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Abstract  Using the strain space and deformation 
thermoplasticity theories the coupled dynamic thermoplastic 
boundary value problems are formulated. Strain space 
thermoplasticity theory, in contrast to the deformation one, 
allows formulating the coupled thermoplastic boundary 
value problems for the displacement and temperature 
increments. As an example, in one-dimensional case, the 
explicit and implicit types of finite difference equations are 
constructed. The numerical solution of the explicit finite 
difference equations reduced to the application of the 
recurrent formulas, whereas the implicit scheme reduced to 
the application of the elimination method. Comparison 
shows that the numerical results obtained using explicit and 
implicit scheme coincides. 
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1. Introduction
Thermo-mechanical coupling is the most common class of 

coupled problems, in which the mechanical response of the 
structure depends on its thermal behavior and vice versa. 
Investigations the in the field of coupled thermoelasticity 
and thermoplasticity are enormously developed due to their 
many applications in the advanced structural design 
problems. 

In case of coupled thermoelasticity and thermoplasticity 
boundary value problems, the motion equation, constitutive 
relations are considered in conjunction with the heat 
conduction equation. It should be noted, that the temperature 
and its derivative are included in the motion equation, and 
the heat equation contains a strain tensor. The heat 
conduction equation, under certain conditions, can be 

considered and solved separately from the motion equations. 
Coupled thermoelasticity problems investigated by Biot 

[1], Lord & Shulman [2], Yousuf [3], where has been 
introduced a generalized coupled theory with a wave-type 
heat equation. The coupled thermoplasticity problems for 
anisotropic materials at finite deformations are considered in 
[10].The thermoplasticity coupling problems are considered 
in Slodrbach [4], Canadjia and Brnik [5]. The coupled 
visco-plasticity is considered by Stainier and Ortiz [9]. In [6] 
the coupled thermoplasticity problem is formulated using the 
strain space plasticity theory, which has advantages 
comparison to stress space [19] one. Thermomechanical 
coupled and uncoupled boundary value problems are solved 
in following works [7, 8, 11, 12, 13, 14]. 

This paper deals with the numerical solution of the 
coupled thermoplastic boundary value problems formulated 
using the deformation thermoplasticity theory [16] and 
strain space thermoplasticity [7]. Coupled thermoplasticity 
boundary problem based on deformation theory may be 
solved as a thermoelasticity problem i.e. is not required the 
partition of the problem. Usually in numerical solution of 
strain space thermoplasticity problems the original problem 
is partitioned into several smaller sub-problems, which are 
solved sequentially. Note that, strain space coupled 
thermoplasticity problem in difference from the stress space 
one is not depend on stress tensor. 

The coupled thermoplasticity boundary value problem 
consists of hyperbolic and parabolic type of nonlinear 
partial differential equations with a corresponding initial 
and boundary conditions. The discrete equations are 
constructed using a finite difference method [18]. In the 
discretization process, all the derivatives are approximated 
by their corresponding difference quotients, and it turns out 
that two kinds of schemes appear, i.e. explicit and implicit 
schemes. The explicit scheme is solved with the help of 
recurrent formulas. For the solution of implicit scheme the 
elimination method is used [18]. Comparison of two results 
shows a good coincidence. 
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2. Formulation of the Coupled
Thermoplasticity Boundary Value
Problems

Coupled thermoplasticity problems depending on which 
theory of thermoplasticity deformation or flow theory is 
used, can be formulated two types of coupled 
thermomechanical boundary value problems. Usually the 
coupled thermoplasticity boundary value problems consist 
of motion equation, constitutive relations and heat equations 
with a corresponding initial and boundary conditions. 
Usually in numerical solution of coupled thermoplasticity 
problems the original problem is partitioned into several 
smaller sub-problems, which are solved sequentially. In 
case of coupled thermoplasticity boundary problems, based 
on deformation theory, is not required the partition of the 
problem. Coupled thermoplasticity boundary value 
problems may be formulated using the stress space and 
strain space flow theories. Note that the strain space 
thermoplasticity theory [7] in comparison with stress space 
one [19] more suitable for the formulating and numerical 
solution of the coupled boundary value problems. 

2.1. The Coupled Boundary Value Problem Using 
Deformation Theory of Thermoplasticity 

The coupled thermoplastic boundary value problem using 
deformation theory consists of the motion equations 

, ,ij j i iX uσ ρ+ =            (1) 

Constitutive relation of the deformation theory [16] 

( 3 ) ,u
ij ij ij

u

K eσσ θ αϑ δ
ε

= − + (2) 

heat conduction equation [15] 

0 , 0 (3 2 ) 0ii ijT C T Tελ α λ µ ε− − ⋅ + ⋅ =

   (3) 

and Cauchy relations 
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where Cε −  heat at a constant temperature, α −  thermal 

expansion coefficient, 0λ −  the heat flow coefficient, 

−µλ,  Lame constants, −θ spherical part of strain tensor, 
0T Tϑ = −  - temperature difference, −iX volume force, 

−ρ density of the body, −ijδ kronecker symbol, 

2 3K λ µ= − , In Eq.(2) the value uσ , in case of a 
piecewise linear deformation diagram may be replaced by 
the expression  

*2 2( )( )u u u uσ µε µ µ ε ε′= − − −

where µ′ −  tangent modulus, ,u uσ ε - intensity of stress 
and strain tensors. Taking into account the last relation the 
eq. (1 - 6) in one dimensional case take the form 
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Substituting the Eq. (8) and Eq. (9) into Eq. (7) gives the 
motion equation in terms of displacements 
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where 3 2γ λ µ= +  

The heat equation in one dimensional case has the form 
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with the appropriate initial and boundary conditions 
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where −  the rod length. eq. (10-13) present the 
coupled boundary value problem for deformation theory of 
thermoplasticity in one dimensional case. 

2.2. The Coupled Thermoplasticity Boundary Problem 
Using the Flow Theory 

The coupled boundary problem based on the strain space 
thermoplasticity theory consists of motion equation written 
for increments of unknown quantities 

,ij j i id dX duσ ρ+ =            (14) 
and constitutive relation of the strain space thermoplasticity 
theory, which in case of piecewise linear deformation 
diagram has the following form[6] 
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differentiated heat conduction equation for isotropic 
materials [15] 

0 , 0 0ii ijdT C dT T dελ αγ ε− − =    (16) 

and differentiated Cauchy relations 
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and boundary conditions 
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where ije −  deviator of the strain tensor, T −

temperature, Cε −  heat at a constant temperature, α −
thermal expansion coefficient, 0λ −  the heat flow 

coefficient and F −  loading function in the strain space 
[7] 

( )1 , 0
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Eq. (14-19) in one dimensional case for piecewise line of 
deformation diagrams take following form 
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Substituting Eq. (23) into Eq. (22) gives 
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and then inserting into Eq. (21) gives motion equation for 
differentials of displacements and temperature 
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where F Tβ = ∂ ∂ . The following heat equation 
together with a Eq. (25) 
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presents the 1D coupled thermoplasticity boundary value 
problem for strain space theory. Where 

0, , , , , ,Cελ µ µ α β λ′ −  are the given values, −  the 
rod length, 0 1 2, , , ,T T Tφ ψ −  are the known values. 

3. Explicit and Implicit Finite Difference
Equations

For the formulated in the preceding paragraphs coupled 
thermoplasticity boundary problems using the finite 
difference method an explicit and implicit schemes are 
constructed. Note that, in case of strain space 
thermoplasticity theory the discrete equations are written for 
displacement and temperature increments. The explicit 
schemes consist of two recurrent formulas displacement u 
and temperature T increments, whereas the implicit schemes 
take the suitable form for the application the elimination 
method [18]. Note that in the case of strain space 
thermoplasticity theory the external thermomechanical 
forces are gradually applied with a small increments and the 
results are found as a sum of the increments of 
corresponding values. 

3.1. Finite Difference Equations for 1D Coupled 
Boundary Problem on Deformation Theory of 
Thermoplasticity 

Let us consider, in the area 0, 0t x l≥ ≤ ≤  two sets of 

parallel lines ( 0, ), ( 0,1, 2,...)x ih i n t k kτ= = = = . 
Replacing the derivatives in eq. (11-12) by the difference 
quotients, we obtain
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Solving the finite difference Eq. (29) and Eq. (30) for 1j
iu + and 1j

iT + respectively, we get 
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Eq. (31) and Eq. (32) allow us to find the values of ( , )u x t  and ( , )T x t  at the layer 1jt +  using the given values of
these functions at the two previous layers. The values of ( , )u x t on two primary layers 0j =  and 1j =  can be 
found from the initial conditions, and the values of ( , )T x t  can be obtained from the following finite difference relations 
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In the first term of the finite difference Eq. (29), replacing j  into 1j + , the equation can be reduced to the form 
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Similarly, we can write the finite difference Eq. (30) in the form 
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The values of functions ( , )u x t  and ( , )T x t  are calculated on two primary layers at 0j =  from the initial 
conditions and at 1j =  from Eq. (33) and. Eq. (34), respectively. The values of these functions on the other layers can 
be find from the Eq. (35) and Eq. (36) using the elimination method [18]. Numerical results the system of thermoplasticity 
motion and heat equations allows to describe the deformation process of bodies more precisely. 
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3.2. Finite Difference Equations for 1D Coupled Strain Space Thermoplasticity Problem 

Substituting the finite difference quotients into Eq. (25-26) give 
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Solving the discrete Eq. (37-38) for the 1j
idu +  and 1j

idT +  we can find the following explicit recurrent formulas 
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Eq. (39-40) allows to find the value of ( , )du x t  and ( , )dT x t  using the known values at the preceding two layers. 
The values of ( , )du x t  and ( , )dT x t  on the initial two 0j = and 1j =  may be find using the initial and 
boundary conditions 
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Replacing index j  by 1j +  for the first term of the Eq. (37) the finite difference equation can be rewritten in the 
following form 
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By analogy, the Eq. (38) takes the form 
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For solving the Eq. (43-44), the elimination method [18] is applied, and the resulting displacement and temperature are 
found as a sum of increments of ( , )du x t  and ( , )dT x t  i.e.  

,
p

u du=∑   
p

T dT=∑

where p – number of increments. 

4. Numerical Tests
Let us consider the rod with the length  and inter 0T and boundary 1,T  2T  temperatures on the both fixed sides,

respectively. At the initial moment 0t =  along to the rod is applied a sinusoidal load. The described process using the 
deformation of thermoplasticity can be modeled by the Eq. (10–13) with a following initial and boundary conditions:  

( ) ( ) 00 0
0

( , ), sin , 0, , ,
t t

t

x u x tu x t T x t T
t

π
= =

=

∂ = = =  ∂ 
 

( ) ( ) ( ) ( )1 20 1 0 1
, 0, , 0, , , ,

x x x x
u x t u x t T x t T T x t T

= = = =
= = = = , 

The values of the constants were chosen as follows: 

1.2λ = , 0 0.8λ = , 0.01α = , 0.5µ = , 1.0ρ = , 3.5Cε = , 15n = , 0.01τ = , 1= , 

0 90T = , 1 80T = , 2 100T = . 

In case of the strain space thermoplasticity theory the considered rod problem may be described by the Eq. (25-28). Note, 
in case of strain space thermoplasticity theory the original problem is partitioned into several smaller sub-problems, which are 
solved sequentially. Therefore, Eq. (25-28) are obtained depending on the differentials (increments) of the temperature and 
displacement. 

Discrete equations for coupled boundary value problems formulated on the basis of two thermoplastic theories were 
constructed using the finite difference method. In the previous section, the explicit and implicit finite difference schemes 
have been drawn up for each task. The explicit schemes are solved using the recurrent formulas for displacement u and 
temperature T. For solving the implicit schemes are applied the elimination method [18]. For the numerical solution of the 
finite difference equations was developed software in language C # integrated with Mathcad [20]. 

In the Tables 1–2 are given the values of ( , )u x t  and ( , )T x t  for the coupled problem for deformation theory of 
thermoplasticity using the implicit finite scheme. At the Fig. 1 is plotted the graph of the displacement ( , )u x t  using the 
values given in the Table 3 and shows the distribution of the displacement depending on x and t. 
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Table 1.  Values of the displacement ( , )u x t  of the coupled thermoplasticity problem for deformation theory of plasticity

x 
t 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

0 0 0,208 0,407 0,588 0,743 0,866 0,951 0,995 0,995 0,951 0,866 0,743 0,588 0,407 0,208 0 

1 0 0,208 0,406 0,587 0,742 0,865 0,950 0,993 0,993 0,950 0,865 0,742 0,587 0,406 0,208 0 

2 0 0,206 0,405 0,585 0,740 0,862 0,947 0,990 0,990 0,947 0,862 0,740 0,585 0,405 0,206 0 

3 0 0,205 0,402 0,582 0,736 0,858 0,942 0,985 0,985 0,942 0,858 0,736 0,582 0,402 0,205 0 

4 0 0,202 0,399 0,577 0,730 0,851 0,935 0,977 0,977 0,935 0,851 0,730 0,578 0,399 0,203 0 

5 0 0,199 0,394 0,571 0,723 0,843 0,926 0,968 0,968 0,926 0,843 0,723 0,572 0,395 0,200 0 

6 0 0,196 0,388 0,564 0,714 0,833 0,914 0,956 0,956 0,914 0,833 0,714 0,565 0,389 0,197 0 

7 0 0,192 0,382 0,555 0,704 0,821 0,901 0,943 0,943 0,901 0,821 0,704 0,557 0,383 0,193 0 

8 0 0,188 0,374 0,545 0,692 0,807 0,886 0,927 0,927 0,886 0,807 0,692 0,547 0,376 0,190 0 

9 0 0,184 0,366 0,534 0,678 0,791 0,869 0,909 0,909 0,869 0,791 0,678 0,536 0,368 0,186 0 

10 0 0,179 0,357 0,522 0,663 0,774 0,851 0,890 0,890 0,851 0,774 0,663 0,524 0,360 0,181 0 

11 0 0,174 0,347 0,508 0,647 0,755 0,830 0,868 0,868 0,830 0,755 0,647 0,510 0,350 0,177 0 

12 0 0,169 0,336 0,493 0,629 0,735 0,807 0,845 0,845 0,807 0,735 0,629 0,495 0,340 0,172 0 

13 0 0,164 0,325 0,477 0,609 0,712 0,783 0,819 0,819 0,783 0,712 0,609 0,480 0,329 0,166 0 

14 0 0,158 0,313 0,461 0,588 0,688 0,757 0,792 0,792 0,757 0,688 0,588 0,461 0,317 0,161 0 

15 0 0,152 0,301 0,443 0,566 0,663 0,730 0,764 0,764 0,730 0,663 0,566 0,443 0,305 0,155 0 

Table 2.  Values of the temperature ( , )T x t  of the coupled thermoplasticity problem for deformation theory of plasticity

x 
t 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

0 80 90 90 90 90 90 90 90 90 90 90 90 90 90 90 100 

1 80 84,86 90 90 90 90 90 90 90 90 90 90 90 90 95,14 100 

2 80 86,14 88,51 89,43 89,79 89,92 89,97 89,99 90,01 90,03 90,08 90,21 90,57 91,49 93,86 100 

3 80 84,22 87,78 89,16 89,69 89,89 89,96 89,99 90,01 90,04 90,11 90,31 90,84 92,22 95,78 100 

4 80 84,46 87,22 88,70 89,42 89,76 89,91 89,98 90,02 90,09 90,24 90,58 91,30 92,78 95,54 100 

5 80 83,62 86,58 88,34 89,25 89,68 89,88 89,97 90,03 90,12 90,32 90,75 91,66 93,42 96,38 100 

6 80 83,61 86,29 88,01 89,00 89,53 89,80 89,95 90,05 90,20 90,47 91,00 91,99 93,71 96,39 100 

7 80 83,19 85,84 87,67 88,80 89,42 89,75 89,93 90,07 90,25 90,58 91,20 92,33 94,16 96,81 100 

8 80 83,13 85,65 87,44 88,59 89,28 89,68 89,91 90,09 90,32 90,72 91,41 92,56 94,35 96,87 100 

9 80 82,89 85,33 87,16 88,40 89,16 89,61 89,89 90,11 90,39 90,84 91,60 92,84 94,67 97,11 100 

10 80 82,83 85,20 86,99 88,23 89,04 89,54 89,87 90,13 90,46 90,96 91,77 93,01 94,80 97,17 100 

11 80 82,68 84,98 86,77 88,06 88,92 89,47 89,84 90,16 90,53 91,08 91,94 93,23 95,02 97,32 100 

12 80 82,63 84,88 86,64 87,93 88,82 89,41 89,82 90,18 90,59 91,18 92,07 93,36 95,12 97,37 100 

13 80 82,54 84,73 86,47 87,78 88,71 89,35 89,80 90,20 90,65 91,29 92,22 93,53 95,27 97,46 100 

14 80 82,50 84,66 86,38 87,69 88,63 89,29 89,78 90,22 90,71 91,37 92,31 93,62 95,34 97,50 100 

15 80 82,44 84,55 86,26 87,57 88,53 89,23 89,76 90,24 90,77 91,47 92,43 93,74 95,45 97,56 100 



Universal Journal of Computational Mathematics 5(2): 34-43, 2017 41 

Figure 1.  The distribution of the displacement ( , )u x t  based on the Table 3.

In solving the 1D coupled boundary problem formulated using strain space thermoplasticity theory the initial and 
boundary conditions should be divided by the number of increments p: 
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The numerical results for the coupled 1D strain space thermoplastic problem are given in the Tables 3-4. The result is 
obtained in solving the implicit schemes using elimination method. At the Fig.2 is shown the comparison of the initial (T0=90, 
T1=80, T2=100: GRAPHIC 1.) and calculated (GRAPHIC 2.) temperature distributions depending on time. 

Table 3.  Values of the displacement ( , )u x t  of the coupled boundary problem for strain space thermoplasticity theory

x 
t 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

0 0 0,208 0,407 0,588 0,743 0,866 0,951 0,995 0,995 0,951 0,866 0,743 0,588 0,407 0,208 0 

1 0 0,206 0,406 0,587 0,742 0,865 0,950 0,993 0,993 0,950 0,865 0,742 0,587 0,406 0,209 0 

2 0 0,200 0,403 0,585 0,740 0,862 0,947 0,990 0,990 0,947 0,862 0,740 0,585 0,406 0,211 0 

3 0 0,192 0,397 0,581 0,736 0,858 0,942 0,985 0,985 0,942 0,858 0,736 0,583 0,406 0,215 0 

4 0 0,182 0,389 0,575 0,730 0,851 0,935 0,977 0,977 0,935 0,851 0,731 0,579 0,407 0,219 0 

5 0 0,171 0,377 0,566 0,721 0,842 0,925 0,968 0,968 0,926 0,843 0,724 0,576 0,408 0,222 0 

6 0 0,160 0,364 0,555 0,711 0,831 0,914 0,956 0,956 0,915 0,834 0,717 0,572 0,408 0,226 0 

7 0 0,149 0,348 0,541 0,698 0,818 0,900 0,942 0,943 0,902 0,822 0,708 0,568 0,409 0,228 0 

8 0 0,138 0,331 0,523 0,682 0,803 0,885 0,926 0,927 0,888 0,810 0,699 0,563 0,410 0,229 0 

9 0 0,128 0,313 0,504 0,664 0,785 0,867 0,908 0,910 0,871 0,796 0,689 0,559 0,409 0,229 0 

10 0 0,119 0,293 0,482 0,643 0,765 0,847 0,888 0,890 0,853 0,781 0,679 0,554 0,409 0,228 0 

11 0 0,111 0,273 0,457 0,620 0,742 0,824 0,866 0,869 0,834 0,765 0,667 0,549 0,407 0,226 0 

12 0 0,103 0,253 0,431 0,593 0,717 0,800 0,842 0,846 0,813 0,748 0,656 0,543 0,404 0,223 0 

13 0 0,095 0,234 0,403 0,564 0,689 0,773 0,816 0,821 0,791 0,730 0,644 0,536 0,400 0,219 0 

14 0 0,088 0,214 0,374 0,533 0,659 0,743 0,788 0,795 0,768 0,711 0,631 0,529 0,394 0,214 0 

15 0 0,081 0,195 0,345 0,499 0,626 0,712 0,758 0,767 0,743 0,692 0,617 0,520 0,387 0,209 0 
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Table 4.  Values of the temperature ( , )T x t  of the coupled boundary problem for strain space thermoplasticity theory 

t 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

0 80 90 90 90 90 90 90 90 90 90 90 90 90 90 90 100 

1 80 84,86 90 90 90 90 90 90 90 90 90 90 90 90 95,14 100 

2 80 86,14 88,51 89,43 89,79 89,92 89,97 89,99 90,01 90,03 90,08 90,21 90,57 91,49 93,86 100 

3 80 84,22 87,77 89,15 89,69 89,89 89,97 89,99 90,01 90,03 90,11 90,31 90,85 92,23 95,78 100 

4 80 84,47 87,22 88,69 89,42 89,76 89,91 89,98 90,02 90,09 90,24 90,58 91,31 92,78 95,53 100 

5 80 83,64 86,58 88,33 89,24 89,68 89,88 89,97 90,03 90,12 90,32 90,76 91,67 93,42 96,36 100 

6 80 83,64 86,30 88,01 89,00 89,54 89,81 89,95 90,05 90,19 90,46 91,00 91,99 93,70 96,36 100 

7 80 83,22 85,85 87,67 88,80 89,43 89,76 89,93 90,07 90,24 90,57 91,20 92,33 94,15 96,78 100 

8 80 83,17 85,68 87,45 88,60 89,29 89,68 89,91 90,09 90,32 90,71 91,40 92,55 94,32 96,83 100 

9 80 82,94 85,37 87,17 88,40 89,17 89,62 89,89 90,11 90,38 90,83 91,60 92,83 94,63 97,06 100 

10 80 82,90 85,26 87,02 88,24 89,05 89,55 89,87 90,13 90,45 90,95 91,76 92,98 94,74 97,10 100 

11 80 82,76 85,06 86,81 88,07 88,93 89,48 89,85 90,15 90,52 91,07 91,93 93,19 94,94 97,24 100 

12 80 82,72 84,98 86,71 87,96 88,83 89,42 89,82 90,18 90,58 91,17 92,04 93,29 95,02 97,28 100 

13 80 82,64 84,85 86,56 87,82 88,73 89,35 89,80 90,20 90,65 91,27 92,18 93,44 95,15 97,36 100 

14 80 82,61 84,80 86,49 87,74 88,65 89,30 89,79 90,21 90,70 91,35 92,26 93,51 95,20 97,39 100 

15 80 82,56 84,71 86,38 87,64 88,57 89,25 89,77 90,23 90,75 91,43 92,36 93,62 95,29 97,44 100 

Figure 2.  Comparison of the initial (T0=90, T1=80, T2=100: GRAPHIC 1.) and calculated (GRAPHIC 2.) temperature distributions depending on time. 
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The numerical results of the 1D coupled boundary value 
problems formulated using the deformation (Tables 1-2) 
and strain space (Tables 3-4) thermoplasticity theories show 
a good coincidence and thus establish the validity of the 
used modeling equations for describing the coupled 
thermoplasticity processes. 

4. Conclusions
Using the strain space and deformation thermoplasticity 

theories two types of coupled boundary value problems are 
formulated. The coupled strain space thermoplastic 
boundary value problem more adequate describes the 
deformation process of the solids. In case of the strain space 
thermoplasticity problems the original problem is 
partitioned into several smaller sub-problems and the total 
deformation is composed from the strain increments 
corresponding to the increments of the external loads. 
Coupled thermoplasticity boundary problem based on 
deformation theory may be solved as a thermoelasticity 
problem i.e. is not required the partition of the problem. The 
explicit and implicit finite difference schemes are 
constructed and solved using the elimination method and 
recurrent formulas for displacement u and temperature T. 
For the numerical solution of the finite difference equations 
was developed software in language C # integrated with 
Mathcad [20]. 

Comparison of the numerical results received from the 
solving of the two types of 1D coupled thermoplasticity 
boundary value problems shows a good coincidence. 
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