori estimates which can be useful to understand the beha-
viour of flow.

2.1 The flow parallel to cylinders.

Let us rewrite the problems (8) and (9) in cylindric coordi-
nates (7, @, z) with help of formulas

oy (% 100 3
P= or’'rdp 0z )’
L 9v,

. 10 Ov,
leU = <7‘81"(Tvr) + ; 3¢ + 82 ), (10)
10 1 9% 0%
Av="a 0+ Gas T g
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We shall consider the case of flow parallel to cylinders. Un-
der this assumption, the components of the solution satisfy
v =02 =0} = 0, while v}, # 0, v? #OItcanbe

T @
shown that velocity and pressure derivative %” ,J = o0,1are

independent on z— variable. Indeed, for j = o or j = i the
equation

_U

10 10vl, ov’ ol
ror ”afa) Ve 5

implies independence vJ on z— variable. For an arbitrary
u'(r) when the flow is parallel to z-direction, the term
div(p* Dv) becomes

1 d dvz _dv, du’ n ,ui n s d*v,
w "r T odr \ dr r M a2

rdr
in the polar coordinates. Having in mind that

% = const = w(< 0),

we arrive at the following one-dimensional Stokes and Brink-
man’s equations where for the simplicity we omit the sub-
index z (i.e. the notation v’ should be understood as v7):

=0

divv/ =0 & <

32077’7

d*v° 1 dv?

dr? r dr

dzvi+ dqu dvi £+
a2 dr v ) dr k

with boundary conditions

1
=w, l<r<—, (11)
Y

w),R<r<1 (12)

v =0asr =R,
v =vlasr=1 dfvi_dv"_ﬁvo r=1
- T dr dr k' o (13)
dv® 1
Y =0asr=—.
dr v

3 On the existence and uniqueness of
the solution.

3.1 Preliminaries.

In our analysis the following classical theorem will be used
(see [3] and [6]):

Theorem 1 (Lions-Lax-Milgram Lemma). Let U and V be
two real Hilbert spaces and let

B:UxV =R

be a continuous bilinear functional where V is continuously
embedded in U (||ully < c||u|lv). Suppose also that B is
coercive in the following sense: for some constant ¢ > 0 and
Blu,u]| > c||ul|?. Then for all f € V* there
exists the unique solution u = uy € U to weak problem
Bluys,v] = (f,v) forallv € V. Moreover, the solution de-
pends continuously on the given datum: ||uy||y < <
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Let H'(£2) be the Sobolev space defined as the completion
of the set of functions from space C'*°(2) by the norm

HUHHl(Q) =

/(u2 +Vup) da

Q

L1(Q) is the set of all measurable functions integrable in
Q. Let us prove now the following important Lemma which
states a weighted Friedrich’s inequality. We refer to [15]
for more results on Friedrich’s-type inequalities in different
domains.

Lemma 3.1. Assume that

1
p(r) > 0 and ;,,u € Li(R,1).

Then the following weighted Friedrichs inequality holds for
vt € HY(R, 1) satisfying vi(R) = 0 :

1 1 .y
/ ‘1 / (dvl)
(v I dr.
KLy (R,1) dr
R R

Proof. Since v*(R) = 0, it holds that

Zdr < ez, (r, 1)

Integrating once more, we obtain

1 1 1 1
Zu(vi)zdr Z;drl?/udTIZu(
1
L1(R,1) R/M( )

3.2 The weak solution

Multiplying equations (11), (12) by v°, v’ respectively and
integrating the result over the corresponding domains, we can
define the weak solutions v° and v'.
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Definition 1. The function v° € H!(Bg) is called the weak
solution to (11) if the following integral identity holds:

dv°®
/( dr
1
(15)

The function v* € H'(Bg) is called the weak solution to
(12) if it satisfies

2=

L

11 dv® dv®
dr+ dr =
) T roar O dr et

1 1 1
d*v? du  p\ ;dvt 1 -
i7" d hatnd ~ i z2d —
/Mvdr2 T+/<dr+r>vdr r T (v*)*dr
R R R
1
w/vidr.
R
(16)

Using integration by parts and boundary conditions for v
it is possible to rewrite (16) to the form
1
e
k:
R

1 )
/ AN /uz
s dr r
R R

a7

3.3 The main result

Let us examine solvability of proposed problems. The fol-
lowing theorems give such result.

Theorem 2. The function

2

w wr
—Inr+ —

°o_ (O —
v 22 4’

where C' = vi(1) — % (18)

is the unique solution to Stokes problem in the layer B.,.

Proof. 1t is easy to find the analytical solution to (11), which
evidently coincides with the solution (15) in the weak sense.

Indeed,

d ( dv° - dv® rw + C

—|r =Tw = —+ —.

dr \_ dr dr 2 r
Boundary condition d;—o = 0atr = % implies that

T 2l
. w
292"

Integrating the equation once more and taking into the ac-
count condition v® = v* at r = 1, one derives (18) The
uniqueness of v° follows directly from formula (18) as soon
as v’ is the uniquely defined (see Theorem 3). L

1
1
w/vod

1
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Theorem 3. Consider p(r) > 0 such that

1
— e Ll(R, 1)
n

" There exists the unique weak solution v* € H'(BR) to (17)

which satisfies estimates

HWMMMWSC(ﬁumme+

pee(1)(=w) (1
H ) ( _

HJdthU &Lty

k
p(1)o(1)(—w)
if 3> 0and

nwWMm@sl——jr—f

\/>
H dr La(R,1)

ifp <0,

where v° is given by (18). Here

1\ 1 1\7!
Cl_<<w+k>supu_2a> ’

(R,1)
o -1
= 1_ 7) 3
s ( 2R?
1
if ————ksup u < 2R?;
2(wk:—|—1) (R,1)
1
Ci = HMHLl(RJ) H“HLl(R,l)
3 1 1 kwtl 1
(s 8 (- i)
o il ‘1 ( 1 ko+1 1
2 = - LR || 2
Kl Li(r,1) R? k 5;111))“
if L ksup p > 2R?
i
2(0Jk+1) (R,1) B

for any positive constant o such that

ksup pu < o < 2R?.

_
Q(wk + 1) (R,1)

Proof. We shall establish now the existence and uniqueness
of the solution v*. Denote by

B[v',v'] : HY(Bg) x H*(Br) — R

)

-1
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the bilinear form

1 d'2 1 . 11

_ v’ pogdvt i\2

‘/“(dr) /r k/( )y dr.
R R R

Define the following functional on space H'(Bg) :

1
(f,v"y = —v'(1)C — w/vi dr,
R
_p(Dw 1 p(1)B

Thus, the question on existence and uniqueness of the
weak solution (17) is reduced to solvability of

Blv',v'] = (f,v")

for any f € H~1(Bg). Let us establish the coerciveness of
form B[v®, v¢] (see Theorem 1).

In order to do that, we proceed with derivation of auxiliary
inequalities.

Since sup i # 0, it holds that

1 1
1 2 1 2
- ) dr > ) d 20
ez o fueyan o
R (R1) R
1 1
% —Ww i\2
—w [ v'dr < w(v)=dr (1)
sup fu
R (R1) R
Next,
2 b2
ab<%+—f0rany0>0:>
vt dv?
f =/p—,b=
ora \/ﬁr’ \/ﬁdr
one gets
1 1
YD Y
r -2
R R
1 dv’
,Ul
- — d 22
20 (fdr> " @2)
R

1

> - 2R2R/<fv)2dr—2103/1<\/ﬁif>2dr.
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Applying inequalities (20), (22) with e.g. ¢ = R%, we con-

clude that
) dr+

|B[v',v"]| > ‘( 2R2)Z(\f
")

1) () o]

(ksup I

(R,1) R
1
inf / dvt dr—i— 29
& ff 2R? dr
R
1
inf g 1 / vt dr >
(3,1) ksup p 2
(R,1) R

(w)||v* HH1 (Br)>
where

L
2R?

1),
ksup p 2
(R,1)

s

C(n)

= inf pmin{|1
(R,1)

)

and

1 1
HmH%h(BR /( ) dr+/(vi)2 dr.
R

Hence, the unique weak solution v* exists due to Lions-Lax-
Milgram Lemma.

Now we derive estimates (19). Evaluating the term

u(1)v'(1)

)
r=1

dr

one obtains

u(1)0' (1)

=v"(1)C, where
r=1

dr

Cuuw<11>+uuwM@%

2 2

therefore(17) can be written as
1 din 2 B 1
v pgdvt N2 7.
/“(dr) /r rig e
R R R
1 ) .
[ty B (1)
2 2
R

p(1)8

N (v°(1))*.
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Applying inequalities (20) — (22), one derives that

(1= o5e) [ (55 o
R

(R1)
Zngfmulﬁw?d+;/wywza®
_w/ww “mimw<t—0+

) oy < o IZ ) s~

M(l)U;(l)w (712 - 1) + 51}(]91)( °(1))?

Thus, we can conclude that

(v ai) ()
(gt5-2) [l o

ﬁf}k”w’(l))? e (5 -1).

Now we choose the constant o such that o < 2R2. With
this choice the coefﬁcient in front of the first term is positive.

If it holds that 57 +1)S(111%p1/)1, < 2R? (equivalently, the se-

(25)

cond term is positive as well), then one should fix o satisfying

mmﬂﬁm¢<a<ﬂﬁﬁﬂ<omm

0
NG

and it can be added to the right-hand side of (25). Thus,the
estimate

(1—;%2)}%/1(\&?)%”
((w+11€)(?%u1)/<ﬂ) ar = 2 o) <

holds. Under such a condition, each term in the left-hand
side of the inequality (25) is positive. This implies the va-
lidity of estimates (19) for negative values of 3. Otherwise,

(v°(1)* >0
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i.e. if B > 0, the positive terms in the left-hand side of (25)
are estimated by two positive terms in the right-hand side. In
case

——supp > 2R?,

2(wk + 1) (R,1)
i.e. if the second term in (25) is negative, estimates (25) must
be rewritten as

Bu(1)

7 (v°(1))* —

M (1))

for o satisfying ( s — T i u) > 0.

(R,1)

Applying the weighted Friedrichs inequality (14)

1 1

1 dvi\
/ﬂ 2dr < el 2, (R,1) ’ /ﬂ(d > dr
K Li(R1) 4, r

and (26), we observe that
1
(1 - TRQ —lpllz, (R,1) ‘M

1 kw41 1 y
20 k  sup p

(R,1)

X
Li(R,1)

. @7

dvi\?
dr <

/ (x/ﬁ dr) r<
R
Bu(n), , (v (o (1
Pl (v0(1))? - S ——1).

Vk 2 g
Choose o such that the coefficient in front of the first integral

in (27) be nonnegative, e.g.o can solve the following inequa-
lities

1- 232 > 2||U||L1 (R,1) H 1‘

Li(R1)’ (28)
1 kwt+l 1 1
0<<20_ k+ sup p <§
(R,1)
By Holder inequality
1 1
R 1 1 1 1 ’ 11 i
]__
—=— [ 1ldr < = d —d =
2 2/ "3 /’” /ur
R R R
il |
HILi(R) || .
' Kz, (R1)
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Consequently,
1= 3lluscas | < LR
— SIHIL (R || S5
2 ' Li(R,1) 2
and
1 k 1 2
St > 2R?.
2 k  sup p
(R,1)

In particular, the system (28) is fulfilled for o = %2. Procee-
ding with this value of o, we derive the estimate
[( v\ Bu())
v H 2
C — ) dr < —==(v°(1))*—
[ (Vi) ar< 28w
R

2 gl
where
3 1 1 kw41 1
Cs = 2l |~ (— )>o
4 1D ML, (r,1) R? k (51;1?)#

as 2R? < mkal% w. Finally, applying again the Frie-

drichs inequality (14), we get

1 \2 1 h dv'\?
/(\/ﬁv’> dr < ||plle, r,1) /(‘/ﬁd ) ar
J H Li(R.1) 4 "

il 2y (1) H%HLI(R 1)

X
3 1 1 kw+l 1
(4 lellzca. H“HLI(RJ) <R2 g 551,]1))#))

If 8 > 0, then the left-hand side integral can be estimated by
two terms in the right-hand side, while for the opposite case
B < 0 the term B“—\/(El)(vo(l))2 shall be moved to the left-hand

side and it is not involved in the final estimate. O

Estimates (19) give some restriction on growth of the so-
lution v* : indeed,

, , C
V| <C s v~ —.
[[v/po'|| < 7i

The last relation confirms the natural phenomena: the greater
viscosity 4 the less the speed v°.

One can see from (19) that for the case 5 > 0 the velocity
can take the greater values than for the opposite case (if 8 <

0).
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Figure 1. The behaviour of the velocity for fixed data v = 0.3, R = 0.3,
w = —0.1 and particular cases 3 = — 0.5,0,0.5, k =0.1,1,10.

4 Numerics

Let us consider the particular case of the viscosity u(r) =
%2. This can model variable viscosity flow decreasing in the
pure liquid direction. Such situation is common for filtration
through superhydrophobic surfaces [7]. In this case the weak
solution v* can be found explicitly:

: & 3
v'(r) = = + -
AHVIHE  a-/14E

+ k> (—w).  (29)
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We denote for the simplicity C = /1 + % The constants

i C4 and C can be evaluated from the boundary conditions:

oo k (1 +Z - Ck) — 1ROk (7% ~1 +25\/E)
R-14+Cx (1 + % +Ck) _ R-1-Cy (1 n % _ Ck)
e s (3 )
R-14Cy (1 1O+ %) _ R-1-Cy (1 Ot %)
(30)

. . 1
C=Ci+Ci+k+ .

One can see that coefficients C%, C% and C' depend on initial
data: 3, k as well as on the choice of bounds R and .

The MatLab graph for velocity field is shown in Figure 1.
It is seen clearly that the velocity in the porous zone takes the
less values than in the pure liquid area. The positive values
of parameter 3 correspond to the higher velocity what agrees
with theoretical results.
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