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Abstract  There are three generations of charged
leptons - the electron, muon, and tau. Masses of elementary
particles are considered as fundamental constants. Modern
physics believes these masses could be calculated from
more fundamental mass scale, e.g., the Planck mass.
Scientists seek for such relationship for many vyears.
However, a relation between mass-spectrum of charged
leptons and the Planck mass is still unknown. Here we show
a way to derive the mass-spectrum of charged leptons from
the Planck mass.
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1. Introduction

The Standard Model (SM) is the most important theory in
modern physics that was developed as a collaborative effort
of scientists around the world [1]. Leptons are an important
part of the SM. However, the SM has dozens of free
parameters that are not predicted by the theory, e.g., rest
masses of leptons.

Charged leptons also known as the electron-like leptons
can combine with other particles to form various composite
particles such as atoms. There are three generations of
charged leptons: the electron, muon, and tau (z lepton) with
their antiparticles. In the SM, each lepton starts out with no
intrinsic mass. The charged leptons obtain an effective mass
through interaction with the Higgs field, a fundamental field
of crucial importance to particle physics theory.

Masses of elementary particles (including charged leptons)
are considered as fundamental constants [2, 3]. From the
standpoint of modern physics, however, it would be better if
these masses be derived from a more fundamental mass
(energy) scale, e.g., from the Planck mass [4].

There are several phenomenological formulas for the
mass-spectrum of charged leptons at present. However, a
relation between the mass-spectrum of charged leptons and
the Planck mass is still unknown. Here this work shows a
way to derive the mass-spectrum of charged leptons from the

Planck mass.

2. Historical Background

In 1952, Nambu [5] proposed a unit of mass My = me/a =
137 m,, where m, is the electron mass and o is the
fine-structure constant. He suggested that the mass of a
particle can be written as m(N) * N My, where N is “mass
number,” which can be either integer {0, 1, 2 ..} or
half-integer {1/2, 3/2, 5/2 ...}. For example, N is equal to 2
for the pion (r meson) and N = 3/2 for the muon m,,

3m,
mﬂ ~ E; .

At the time only eight massive particles were known with
poor accuracy of their masses. The development of
experimental methods resulted in the increasing accuracy of
mass measurement, and the number of massive particles
increased dramatically. Nevertheless, the hypothesis of
“mass numbers” was further developed in [6].

In 1979, Barut [7, 8] considered the muon and tau as
excited states (generations) of the electron. Barut suggested
that the energy of the system, which consists of elementary
electric charge and intrinsic angular momentum (spin of 1/2)
was proportional to the fourth power of the new quantum
number B, which was equal to generation number: B = 0 for
the electron, B = 1 for the muon and B = 2 for the tau.

The Barut’s formula has a relatively simple form

m(B)=me(1+zizB:k4j.
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Equation (2) gives a good agreement with experimental
data, as a deviation of the calculated masses from the
measured values [3] is about 0.1% for the muon and 0.5% for
the tau. Due to its simplicity and accuracy, the Barut’s
formula has attracted the attention of many researchers (see
e.g. [9, 10]).

In 1982, Koide [11, 12] found out a correlation between
the masses of three generations of charged leptons
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Solving the equation (3), Koide received the tau-lepton
mass equal to 1.77697 GeV/c?. At the time this prediction
was more than two standard deviations away from the
measured value 1.7842(32) GeV/c? [13], hereinafter the
digits in parentheses are the uncertainties in the last figures
(the standard deviation). This prediction stimulated to
undertake more accurate measurement of the tau lepton mass
and now the tau-lepton mass is equal to m, = 1.77682(16)
MeV/c? [3]. When substituting the Committee on Data for
Science and Technology (CODATA) recommended masses
of the electron, muon and tau [3] into (3), one can obtain the
value of 0.99999(21). Equation (3) has no theoretical
explanation and may be coincidental. Nevertheless, there are
papers (see e.g. [14] and references cited therein) studying
gauge symmetry, which could lead to (3) for leptons and
quarks.

In 1984, Lipmanov [15] suggested the existence of a
discrete equation, which described the mass-spectrum of six
generations of leptons. To find the equation, the principle of
scale invariance has been wused, i.e. the desired
mass-spectrum must be invariant to the level of mass
conversion. Thus, the equation includes only the relationship
between masses of leptons. By making a few assumptions (a
simplicity of the equation is one of them), he obtained the
exponential formula for the mass-spectrum of leptons, which
can be represented as follows

m(L)=M, exp( C, L+C,2"").

3
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Three constants My, C; and C, can be calculated by
substituting into (4) the measured masses of three
generations of leptons (the electron, muon, and tau) that
corresponds to three successive numbers L. Note equation (4)
can fit any three positive values. However, the predictive
power of (4) is small. For example, equation (4) gives the
mass of the hypothetical lepton of fourth generation about
8.5 GeV/c®>. However, experimental data exclude the
existence of the fourth charged lepton with a mass less than
100 GeV/c? [2]. Perhaps for these reasons, equation (4)
remained little known.

Thus, the relation between the mass-spectrum of charged
leptons and the Planck mass is still unknown.

3. Novel Formula

In order to derive a novel phenomenological formula for
the mass spectrum of the charged leptons we drew on the
scale invariance from [15]. As a simple function describing
the mass spectrum, we took an exponential function, which
worked well in (4). When analyzing relationship between
masses of the charged leptons, we found out that the
logarithm of this relation can be described as the difference
between reversed integers K,. It means that masses of
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charged leptons can be presented as follows

m(n)~ exp[—KAJ,

n

®)

where A is the dimensionless constant; n is the lepton
generation number n = 1, 2, 3; K, is the sequence of integer
numbers, which can be written as

K, =1+ﬁ(1+k!),
k=0

where 0! = 1. This sequence K, for n = 1, 2, 3 can be
calculated with recurrence relation

(6)

2K, =K, 2 +1, (7)

where Ko = 3. In addition, the sequence K, can be derived by

the following expression

n<4

K, =1+4] ] (2 -1).
k=1

We suppose that the sequence K, is limited by dimension
of the space-time n < 4. It will be discussed later.
The constant A can be calculated from measured masses of

the electron m (1) = m, and the muon m (2) = m,, [3]

(8)

A=inl Me | _KiKe — 43319 239 92¢18). (9)
m, K;-K,

Now let us consider the relationship between the masses
of charged leptons and the Planck mass Mp = (/ic/G)"?,
where G is the gravitational constant. The Planck mass is
many orders of magnitude higher than the masses of leptons.
Nevertheless, we found out a quite simple relationship
between them. The novel formula for the mass-spectrum of
charged leptons is

m(n)=M, exp{—A [1+Kiﬂ (10)

n

where M, is the scaling factor, which depends on the
fundamental constants only

V4 A Tzhce ,
M, =—M, e’2= e . 11
AP 8G a5

The scaling factor M, can be derived from (11). However,
higher accuracy gives the following expression

1
M,=m, exp{A [1+Eﬂ=

= 1.924 811 62 (43) 10™ GeV/c’.

(12)
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4. Discussion

In the SM, the mechanism of electroweak symmetry
breaking is associated with a complex doublet scalar field
that is the Higgs field. The presence of the Higgs field, now
believed to be confirmed [16], explains why some particles
have mass. In the SM, any field connected with gravity,
which carries an intrinsic scale close to the Planck mass. In
the SM, the Higgs boson is a quantum excitation of the Higgs
field and the Higgs mass should be very close to the Planck
mass [17].

The Planck mass can be derived approximately by setting
it as the mass whose Compton wavelength and
Schwarzschild radius are approximately equal [18]. The
Compton wavelength is equal to Ac = h/ (M, c) and the
Schwarzschild radius is Rs= 2 G M,/ c% Setting them equal
Rs= x A, where x is a factor, which is a relation between
Schwarzschild radius and Compton wavelength, we obtain

M. = xhc.
\ 2G

If we compare M, with the Planck mass M, the factor is
equal to x = #> 1 that is Schwarzschild radius is higher than
Compton wavelength for hypothetical particle with the
Planck mass. When comparing (11) and (13), we can derive
the factor equal to x = e z/4 ~ 0.79 < 1 that is Schwarzschild
radius is lower than Compton wavelength for hypothetical
particle with the mass M, and its dynamics would be strongly
affected by quantum gravity.

The measured Higgs mass of 125 GeV/c? [16] is much
smaller than the Planck mass. The existence of light Higgs
limits theoretical models. The review [19] discusses
electroweak symmetry breaking from strong dynamics,
where the strong dynamics produces a light composite Higgs
doublet. The SO (5)/SO (4) is the minimal coset containing
‘custodial’ SO (4) = SU (2).x SU (2)gr symmetry that gives
rise to a Higgs bi-doublet. Other models with larger cosets
that also implement custodial symmetry can be reduced to
this one.

Note that SO (4) is the group of rotations about a fixed
point in four-dimensional space. Assuming that a fixed
orientation has been chosen for 4-dimensional space, 4D
rotations may be put into left- and right-rotations.

Let us consider the Higgs field around a lepton as the
densest packing of identical spheres (hyper-spheres) in 4D
space [20]. The kissing number N, for the packing is equal to
24 [21, 22]. It means that the central sphere touches 24
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adjacent spheres (24-cell) the centers of which are located in
the boundary of 4-ball (3-sphere). These 24 spheres can be
called a shell for the central sphere. Summing up spheres in
the shell with the central sphere, we get 25 spheres. If we
connect the center of the central sphere with the centers of
two adjacent spheres in the shell by two radius vectors, then
the angle between the two vectors is equal to = 60° [21].

The constant A in (9) can be derived approximately by the
following expression

A~ 253 =(N, +1)tan(6). (14)

This expression has a good accuracy as a deviation of the
approximated value (14) from the actual value (9) is less than
0.05%. Then the constant A can be considered as a kind of
structure constant, which characterizes the structure of the
Higgs field around a lepton.

The sequence K, can be considered as a sum of excitations
of the Higgs field. Then the one in (6) and (8) corresponds to
a centrally symmetric excitation of the central sphere inside
the shell. The fore linear excitations (vibrations) of the
central sphere inside the shell generate the electron K; =1 +
4. The eight rotations of the central sphere inside the shell
generate the muon K, = K; + 8. More complex excitations of
the shell (24-cell) along the boundary of 4-ball (3-sphere)
generate the tau K3 = K, + 24 x 3.

In table 1 we compare mass-spectra of charged leptons
derived with the above formulas. In the first two rows of the
table 1 we show the CODATA 2014 recommended values of
masses [3]. It is worth noting that the first row represents
more accurate masses measured in the unified atomic mass
unit (u), which is the standard unit that is used for indicating
mass on an atomic or molecular scale (atomic mass). These
values were applied to derive a relationship between masses
of the electron and muon in (9). The second row represents
masses measured in the energetic unit of MeV/c?. These data
were applied to derive masses in equations (1) - (3).

As the first formula for mass-spectrum we consider the
Nambu’s formula [5]. Equation (1) gives mass of the muon
with error less than 0.6% in comparison with m,,.

The next formula is the Barut’s formula [7]. Equation (2)
gives the mass of the muon with error about 0.1% in
comparison with m,and the mass of the tau with error about
0.5% in comparison with the CODATA recommended mass
m,.

The Koide’s formula (3) gives the mass of the tau with
high accuracy within one standard deviation in comparison
with CODATA recommended value m.,.
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Table 1. Comparison between mass-spectra of charged leptons
Quantity Unit Electron Muon Tau-lepton
CODATA recommended u 5.485 799 090 70(16)x10° 0.113 428 9257(25) 1.907 49(17)
masses [3] MeV/c? me=0.510 998 9461(31) m,, = 105.658 3745(24) m.=1776.82(16)
Equation (1) [5]
“mass number” N - 312
masses MeV/c? me 105.037 876 71(66) -
Equation (2) [7]
“new quantum number” B 0 1 2
masses B
MeV/c me 105.548 875 65(66) 1786.154 903(11)
Equation (3) [11,12]
Masses MeV/c? me m,, 1776.969 011(47)
Equation (10) this work
number of generation n 1 2 3
integer K, 5 13 85
masses
MeV/c? 0.510 998 9450(40) 105.658 3744(59) 1777.249 306(78)

Equation (10) accurately reproduces the measured masses
of the electron and muon. The calculated mass of the tau is
slightly greater than the measured mass m, [3] in
approximately three standard deviations.

All the previous works [5, 7, 11, 12, 15] considered the
mass of charged leptons as fundamental constants between
which there must be some relation. In this work we are trying
to understand the origin of these particles.

It is of interest that the gravitational constant G can be
calculated with high accuracy from equation (11)

rzhc
€= 6.674 0796 (31) x 10™" m*/ (kg ).
8M,;

G:

(15)

The CODATA recommended value of the Newtonian
gravitational constant Gy is equal to

Gy = 6.674 08(31) x 10 m% (kg s?) [3].

The relative standard uncertainty of the gravitational
constant G in (15) is equal to 4.6 10 7 that is two order of
magnitude less than relative standard uncertainty of the
measured constant Gy, which is equal to 4.7 10° [3]. Thus,
the accuracy of all the Planck units depending on the
gravitational constant can be increased.

5. Conclusions

Thus, this work discovered a way to calculate the
mass-spectrum of the charged leptons (the electron, muon,
and tau) from the fundamental physical constants. The
phenomenological formula includes the Planck mass as a
scaling factor and dimensionless constants (the fine-structure
constant is one of them). All the previous formulas
considered the mass of charged leptons as fundamental
constants between which there must be some connection.

This work tried to understand the origin of these particles.
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