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Abstract Letw,,ws be slowly increasing functions and let w3 be weight function on R™. In section 2 we define a bilinear
multiplier from L (p1, g1, w1dp) (R™) x L (p2, g2, wadp) (R™) to L (ps3, g3, wsdw) (R™) by a bounded operator B,,,,

B (.9) () = / / 7€) 9 (mym (&, n) 2D dgdn, £, geS (R™)

RrR™

where 1 < p1,p2,p3,q1,¢2,q3 < oo and m (&, 7) is a bounded, measurable function on R™x R™. We denote the space of
bilinear multipliers of this type by BM (L (p1, q1,w1dp) X L (p2, g2, wadp) , L (ps3, g3, wsdu)) , and study of the basic prop-
erties of this space. We give methods of construction examples of bilinear multipliers. Similarly in section 3, by using variable
exponent Lorentz space, we define the bilinear multipliers from L ( p1 (), q1 (2)) X L (p2 (2) , 2 (x)) to L ( p3 (z) , g3 (z))
and discuss basic properties of the space of bilinear multipliers

BM (L (p1(2),q1(2)) x L(p2(2),q2 (2)), L (p3(2), g3 (x))).
Keywords Bilinear Multipliers, Weighted Lorentz Space, Variable Exponent Lorentz Space

AMS Classification 42A45, 42B15, 42B35.

1 Introduction

Throughout this paper we will work on R™ with Lebesgue measure dz. We denote by C2° (R"), C.. (R™) and S (R™)
the space of infinitely differentiable complex-valued functions with compact support on R", the space of all continuous ,
complex-valued functions with compact support on R™ and the Schwartz class of functions, respectively. Let f be a complex
valued measurable function on R™. The translation and character operators T, and M, are defined by T, f (y) = f (y — )
and M, f (y) = e*™@¥) f (y) respectively for 2,y € R™. For 1 < p < oo, L? (R™) denotes the usual Lebesque space. In
this work we will use the Beurling weight functions, i.e., real valued, measurable and locally bounded functions w on R"
which satisfy w (z) > 1and w (z +y) < w (7)) w (y) for all x,y € R, We say that wy < w; if there exists C' > 0 such that
ws () < Cwy (x) forall z € R™. For 1 < p < oo, define

L (R") ={f : fwe LP(R")}.
It is known that L? (R™) is a Banach space under the norm
11l = Ifll, 1 <p <00, [5]

or
[l = lfwlloo = esssup|f (z)w ()], p = o0,
rER™

The dual of the space L?, (R") is the space L? _, (R™), where % + % =landw ! (z) = w(lx). Let f be a measurable
function on R". If there exists C' > 0 and N € N such that

F@l<e(isiaf)”
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for all x € R", then f said to be slowly increasing function, [6]. For f € L! (R"), the Fourier transform of f is denoted by
f. We know that f is a continuous function on R™, which vanishes at infinity and it has the inequality H f H < || fll;- We

denote by M (R™) the space of bounded regular Borel measures, M (w) the space of y in M (R™) such that
Il = fwdlul < .
Rn

If u € M (R™), the Fourier-Stieltjes transform of y is denoted by /.

The distribution function of f is defined by

Ar(y) =w{z e R |f(2)] > y}) = / w (z) d.
{z€R™:[(2)|>v}

The rearrangement function of f is defined by

fr@t)=inf{y >0: Af(y) <t} =sup{y >0: A (y) >t},t>0.

Also, the average function of f is given by
t
*% 1 *
o= 1
0

The weighted Lorentz space L (p, g, wdp) is defined as the set of all (equivalence classes) measurable functions f on R™ such

that || f[|, , < oo where

Q=

112 = /t%—1<f*<t>>th . if0<p.g <o
0

« ol
||f\|pq,w=§ugf (t)r, if0<p<q=oo.
>

This space normed vector space with the norm defined by

Q=

1 llpg =

SALS)

/t%—l (f*@)%dt| , if 0<p,g<oo
0

=

Hf”pq,w:iglgf**(t) , if0<p<g=oo, [2],[3],[8],[9].

Let 0 < ! < oo and let i1 be Lebesgue measure on R™. We put

p-= inf p(x), p" = supp(z).
$E[O,l] xe[O,l]

In this paper, we shall also use the notation

Pa:{p:a<p_ §p+<oo}, a € R.
The set g [0, ] is the family of p € L°° ([0, !]) such that there exist the limits p (0) = lir%p (), p(00) = lim p(x) and the
r—

conditions e
C 1
p@-pOI<—. ll<5 (C>0)
D 1ag
and
Ip () — p ()] ¢ (€ > 0) (D)
PR =P = e+ o)) '

are satisfied. The conditions at infinity being only needed in the case [ = oo. We also denote g, ([0,1]) = ¢ ([0,{])NP, (]0,1]),
[4].

Let 2 C R™ be an open subset. In the sequel we denote by I = i (€2). Assume that p,q € Py ([0,1]). The variable
exponent Lorentz spaces L (p(.), ¢ (.)) () is defined as the space of all (equivalence classes) measurable functions f on
such that p , ,(f) < oo, where
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l
<—71 (t)
Pp.g ( /t »(® dt.
0

. f
||fH2(p(.),q(.))(Q) = inf {A >0: Pp,q(x) <1, [4].

We use the notation

Letp € g ([0,1]) and g € g1 ([0,1]). If I = oo, then the equality (1.2) is equivalent to the following sum

[e.°]

1

) (=0)
/t(— 1 7 )q(t) dt + /th—l (f* (t))Q(t) dt.
0 1

If I < oo, then the equality (1.2) is equivalent to the integral

1
a(0)
[E87 @)@,
0
The space L (p(.),q(.)) () is normed vector space with norm

I Neo) a0 = 10k {A >0:ppa(7) =1

where
l

a(
Ppq (f /t(ii (f ()" “ at.
0
It is known that

1
A1 o0y < I lEy.acn @ - 14

(1.2)

Bilinear multipliers for Lebesgue spaces are defined and discussed by Blasco in [1] . In [10] and [11], Kulak and Giirkanl
define bilinear multipliers for weighted Lebesgue spaces, variable Lebesgue spaces, weighted Wiener amalgam spaces and
variable exponent Wiener amalgam spaces. They investigate some properties of the spaces of bilinear multipliers and give
some examples of these bilinear multipliers. In [7],Giirkanli, Kulak and Sandik¢i defined and characterized the bilinear

multipliers of weighted Lorentz type modulation space.

In this paper, we define the bilinear multipliers for weighted Lorentz spaces and variable exponent Lorentz spaces. We

study properties of the spaces of bilinear multipliers and give examples of these bilinear multipliers.
Throughout this work we need the follwing Lemmas, Propositions and Theorems.

1.1 Proposition (Proposition 2.1 in [3])

If fs is defined by f, (x) = f (x — s) for some s € G, then we have
i) Ar, (u) Sw(s)Ag (u)forallu > 0.

ii)fs*()<f*( )forallt>0andf**() f**( )fora11t>0
iii)IfO<p,q<ooor0<p<q—oothenwehave

[1fs

Y o SN s 1]

paw < W ()7 1S

p,q,w

and

1Foll% e < 0 P A1 o s sl ooes < [ (17 NI e -

1.2 Proposition (Proposition 2.5 in [3])

i) Let w and w’ be two weight functions on a locally compact Abelian group GG. Then

L (p, q,wdp) (G) CL(p,q,w/ du) (G),0<p,g<

if and only if there is some constant C' > 0 such that || f||, . ./ < c|[|f|l, ., forall f € L (p,q,wdp) (G).

1) If 0 < ¢1 < g2 < o0, then
L (p, q1,wdp) (G) C L (p, g2, wdp) (G) .
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1.3  Proposition (Proposition 2.10 in [3])

Let wy and ws be two weight functions on a locally compact Abelian group G and 1 < ¢ < p < oco. Then
L (p,q,widp) (G) C L(p, q,whdp) (G)

if and only if we < wj.

1.4 Lemma (Lemma 1.4in [2])

Simple functions are dense in L (p, q), g # 0.

1.5 Lemma (Lemma 2.1in [10])

Let 1 < p < oo and let w be a slowly increasing weight function. Then S(R™) is dense in L? (R™).

1.6 Theorem (Theorem 2.8 in [4])

Let p,q € p1 ([0,1]) and p (0) > 1, p (c0) > 1. The space L (p(.), ¢ (.)) (2) is a Banach function space.

2 The Bilinear Multipliers Space of Weighted Lorentz Space

2.1 Lemma

Let 1 < p,q < oo and w be a slowly increasing weight function. Then S (R™) is dense in weighted Lorentz space

L (p, g, wdp) (R™).
Proof. Assume that p < g. Then by 1.3 Proposition , we write Lp (R™) = L (p,p,wdp) (R™) C L(p,q,wdu) (R™).

Let £ be the set of integrable simple functions. Since £ C Lp (R") c L (p, ¢, wdp) (R™) and £ isdense in L (p, g, wdp) (R™)

by 1.4 Lemma ,then Lp (R”) isdensein L (p, ¢, wdp) (R ) . Also Since w is slowly increasing then w? is slowly increasing

. Thus by 1.5 Lemrna

(R") € L”, (R") C L (p, g, wdp) (R")

S

and S (R™) is dense in Lp (R™).Now take any f € L (p, q,wdu) (R™) . Since L”
for given any ¢ > 0, there ex1sts g€ Lp (R")such that

(R™)isdensein L (p, ¢, wdu) (R™),

1
wP

€
1F = 9llpg 0 < 5- 2.1)
On the other hand, by 1.2 Proposition, the inclusion L? , (R™) C L (p, ¢, wdu) (R™) implies
wP
Hipg < L 3 - (2.2)

for some C' > 0. Since S (R™) is dense in L” , (R™), there exists h € S (R™) such that

1
w?P

13
Hg*hllpw% <56 (2.3)

Hence by (2.2)
lg = hllpg < Cllg =Rl +-

wP

Combining (2.1), (2.2) and (2.3), we obtain

1 =l = 17 = g+ 19 = Pl
s|v—wmw+cm—mgﬁ
< 40— =¢

2 2C
Now assume that ¢ < p. Take any f € L7, (R™). Since f* is continuous on [0, 1], we find
w4a

1

q o
%—1 * d * qd
115y < 2 lt <E£”f@0 t+[u<m ‘
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_ 49 p )|
= (t:%g]lf ) +/|f )" dt
< t)d
<[ amiron) « [irorsu <o

and so f € L (p, q,wdp) (R™). Thus L7, (R™) C L (p,q,wdu) (R™). By using similiar technique, the proof is completed.

w4

2.2  Definition

Let 1 < p1,p2,P3,41,q2,q3 < o0 and w1, ws,ws be weight functions on R™. Assume that wq, wy are slowly increasing
functions and m (£, n) is a bounded, measurable function on R” x R™. Define

B, / / 7 (6) 3 (m) m (&, m) €210 gy

R"»R"™

forall f,g e S(R™).
m is said to be a bilinear multiplier from L (p1, q1,w1dp) (R™) X L (p2, g2, wadp) (R™) to L (ps, g3, wadu) (R™), if there
exists C' > 0 such that

HB ( )Hpgqg w3z — C ||pr1q1 w1 ||g||p2q2 wo

forall f,g € S (R™). That means B, extends to a bounded bilinear operator from L (p1, q1,w1dp) (R™)X L (p2, g2, wadp) (R™)
to L (pSa Q3aw3d/u’) (Rn)

We denote by BM (L (p1,q1,w1dp) X L (p2, g2, wadp) , L (ps, g3, wsdu)) the space of all bilinear multipliers of this
type and define

Imll gar = [1Bmll -
As an example we give the following theorem.
2.3 Theorem
Let .- % qil + q% = q% w3 < w1, w3 = wy and wy is symmetric. If K € L}, , (R™) thenm (£, n) = X(f -n)

defines a b111near multiplier and
Imllgy <C ”K“ng

for some C' > 0.
Proof. We know by proof of Theorem 2.1 in [10] that for f, g € S (R"),

B (f.9) (x) = / fE—y)g(+y) K (y)dy. 2.4)

Also by 1.1 Proposition, T, f € L (p1,q1,widp) (R™) and T_yg € L (p2, g2, wa2dp) (R™). Applying the Holder inequality,
we have

1B (s Dl pags s < / 1f (z =) g (@ +y) K W), W
R

< / 1 (@ =)0y 0 19 (& + 9105 0 I (W) dy. (2.5)

Again by 1.1 Proposition, we write

1
1 (@ =9l g s < @3 @) (11,0, 0 (2.6)

and

1
19 (@ + 9l prgsws < @3 (1) 72 1911000 05 - 2.7)
If we use the formulas (2.6), (2.7) and assumptions ws =< w1, w3 = wa, there exist C; > 0, Cy > 0 such that
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1 py g s < CLIF gy 00 (2.8)
and
1901 psqs0s < C2 1191l gy 0, - (2.9)
So by (2.5), (2.8) and (2.9), we obtain

1B (fs )l psgs s < / 1 (@ = )0y 05 19 (& + 9y 0 I (W) dy

R

<Ol oo llol / 1K ()| ws (4) dy
R”L

yexe il (2.10)

P1q1,W1 Hngth»wz ||K||17UJ3 .
Then m (€,7) = K (€ — 1) defines a bilinear multiplier and from (2.10), we obtain

|1 Bm (f

Imllgy = sup
170y oy <1019y 0g 0 <11 prg o 190205 0

’g)||P3!137w3

CiCy ||

P1g1,w1 ”g”pzqz,wz H Il,ws

IN

sup
1710y oy SL D191 03 g <1 17N g3 01 19115 0

ClE, .,

IA

where C' = C;Cs.

2.4 Definition

Let1 < p1,p2,p3,q1, G2, g3 < o0 and w1, w2, w3 be weight functions on R™. Suppose that the functions wy, wo are slowly
increasing. We denote by BM (L (p1, g1, w1du) X L (pa, g2, wedp), L (ps, g3, wsdp)) the space of measurable functions
M : R™ — C such that m (57 77) =M (5 - 77) € BM (L (pla (h,wld,u) x L (pQu Q27w2dﬂ) ’ L (pdu QS7wddﬂ)> ’ that is to say

Bur (£.9) @) = [ [F©30) 21 (€ = ) 6+ deay

R"R"

extends to bounded bilinear map from L (p1, g1, w1dp) (R™) X L (p2, g2, wadp) (R™) to L (ps3, g3, wsdu) (R™). We denote
by
M|l gps = 1Ball -

2.5 Theorem

Let p, =1, - + = 1 and w3 symetric, slowly increasing weight function. Then

m € BM (L (p1, ql,wldu) x L (p2, g2, wadp) , L (p3, q3,wsdp)) if and only if there exists C' > 0 such that

| [F©a i€+ nym € ndgdn < €11y, 19l Il e

RnR"

forall f,g,h e S(R").
Proof.  Suppose that m € BM (L (p1, q1,w1dp) X L (p2, go,wad) , L (p3, g3, wsdw)) . By proof of Theorem 2.2 in
[10], we write

//f (€ + ) m (6,) dedn| = /h(y)Bm(f,g><y>dy

RnR" R
/\h IIB (f.9) ‘dy, 2.11)

forall f, g, h € S(R"), where B (f,9) (W) = B (f,9) (—y). On the other hand by the definition of distribution function
of Bn (f,9),

A (r.g) W) = ws({z €R":[Bn (f,9) (=2)| > y})
ws (x) dx

{zeR™:| By (f,9)(—)|>y}
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If we put —z = u, we obtain
AB(fg) W) =ws({—u €R":[Bn (f,9) (u)] > y})

=w3 (—{u e R" : By, (f,9) (u)| > y})
=w3({u€R" : [Bn (f,9) (W) > y}) = AB,,.(r.9) (V) -

So we have (Bm (fs g))** = (B (f,9))"". This implies

|Ba(£.9)

= [1Bim (s 9l py s 05 - (2.12)

P3q3,ws

Since By, (f,9) € L (ps, qs,wadp) (R™), by (2.12) we have By, (f,9) € L (ps,gs,wsdu) (R™). If we use the Holder
inequality, the assumption m € BM (L (p1, q1,w1du) X L (p2, g2, wadp) , L (ps, g3, wsdp)) and the inequality (2.11), there
exists C' > 0 such that

//f(f)gm)iz(s+n>m<f,n>dsdn

R7R"

IN

|Bun (£.9) Il

’ /
P343,wWs3
P3q3,w3 318

A

< C ”f”mql,wl ”g”qu,wz Hh”pgqéws :

Conversely assume that there exists a constant C' > 0 such that

[ [F© o€+ nym€ndgan < €1 1olgncn Pl @13

RrR™

forall f,g,h € S(R™). By (2.11) and (2.13),

[ B (1:9) )| < C Ul 190 g 11 @14
RTL

It is easy to see the inclusion S (R™) C L (p}, ¢4, wsdu) (R™) . Define a function [ from S (R™) C L (p, ¢5, wsdu) (R™) to
C by

() = [10) B (1.9 () d
]Rn
From (2.14), ¢ is linear and bounded. Also by 2.1 Lemma, S (R™) is dense in L (pj, ¢4, wsdp) (R™). Thus £ extends to a

bounded function from L (p4, ¢4, wsdp) (R™) to C. Then £ € (L (ph, ¢4, wadu) (R™)) = L (ps, g3, wsdp) (R™), [12]. Thus
by using (2.14), we obtain

1B (F-0)lpygys = ||Bue(F9)]
el = o

sup
“théqé“"Ssl ”h”Péqg,wg

<C|fl

P1q1,w1 Hg”pzqz,wz :

This completes proof .
The following Theorem is a generalization of the 2.3 Theorem.

2.6 Theorem

1

Let p% + p% =2 q% + q% = qis, w3 < w1, w3 < wa. Assume that there exists C,, > 0 such that ws (at) < C,ws (t) for
ala e R. Ifu € M (wsg)andm (§,n) = u (o€ + Bn) fora, 8 € R, thenm € BM (L (p1, q1,w1dp) X L (p2, g2, wadpn) , L (ps3, g3, w3t
Moreover,

1 1
Imll gy < Ca Cg* Il -

Proof. Tt is known by proof of Proposition 2.2 in [1] and proof of Theorem 2.3 in [10] that for f, g, € S (R"),

B (f.9) (z) = / f (@ —oy)g (e — By) du(y). 2.15)
Rn
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By [3] , we have the inequalities

1
1Tas 1 s < @3 (@) 11101 2.16)

and

T899l g5 < @3 (BY)72 1191l g0 (2.17)
If we use the inequalities (2.15), (2.16), (2.17) and apply the Holder inequality, we have

B (g < | [ 7= @) 90 = 5) d 0
Rn

p3q3,wWs

< [5G =) (@ = 8l il )
R

1 1
< [wr (@) w1 (B0 [y, 19y A1) 0)
Rn

= RIS L
S/Cé:l ws (Y) 71 Cg%ws ()2 (11l g1 0 190paga s @10l ()

R~

1 141
CE CF g 19 [ )l )
Rn

I L
CE O s 6l [ )1 )
R

1 1
< CECE oo 19l / ws () d 1] (v)

R™

=cy e |1l (2.18)

P1q1,w1 ||gHquz,w2 ”'un3 :

From (2.18), m € BM (L (p1, q1,w1dp) X L (p2, g2, w2dp) , L (p3, g3, wsdp)) and

B (f,
Imlns = sup LI

170y oy <1190y 0g g <2 Ny gy o 19020,

11
Cat OF* [lpl., -

IN

2.7 Theorem

Letm € BM (L (p1, g1, widp) x L (p2, g2, wadp) , L (p3, g3, wadp)).
a) T(e, moym € BM (L (p1, q1,widp) X L (p2, g2, wadp) , L (p3, g3, wsdp)) for each (§4, 1) € R2™ and we have

HT(EOJIO)mHBM = ”m”BM :
b)M ¢, nym € BM (L (p1, q1,widp) x L (pa, g2, wadp) , L (ps, g3, wsdp)) for each (5, 7,) € R*™ and we have

HM(ﬁomo)mHBM < w1 (=€p) wa (=) ”m“BM'

Proof. a) Let f, g, € S (R™). It is known by proof of Theorem 2.4 in [10] that,

Brie, om (f,9) (x) = ™ Cotm0m B (M _¢ f, M_y g) (x). (2.19)

Since

)‘Mféof (y) = ws ({x cR": ‘eQWi(_‘SO’”f (x)) > y})

=ws({z €R": [f (@) >y}) = As ()
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then (M*&)f) = f** Thus, we have ||M*50pr1quw1 - ”prlehu)l and |‘M77709HP2QQ7£U2 - ”9”172(127&12 - If we use
the equality (2.19) and the assumption m € BM (L (p1,q1,w1dp) X L (p2, g2, wadp) , L (ps, q3, wsdu)), we have

- He27'(i<§0+7707$> Bm (Mfgo f7 M*W(Jg)

HBT(ioﬂlo)m ('f’ g)

pP3493,wWs

= HBm (M*E()f’ M*’h)g)H <C

P3q3,w3 — ||f||P1417w1 Hg”quwz

P343,wWs

for some C' > 0. Then T(¢, ,, ym € BM (L (p1, q1,w1dp) % L (p2, g2, wadp) , L (p3, g3, wsdp)). Moreover, we obtain

| Tteomoy ™l 5ar = HBT<somo>mH

Br, m (fr 9
sup H oy (29) P3ds.ws

17y, 4y oy <Ll <t 1 llprgr 0 190 g5 00

p242,w2 —

HBT(EO»WO)m (Mfgof’ Mﬁ”og)

w
— sup P343,wWs

”]\/I*E()f“ <1, |M*"log|| <1 HM*ﬁUfHqulywl HM*%ngng,wz

P1491,w1 P292,wW2

= [|Bmll = lImll g -
b) Let f,g € S (R™). We know by proof of Theorem 2.4 in [10] that

BMey gym (f>9) (€) = B (T, f, T, 9) () - (2.20)
Also by [3],
1T o fl],, g0 00 < w3 (=60) 77 Iflpygr s @04 (| Tonogll 0 s < @03 (=110)72 1191300 s -

Since m € BM (L (p1,q1,w1dp) X L (pa, g2, wadp) , L (ps, q3,wsdu)), by (2.20) we have

=B (T, /. T 9) |

P3q3,wWs P3d3,ws

HBM(ﬁo,Tlo)m (fa g)

< Bl 1T=¢, £, 41 0, 17109l (221

< ws (—&o) w3 (=10) 1Bl 11, g o0 19150502 -
Then T¢, n,ym € BM (L (p1, q1,w1dp) X L (p2, q2,w2dp) , L (p3, g3, w3dp)) and by (2.21) we obtain

P2q2,wW2

[Micyngymll gay = HBM<so,no>mH

P343,wWs

HBM(ﬁo)WO)m (f7g)
= sup

10y oy <100 0p <t 1 gy con 1911 pgs o0

- w3 (—&o) w3 (=10) 1Bl 11|y 41 cn 191520 s
11101y SL090p 0y <1 [ g 1] P

= w1 (=&) w2 (=) | Bl

w1 (=€) wa (=no) [Im|l gz -

IN

2.8 Theorem

Letm € BM (L (p1, q1,w1dp) x L (p2, g2, wadp) , L (p3, g3, wsdp)) -
a)lfdc L! (R2”), then ® x m € BM (L (p1,q1,w1du) X L (pa, g2, wadp) , L (ps, q3,wsdu)) and we have

1@ % mll gpr <[Py Ml ar -

b)If @ € LY (R*") such that w (u, v) = w1 (u) wz (v), then
dm € BM (L (p1, q1,w1dp) X L (p2,q2,w2dp) , L (p3, g3, wsdp)) and

H@mHBM <@l o Il zas -

Proof. a) Let f, g € S (R™). By proof of Proposition 2.5 in [1] ,

Bou (f,9) () = / / B (u,) Bry, o (f-9) (y) dudv.

R™»R"™
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If we use the 2.7 Theorem and assumption m € BM|[L (p1, q1,w1; P2, ¢2,ws2; P3.q3, w3)], we have

1Bawm (£, < / / 19 (w,0) Br, o ()| dud

P3q3,wWs
Ran

< [ [ 1# ol Twomll g 17 0 1910, 0, du
R7Rn

= lmllpar 1PNy 111y g0 00 1911205 00 < 00 (2.22)

Hence ® * m € BM (L (p1, q1,w1dp) X L (p2, g2, wa2dn) , L (p3, g3, wsdw)) and by (2.22), we obtain

1@ % mll gpr <[Py [l ar -

b) Let @ € L, (R?"). Take any f, g, € S (R"). It is known by proof of Proposition 2.5 in [1].
By, (£.9) @) = [ [ 000) Bas . (1.9) (&) dude:
RrRn

Since m € BM (L (p1, q1,w1dp) x L (p2, g2, w2dp) , L (p3, g3, wsdu)), we have
My, —vym € BM (L (p1,q1,w1dp) x L (p2, g2, w2dp) , L (p3, g3, w3dp)) and

||M(—u,—v)m||BM <wi (uw)wa (v) [mll g,
by 2.7 Theorem. Then,

HB@m (f’g)qus,ws = // H(I) (u,v) BM(*%*UV” (f’ g)Hpsq;’.,WB dudv

RnR"

< [ 10 o Myl g 11y 191,
RTLR’H

< [ [ 1@ ol @ws @) mlos 1l 0, 191, 0, dudo
R7LR”L

(2.23)

= Il par 1F1lp, q0.0 191psgs o0 111 -

Thus from (2.23), we obtain ®m € BM (L (p1, q1,w1dp) x L (p2, g2, wadp) , L (p3, q3,wsdp)) and

Hq)mHBM < ”q)Hl,w Hm”BM .

The proof of the following theorem is similar to that of the proof of Theorem 2.9 in [10] .

2.9 Theorem

Let m € BM (L (p1,q1,widp) x L (p2, g2, wadu) , L (p3, g3, wsdu)). If Q1, Qo are bounded measurable sets in R™,

and
1
e = M@/Xém@wmw)dudv,

then h (§,m) € BM (L (p1,q1,wi1dp) x L (p2, g2, wadp) , L (p3, g3, wsdp)) -

3 The Bilinear Multipliers Space of Variable Exponent Lorentz Space

3.1 Lemma

We denote by S the class of complex, measurable, simple functions on R”. Let p (.), ¢ () € g1 ([0, >0]), ¢ (00) < p(c0)
and ¢ (0) = p (0). Then Sisdensein L (p(.),q(.)) (R™).

Proof. Let f € $. Since & C L' n L% by Theorem 3.13 in [13] , then we have f € LI NI . By using assumption,
from the definition of p, , (f) , we have
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0o 1 0o
a(t) a(0)
0

pra ()= [ @) e [81 0des [$571 010 ae

0 0 1

oo

1
= [romas [BE7 0w
0

J—

= / £ dt + / £ ()" at
yir

{te(0,00 (t)<1} {te(0,00):f*(t)>1}

< / £ dt+ / P17 dt < IFIL -+ I

{te(0,00):f*(t)<1} {te(0,00):f*(t)21}
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3.1

and f € L(p(.),q(.)) (R™). Sowe write S C L(p(.),q(.)) (R™). Now, take any f € L(p(.),q(.)) (R™), f > 0. From
the Theorem 1.17 in [13], there exists a sequence (f,) C < such that (f, — f) * 0 (a.e). It is known by 1.6 Theorem
that LP():¢() (R") is a Banach function space. Then we have ||f,, — Flew() a0 @y /0 asn — oo. Thus fis in the

L(p(.),q(.))-closure of . The general case (f complex) follows from this. Hence, Sis dense in L (p (.), ¢ (.)) (R™).

It is easy to proof the following lemma.

3.2 Lemma

Let 1 < p,q < oco. If we endow the vector space LP (R™) N L4 (R™) with the sum norm

1l zonze = I1F1, + 1171,

a) &is dense in LP (R™) N L7 (R™).
b) C= (R™) is dense in L” (R") N L9 (R™).

3.3 Lemma

Let p,q € p1 ([0,00]), ¢ (00) < p(o0) and ¢ (0) = p (0). Then C° (R™) is dense in L (p(.),q (.)) (R™).

Proof. Letu € C2° (R™). Using similar technique in 3.1 Lemma, we have

Pprg (F) < I + 1A

(3.2)

Hence u € C° (R™) C LY (R")N LY (R™),andu € L(p(.),q(.)) (R™). So C> (R™) C L (p(.),q(.)) (R™). Now, let

e L . .)) (R™). For given 0 < ¢ < 1, there exists h € & such that
! p().q g )

3
1F = AllLoyacn < 5

(3.3)

by 3.1 Lemma On the other hand, since & C L? (R™) N L9 (R™), we write h € L? (R™) N L7 (R™). Also from 3.2 Lemma,

there exists g € C2° (R™) such that
1 sena”
1=l orns <5 (5)
From this inequality, we have
+

1 /eNg
||h_qu+ < 3 (5)

and

1 /enat
-l <1(5)"
Ih=gl,- <35 (5

Then by (3.4) and (3.5), we write

+

+ - e\ €
ppa(h=9) < Ih=gllge +In—gli- < (5) <5<t

2 2

Since p, , (b — g) < 1 we find

(3.4)

(3.5)

(3.6)
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5 (=) g =0 F) 0t

Pp.a ((h =) Ppq(h— g)fﬁ) =

a(t)

07 ((h = )" )" | (ppg (= 9)777) “

[
[

IN

t 1 +
#4100 0 (-0 a
0
= pp,q (h - g)_l pp,q (h - g) =1

By the definition of .||, ) .4(.)) » and (3.6) we have

=)
M

(3.7)

| ™

1 €\ g
12 =9l < Poa (B =9)7 < (5)" <

Finally using the inequalities (3.3) and (3.7), we obtain

1f = 9l Lp(racn < I =Pl T 10 = 9llnp.a0) <&

So, proof is completed.

3.4 Definition

Let py (2),p2 (%), p3 (x),q1(2),q2 () ,q3 (x) € p1([0,00]), g1 (0) < p1(0), g2 (00) < p2(00), 41 (0) = p1 (0),
g2 (0) = p2 (0) and m (&, n) be a bounded, measurabe function on R”™ x R™. Define

B (£,9) @) = [ [F© 3 tm(e.m e €troagan

RnR"™

forall f, g € C°(R™). m is said to be a bilinear multiplier from L ( p1 (), ¢1 (x)) (R™) x L( pa(x), g2 (x)) (R™) to
L (ps(z),qs(x)) (R™), if there exists C > 0 such that

| Bm (f, Q)HL( p3(2),qs(x)) <C ||f||L( p1(2),q1(z)) ||9||L( p2(2),q2(x))

forall f,g € C2° (R™). That means B,, extends to a bounded bilinear operator from L ( p1 (z),q1 (z)) (R™") XL ( p2 (z), g2 (z)) (R™)
to L ( ps3 (x),qs (z)) (R™). We denote by

BM (L(p1(x),q () x L(p2(x),q2(x)),L(ps(x),qs(z))) the space of all bilinear multipliers of this type and
define

Il gar = |1 Bumll -

The following theorem can be proved easily by using 3.3 Lemma and technique in the proof of 2.5 Theorem.

3.5 Theorem

Let 5+ o = L 6 + ooy = 1 5 (00) < ph (00) and g (0) = p§ (0). Then
m € BM (L (p1(2),q1 () x L(p2(x),q2(x)),L(p3(x),qs(x))) if and only if there exists C' > 0 such that

//f (©) g () h(&+m)m (&n)dédn| < C 1l Lorcrarco @ny (191 Loacaacr my RN Lo a0 ey

R’n,Rn

forall f, g, h e C>(R™).

3.6 Theorem

Ifme BM (L(p1(z),q (x)) X L(p2(2),q92(x)),L(ps(z),q3(x))), then
Tieymoym € BM (L (p1(z),q1 (x)) X L(p2(z),q2(x)),L(ps3(x),q3(z))) and

|T507770 m||BM HmHBM

for all (&y,17,) € R*™.
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Proof.  Let f,g € C(R™). It is easy to see that (M £of)* f*. Thus (M ¢ f)*>k = f**. This implies

1Mo 1|y o.anoy = 12 o )00 oy @0 similarty [| Mg o) ooy = 191 pa(o).ga (e BY using the equal-
ity (2.19) and the assumption m € BM (L (p1 (z),q1 (z)) X L(p2 (x),q2 (z)), L ( p3(x),qs3(x))), we have

HBT(ﬁomo)m (f,g)HL( ps(@)5(2)) = HBm (Mfgof, M*UOQ)HL( p3(z),q3(x))
1Bl || M-,

IN

fHL( p1(z),q1(x)) ||M_7709||L( p2(x),q2(x))

B[N 2 o (2.0 @) 19 paa) gy

Then Ty, ,oym € BM (L (p1 () ,q1 (2)) x L (p2 (x) .2 (2)) . L (ps (x) .43 (2))) . By using the equality

b

1 Tteompymll par = HBT(ﬁomo)m

and proof technique in the proof of 2.7 Theorem, we obtain
HT(fomg)mHBM = [Imllgps -

3.7 Theorem

a) Let 0 < g3 < s3 < oco. Then

BM (L (p1(z),q1 (x)) x L(p2(x),q2(x)),L(ps,q3))
C BM(L(pi(z),q (v)) x L(p2(z),q2(x)),L(pss3))

b) Let 0 < 517 < g1 < 0o. Then

BML((p1,q1) x L(p2(2),q2(x)), L (p3(z),q3()))
C BM (L (p1,51) x L(p2(),q2(x)),L(p3(x),q3(z)))

c)Llet0 <s1<q <ocand0 < sy < go < 00. Then

BM (L(p1,q1) x L(p2,92), L (ps3(x),q3(x)))
C BM(L(p1,81) x L(p2,s2),L(ps(x),q3(x)))
Proof. a) Take any m € BM (L (p1 (z),q1 (z)) X L(p2(x),q2(x)),L(ps,q3)) and f,g € C° (R™). Then, there
exists C7 > 0 such that
1B (f, 9)||L ( p3,q3) = <G ||f||L( p1(z),q1(x)) ||9||L( pa(z),q2(x)) * (3.8)
Also since 0 < g3 < s3 < 00, there exists Cy > 0 such that

1B (fs D L py,ss) < C2 1B (s DI L( pga0) (3.9)
by [8]. Combining (3.8) and (3.9)
HBW (f? g)HL( P3,83) < G0y Hf”L (p1(x),q1(x)) ”gHL( p2(z),q2(x)) *
Thus m € BM (L (p1(z),q1 (x)) x L(p2 (), g ( )L (ps,s3))-
b) Let m € BM (L ( p1, )><L( 2 (x),q2(x)), L (ps(x),q3(x))) and f,g € C (R™). Then there exists C; > 0
such that
1B (s D2 paoras@n) < CrIF L pran) 1912 pa(@).g20)) - (3.10)

Since 0 < 51 < g1 < 00, there exists Cy > 0 such that

Hf”L(pth) SC2 ||fHL(p1,sl) (311)
by [8]. From the inequalities (3.10) and (3.11), we obtain

HBW (f’ g)HL( p3(x),q3(z < €10 ||f||L (p1,81) ||g||L( p2(z),q2(z)) *

Thenm € BM(L (p1, s1;p2 (%), ¢2 (%) ;p3 (x),Q3 ().
¢) This claim is proved similarly.
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4 Conclusion

The study of bilinear multipliers goes back to R.R.Coifman
and Y.Meyer [14], [15] , [16] . The interest in this area has in-
creased in recent years following the work by M. Lacey and
C. Thiele [17],[18],[19]. Since then there have been many
developments in this area in the last years, we are concerned
with bilinear multipliers of weighted Lorentz spaces and vari-
able exponent Lorentz spaces. By using the methods of O.
Blasco in [1], we defined and investigated the bilinear mul-
tipliers of weighted Lorentz spaces and variable exponent
Lorentz spaces and we gave methods of constraction exam-
ples of bilinear multipliers.
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