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Abstract So far, so many works have been done in a
different way to find the exact track that can grasp the true
solution for the one-dimensional porous media equation
(PME). For instance, Monika studied using relaxation [1],
Q. Zhang and Z. Wu. have already done the similar work
by local degenerate Galarkin (LDG) method [12] and so
on. Still, this is a challenge to find an appropriate scheme
that can track the true solution when adiabatic exponent
increases monotonically. In this paper, we have studied
numerical result for where we have used Explicit-Implicit
Finite Difference Method (EIFDM). Since so far PME is a
degenerate parabolic equation and analytically the existence
and uniqueness occur weakly only in the Sobolev sense,
it is very hard to track the true solution numerically. Our
main objective is to study numerically the PME with mixed
boundary conditions and shown the result is helpful to
track the Barenblatt’s self similar solution and its interface
when adiabatic exponent larger than 3 that provides much
less error. This paper will show a possibility that Finite
Difference Method (FDM) is also helpful rather the Finite
Elements Method to track the interface in the simulation
with an appropriate initial guess. Also checked L ,Lo and
L-error for Boussinesq’s equation which is a fundamental
equation of ground- water flow, hopefully, the simulated
results can help when this equation is useful in the practical
world. Finally, all studied results are given to show the
advantage of the f-scheme method in the simulation of the
PME and its capability to capture accurately sharp interfaces
without oscillation.

Keywords Porous Media Equation (PME), Boussi-
nesq’s Equation, Barenblatt Solution, Finite Difference
Method(FDM)

1 Introduction

The aim of this paper is to study numerical approximation
of the nonlinear diffusion equation.

pr=A>p"), v>1, Q)

and usually it is called the porous medium equation (PME),
with due attention paid to its closest relatives. The default
settings are:p = p(x,t) is a non-negative scalar function of
space x € R? and time ¢ € R, the space dimension is d > 1,
and ~y is a constant larger than 1 and A represents the Lapla-
cian form. The equation can be posed for all z € R? and
0 < t < oo, and then initial conditions are needed to de-
termine the solutions; but it is quite often posed, especially
in practical problems, in a bounded sub-domain 2 € R? for
0 < t < T, and then determination of a unique solution asks
for boundary conditions as well as initial conditions.[4, 6]

This equation is one of the simplest examples of a nonlin-
ear evolution equation of parabolic type. It appears in the de-
scription of different natural phenomena, and its theory and
properties depart strongly from the heat equation, u; = Auw,
its most famous relative. Hence the interest of its analytical
and numerical study is an important task for both for the pure
mathematicians and the applied statisticians.

Many of those mathematical models are described by a

(system of) partial differential equations (PDEs). Well es-
tablished laws of nature and their mathematical counterparts
have led to most of the development of suitable PDEs, e.g.,
heat conduction, fluid dynamics or deformation of solids
[7, 4, 11, 9]. However, sometimes the development and un-
derstanding of a particular mathematical model can only be
tackled by a trial and error approach, which is a two-step pro-
cedure.
In a first step, the simulated results are compared to experi-
mental data and in a second step, these comparisons are used
to modify the mathematical model, i.e., most of the case it is
the underlying PDE. Hence, numerical simulations of PDEs
are of tremendous importance when trying to understand real
world processes. On the one hand, in the field of numeri-
cal ODEs highly valuable methods and results exist which
are of practical use for solving time-dependent PDEs, some-
thing which is often not fully exploited by numerical PDE
researchers [9].

Although many problems can be solved by Euler’s method
or the Crank-Nicolson method, better alternatives are often
available which can significantly reduce the computational
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effort needed to solve practical problems [7]. On the other
hand, many numerical ODE researchers are unaware of the
vast amount of highly interesting results on discretization
methods for PDEs [9]. Moreover, when solving PDEs,
discretizations in space and time have to be matched,
and different spatial discretizations may require different
temporal discretizations. The phenomena modeled by partial
differential equations become increasingly complicated,
and so do the partial differential equations themselves.
Often, one wishes a model to capture different aspects
of a situation, for instance both convective transport and
dispersive oscillations on a small scale. These different
aspects of the model are then reflected in a partial differ-
ential equation, which may contain terms (operators) that
are mathematically very different, making these models
hard to analyze, both theoretically and numerically. (See
[1,9,10, 11, 15, 18, 19, 20, 21, 22, 24]).

In order to study numerically any kind of problem we
need a stable and consistent numerical scheme [7, 11, 9].
Besides, a good scheme has to reproduce all of the important
features of the original model, which arise from the physical
background of the problem. First of all the scheme has to
preserve the non negativity of solutions as we deal with
densities and concentrations. Then, if we consider bounded
domains with no-flux boundary conditions, the numerical
approximation has to conserve the total mass. Conservation
laws with reaction terms are characterized by a special
balance between the fluxes and the sources, which can lead
to non constant stationary solutions. Their preservation is
essential and in the case of geometric sources, containing for
example space derivatives, it is impossible by using standard
schemes treating the flux and the source at different time
steps. Moreover, the presence of the vacuum states brings
another difficulty as many schemes produce oscillations
at the interface between the regions, where the density is
strictly positive and where it vanishes. In order to study the
behaviour of the boundary, the approximate solution not only
has to be free from oscillations, but also it has to deal with
tracking the movement of exact front. Using an appropriate
numerical scheme for parabolic model of porous medium
type that can satisfy all these properties is not an easy task
(see [3, 12]).

In this paper, we focus our attention on degenerate
parabolic equations such as the porous medium equation
(PME). It is well known that the degeneracy implies a fi-
nite speed of propagation [4, 6]. Equivalently it means that
when the initial density has compact support, it will remain
compact for all times [14]. In this case, the classical smooth
solution may not always exist in general, even if the initial so-
lution is smooth. It is necessary to consider the weak energy
solution, whose behavior causes many difficulties for a good
numerical simulation. For example, the weak solution may
lose its classical derivative at some (interface) points, and the
sharp interface of support may propagate with finite speed
if the initial data have compact support. Enamored of these
interesting facts, there have been many works on the simu-

lation for the non smooth solution of the PME, for example,
the finite different method by Graveleau and Jamet [25], the
interface tracking algorithm by DiBenedetto and Hoff [26],
and the relaxation scheme referred to in [1].

In numerical point of view, implicit #-scheme possesses
several properties to make it very attractive for practical
computations, such as parallelization, adaptivity, and simple
treatment of boundary conditions. The most important prop-
erties of this method is its strong stability and high-order ac-
curacy; as a result, it is very good at capturing discontinuous
jumps and sharp transient layers. Explicit relaxation scheme
has a good Lo and L-stability for the standard nonlinear
diffusion equation, including the PME for short time simula-
tion where as for long time time simulation explicit-implicit
Crank-Nicolson scheme is better in the sense of Ly and L .-
stability [1]. We compared between fully implicit Backward
Euler scheme and explicit-implicit Crank-Nicolson scheme
and measured the accuracy by the L;, Lo and Lo.-norm.

There are two main components in this paper. The first
is the simulation by the finite difference method (FDM) for
smooth solutions of the PME (see [6]). For this, we design
a non-negativity-preserving the physical relevancy of the nu-
merical solutions (Q. Zhang and Z. Wu. has been already
done by local degenerate Galarkin (LDG) method, see [12],
however, his works was only for initial value problem, where
we have considered boundary value problem with homoge-
nous Neuman boundary condition). The given numerical re-
sults verify the above advantage of the FDM method that it
has the ability to capture sharp interfaces accurately with-
out numerical oscillation (see the Figure 7). As a compari-
son, time integration method based of non-negativity is also
considered to show the importance to avoid the numerical
difficulties. Here we want to mention shortly that, before
us, researchers mostly considered either Dirichlet or Neuman
boundary conditions on both sides. So,our work clearly much
more effective when people wants to use PME to study cell
migrations and for the treatment of cornea where mathemati-
cian usually use PME to formulate a mathematical model for
the blood flow in the vessels of humant or animalt eyes and it
is required to use mixed boundary conditions over there.

The second component is an analysis for the non-
negativity preservation principle of the considered #-method,
i.e., in each cell of numerical discretization of the Barenblatt
solution [8] for the PME remains non-negative for different
adiabatic exponents (see the Figure 7). At the same time, this
paper will point out, anyone who works on PME, need to take
care of the oscillation for the the PME, for any choice of the
adiabatic parameter ensures the stability not only in the Lo
sense but also in the sense of L, then it would be guaran-
teed that the approximation to the desired solution response
will lie within the illustrated bounds.

To learn more about numerical methods for parabolic
equations including PME, we invite the reader to take a closer
look at one or several of the references [7, 9, 10, 11, 16, 17,
18, 20, 21, 24, 25, 26]
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2 Self-similar solution of PME

For the equation (1), a solution of self-similar form can be
recovered in a similar way as for the linear diffusion equation.
‘We therefore look for a solution of the form in one dimension,

plx,t) =t Pp(xt™), z€R, t>0 )
to the one-dimensional PME
Pt = P(p)a::m (3)

where, P(p) = p¥, ~v> L
First of all, the conservation of the total mass easily implies

[ ot tydo =7 [ pat-yiz =5 [ oy
R R R
and therefore we have, 5 = a.

In the new variables p and ( = zt~“, we obtain,

at=* () + O () = 0,
which requires the choice

1
a=—:7,
y+1

in order to get rid of the time variable. The above can be
written as

C2
2(v+1)

P

8m(p8m(7_1

)) =0. 4
In the domain where p > 0, we can impose

O = (-

where, C'is any arbitrary constant. Clearly, the above gives
problems in case, p becomes negative. Since, /) = 0 on an
interval solves the equation for p, we can introduce the fol-
lowing solution

2(y+1)° T

which in the original variables reads

pQ) =[C

-1 2 1
i T 5)

-B e A (o A
p(z,1) (z,t) = t7+1[C (1 1) t2/V+1]+

where, p = max(p,0) and equation (5) is called Baren-
blatt solution. Such a solution has compact support on the
interval

1 270(74— 1)

e = [ 2COh+1)
v—1

<z <t Fr ,
ST S S 1

which grows as ¢ grows. Moreover, it can be easily proven
that B(.;0) is a multiple of the Dirac delta distribution, ex-
actly as it is the case for the Gaussian solution of the linear
diffusion equation. Analyzing the differences with the linear
diffusion case, we clearly can see that the Barenblatt solu-
tion is not smooth, opposite to the Gaussian solution (G) to
the linear diffusion equation, which is C'*°. More precisely,
the Barenblatt solution has possible lack of smoothness at the
boundary of its support, where it eventually features discon-
tinuities in a space derivative of a certain order depending on
the adiabatic exponent . At any other points, B is C*®°. A
key difference between G and B is that the support of G be-
comes unbounded immediately after ¢ = 0 (in finite speed
of propagation) whereas the support of B is compact for all
times, it travels with finite speed.
Figure: 1 represents the equation (3) for the different expo-
nent v = 1,2,4,6,8. For v = 1, equation (3) represents
just an one-dimensional diffusion equation, so, for this we
take initial value as a Gaussian solution at time, ¢ = 0.05
and time, ¢t = 10 shows the result for final time for the Gaus-
sian solution, but for the rest of exponents (v), we take initial
value as a Barenblatt solution at time, ¢ = 0.05 and time,
t = 10 shows the result for final time for the Barenblatt solu-
tion. For all , we take boundary condition as a homogenous

Neumann boundary condition % =
x

3 Numerical Schemes

In this section we are going to present numerical schemes
based on finite difference method. In particular, we con-
sider two different kind of the implicit method (pure im-
plicit scheme and Crank-Nicolson implicit-explicit scheme)
on an uniform grid with the mesh size Az = h and time step
At = k. In one dimension on an interval [0, L] x [0, T'] we de-
fine nodes z;,7 = 1;...;ssuchthat z; = 0and x, = L. De-
note by p!* an approximation of a function p(z, t) at node z;
attime ", where, ¢t € [0, T'] and for any function f(p) denote
f(pl) = fI for simplicity. This notation is going to be used
throughout the paper. Since we know, in #— scheme, where,
6 = 1, scheme is called backward Euler scheme which is
fully implicit scheme and § = 1/2, scheme is called Crank-
Nicolson scheme which is implicit-explicit scheme. we want
to compare numerical error between these two schemes and
for this reason, first we are going to present §#— scheme for
PME.
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Figure 1. Comparison between Gaussian solution(when vy = 1) and Barenblatt solution (when v = 2,4, 6, 8) in time with Az = At = 0.1 and C = 1.
‘When the parameter -y increases, the Barenblatt solution tends to vary more slowly than Gaussian Solution inside its support, and it tends to be steeper near

the interface of the support.

3.1 0O— scheme
Consider the PME equation (3)

pt = P(p)es, Plp)=p", x€[0,L], 7v>1
(x,0) =po(x), x€][0,L]
elet) — 0, (a,t) € [0, L] x [0,T)(6)

We have to notice that in this case the presence of nonlinear
diffusion complicated the scheme. The system of linear equa-
tions in the previous case is replaced by nonlinear one. It has
to be solved at each time iteration, which increases computa-
tional cost. We are going to use Newton method. It requires
calculation of a Jacobian for a s — 2-dimensional vector not
only at each time iteration but also at each iteration inside
Newton method until reaching the desired accuracy. To con-
struct the scheme for (6) we need at first space discretization
of the diffusion terms. We are going to use conservative, sec-
ond order, centered discretizations. The approximation for
diffusion is given at node x; by Using a forward difference in
time and a central difference in space for the equation (6),

1

(P(pi—1) = 2P(pi) + P(pit1)). (D

Introducing vectors W € R?® such that

Wilp) = 33 (P(pict) = 2P () + Plpis)

6 — scheme takes the form,
PPt = pl + OkW T + (1 — )W ™. (8)

The above results in a nonlinear system of simultaneous
equations, As mentioned before the presence of non linear

stiff terms requires at each time step the solution of a sys-
tem of nonlinear equations. Let us define for every vector
w € R*~2 a function

F(w) == w — 0kW™* — f(p"), ©)

where,

(") =p"+ (1 —-0)EW™. (10)

which corresponds to finding p"*! at internal nodes, We
use Newton’s method initialized with w = p™ and with tol-
erance Az. In the case of Neumann boundary conditions,
% = 0, assume, Jp is (s — 2) x (s — 2) matrix, which
can be decomposed in the following way

J1,1

)

Jis-2

)

Jrp = Jint

Js—2,1 Js—2,s—2

_ (11)
where, J10 ¢ M{s_4)x(s—2) and by J1, J_5 denote (s —2)-
dimensional vectors being the first and last row of the matrix

Jr . The elements of the internal part J int equal

znzlt—l = *GAzP/(Pi—ﬂ
JIC— 1 4200, P'(py)
4 = —0AP (pis1)
The vectors Ji, Js_o contain the information about the ho-
mogeneous Neumann boundary conditions.
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4 Simulation

In the numerical point of view, solving non-linear PDE is
based on iterative process. There are several methods can
apply to solve non-linear PDE, such as, bisection method,
line search technique, gradient search technique, Newton-
Raphshon technique etc. For the simulation we choose
Newton-Raphshon method. In Newton method initial guess-
ing is an important task to have faster convergence. To under-
stand this, let’s study this case numerically for simple linear
and non-linear functions that why it is important to consider
for the non-linear PDE because a time dependent PDE model
basically

pi(w,t) = Fpza(2,t), pu(z,t), p(2,1)) = f(p(2,1))

If we know time depended PDE’s exact solution, it is easy to
guess the initial condition should be same at ¢ = 0 and the
function p(z, t) becomes p(z) if it provides a finite result and
it will be conversed very fast. Now, to understand steady-sate
PDE function, first consider a linear function:

f(z) =10z -1

The root of this function is 1/10. Figure 2 represents the
importance of initial guess for the Newton-Rapshon method.
For this function, we see, if we choose initial guess except
—4 < zy < 4 with respect to tolerance ¢ = le — 15, it takes
one iteration. On the other hand if we choose initial guess in
between —4 to 4i.e, —4 < xy < 4, say, rop = —3, then it
will take O iteration.

Figure 2. Graph of the function, f(z) = 10z — 1 (on the left), numeri-
cal solution (on the right) and expected iteration for the convergence with
respect to the initial guess (at the bottom) for the Newton-Rapshon method

Now consider a non-linear function
f(z) = 2* — 2sin(z)

The roots of this function are = ~ 0 and = ~ 1.40441. table 1
represents the 6 numerical results and the number of iteration
for the convergence to the root for the function, f(z) = 22 —
2sin(zx).

Figure 3 represents the plot of the table 1, also we see,
for this non-linear function, number of iteration iterations are

Table 1. Numerical Results with Newton Rapshon method with respect to
the tolerance, € = le — 15

initial guess, x solution iteration

0.1 —1.1933e — 20 3

1 1.4044 5

4 1.4044 6

20 1.4044 8

—6 —1.3629¢ — 19 6

-20 —2.5665¢ — 19 8
" / =
AN H
et .
TN S m

Figure 3. Graph of the function,f(z) = x2 — 2sin(z) (left), numerical
solution (right) and expected iteration for the convergence with respect to
the initial guess (at the bottom) for the Newton-Rapshon method

varies on the basis of initial guess for both two roots. If xg is
any number in (1,5) or in (0, 0.1), Newton-Rapshon method
quickly takes us to the root.

But, this is not helpful as always, specially when smooth-
ness comes forward to deal with it. When f(z) is non-linear,
an appropriate initial guess in “Newton’s”-methods if Jaco-
bian provides a stable eigenvalues of the f(x), theoretically
it is obvious that, in the time depended solution will also be
stable. So, from this knowledge, our concern is to find appro-
priate initial guess for PME (1) and thus we took initial guess
the value which is at time ¢y = 0.01 for the true Barenblatt
solution.

After solving the PME using Newton method, we are in-
terested now to check the error in each grid points for the ex-
ponent v > 1, to get better accuracy first suppose, we know
the true Barenblatt solution (B™) at time ¢ = ¢,. Let E"
denote the error in the calculation with time and space, that
is in each grid point, as computed using the exact solution.
Let’s suppose that E™ is a scalar as same as chapter 2 that we
did for linear diffusion, typically some norm of the error over

numerical _  exact ‘

the grid points, i.e., E" = Hp —p ‘ where

prumerical j¢ the numerical solution vector and p

true solution evaluated at each grid point by using time steps
and space steps. So, At each grid point there will be some
error which is important to check. So, first we have checked
error on the basis of Ly, Ly and L, norm for the exponent

exact is the
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v = 2 and the equation becomes
Pt = A(PZ)

and usually it is called the Boussinesq’s equation and ob-
served the qualitative behavior of error for the exponent
v = 2 on each grid point with grid refinement to have better
result.

Now, presenting some numerical results to show the effec-
tiveness of the # — method. To do that, we begin our sim-
ulation for the Barenblatt solution of the PME (6), where
the initial condition is taken as the Barenblatt solution at
t = 1, and the boundary condition is u,(L,t) = 0,z €
[0, 25], for,t > 1. For this, we have divide the computation
domain into N = 251 uniform cells, and plot in Figure 4,
the density profile for different exponents, v = 2,3,4,5,6
using space step Az = 0.1 for both schemes. All results
are compared with the Barenblatt solution. we see that both
implicit schemes are able to capture the location of the front
correctly without noticeable oscillations near the interface,
but need deep insight to check the accuracy for the smooth
part of those solutions and decide which one is better for the
approximation.

For this region, we choose the parameter of PME for
~v = 2, because, since it’s not locally integrable but if we can
measure error by the L., sense then it can also possible to
have better approximation for the larger adiabatic exponent.
Started from big space and then refined mesh size Ax, from
0.25 and end up refining at Az ~ 0.03. The accuracy table
2 and 3 are given for the error between numerical and Baren-
blatt solution of PME (1) with exponent parameter v = 2
for the Backward Euler scheme and Crank-Nicolson scheme,
where considered space, = € [0, 15] and time, ¢ € [0,5]. It
shows that the implicit-explicit Crank scheme is better than
Backward Eular scheme. And comparison results are plotted
in Figure 4.

12)

Table 2. Estimated error for the PME, numerical simulation has been done
by using Backward Euler scheme from initial time ¢9 = 0.2 to the final time
T = 5, step sizes At = Az, C = 1 for the Barenblatt solution.

Ax cells (N) Li —error | Lo —error | Lo — error
2.5000e-01 | 6.1000e+01 | 1.5416e-02 | 3.0831e-02 | 7.1334e-03
1.2500e-01 | 1.2100e+02 | 5.1063e-03 | 1.4443e-02 | 4.0416e-03
8.3333e-02 | 1.8100e+02 | 2.9964e-03 | 1.0380e-02 | 2.8521e-03
6.2500e-02 | 2.4100e+02 | 2.1197e-03 | 8.4787e-03 | 2.2205e-03
5.0000e-02 | 3.0100e+02 | 1.6323e-03 | 7.2997e-03 1.8279¢-03
4.1667e-02 | 3.6100e+02 | 1.3230e-03 | 6.4814e-03 1.5598e-03
3.5714e-02 | 4.2100e+02 | 1.1119e-03 | 5.8838e-03 1.3444e-03
3.1250e-02 | 4.8100e+02 | 9.6106e-04 | 5.4366e-03 1.1631e-03

Table 3. Estimated error for the PME, numerical simulation has been done
by using Crank-Nicolson scheme from initial time to = 0.2 to the final time
T = 5, step sizes At = Az, C' = 1 for the Barenblatt solution.

Az cells (N) L1 —error | Lo —error | Loo — error
2.5000e-01 | 6.1000e+01 | 1.2723e-02 | 2.5446e-02 | 6.6311e-03
1.2500e-01 | 1.2100e+02 | 1.7997¢-03 | 5.0902e-03 | 3.6438e-03
8.3333e-02 | 1.8100e+02 | 9.4468e-04 | 3.2725e-03 | 2.5251e-03
6.2500e-02 | 2.4100e+02 | 6.6255e-04 | 2.6502e-03 | 1.9409e-03
5.0000e-02 | 3.0100e+02 | 4.5138e-04 | 2.0186e-03 | 1.5822e-03
4.1667e-02 | 3.6100e+02 | 2.8306e-04 | 1.3867e-03 | 1.3395e-03
3.5714e-02 | 4.2100e+02 | 1.6583e-04 | 8.7747e-04 | 1.1441e-03
3.1250e-02 | 4.8100e+02 | 1.3369e-04 | 7.5625e-04 | 9.7886e-04

Using, Lo — norm now, we are going to measure error to
know at final time response and see how our simulation is
differ from exact solution at each final time. But, we also
want the best fit to a specified numerical response in an L,
sense rather than the L, sense. This minimizes the maximum
error of the approximation. If the L., — norm of the error
is small, then we are guaranteed that the approximation to
our desired solution response will lie within the illustrated
bounds.

As mention before, If the L., — norm of the error is small,
then we are guaranteed that the approximation to our desired
solution response will lie within the illustrated bounds. Fig-
ure 6 represents the individual error for both schemes, where
we can see, both schemes satisfy this condition, however,
Figure 5 represents that Crank-Nicolson scheme even more
accurate than Backward Euler implicit scheme for PME.

Now pay more attention to the movement of the numerical
interface, to check whether the Crank-Nicolson schemes has
the ability to capture the true interface accurately. The posi-
tion of the numerical interface is detected as follows: we scan
the numerical solution in the space = from 12.5 to 14, where
x € [0, 15], and find the right endpoint of this cell as the nu-
merical interface. We plot in Figure 7 the evolution of the
numerical interface and result compare with the Barenblatt
solution, for six different parameters v = 3,4, 5,6, 7and, 8,
at the final time 7" = 10. Here the solid line is the position
of the numerical interface, and the plus (+) is the position of
the exact interface evaluated by Barenblatt equation (3.1.4),
This figure verifies that the Crank-Nicolson schemes is very
accurate at capturing the moving interface.
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Figure 5. From upper-left to bottom-right, comparison of density error at time 7" = 5 in L1, L2 and Loo-norm, obtained by Backward Euler Scheme and
implicit-explicit Crank-Nicolson schemes with the space and time step, Az = At for P(p?), N-represents the number of cells.
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Figure 6. Comparison of density error at time 7' = 5 in L2 and Loo-norm, obtained by Backward Euler Scheme (upper) and implicit-explicit Crank-
Nicolson schemes (bottom) with the space and time step, Az = At for P(p?), N-represents the number of cells.

Density profiles at time T=10 for P(p")
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Figure 7. At final time 7" = 10, right movement of the numerical interface for v = 3,4, 5,6, 7, and, 8 from initial time ¢ty = 0.2 (left) and spatial scanning

look of the left figure (right), numerical results are obtained by implicit-explicit Crank-Nicolson schemes with the space and time step, Az = A¢ = 0.01.
Results are compared with Barenblatt solution (+)
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