
Universal Journal of Engineering Science 3(4): 53-63, 2015 http://www.hrpub.org 
DOI: 10.13189/ujes.2015.030401 

The Physical and Geometrical Interpretation of   
Fractional Order Derivatives 

Ali Karci 

Department of Computer Engineering, Inonu University, Turkey 
  

Copyright©2015 by authors, all rights reserved. Authors agree that this article remains permanently open access under the 
terms of the Creative Commons Attribution License 4.0 International License 

Abstract  The fractional order derivative is a famous 
subject and it has been studied about three centuries. There 
are not any studies on the physical and geometrical 
interpretation of fractional order derivative. The aim of this 
study is to interpret the geometrical meaning of the fractional 
order derivatives of any function. We used a new definition 
for fractional order derivative to interpret it. At this aim, 
simple and easily understandable subjects distance, velocity 
and acceleration were used to depict the experimental results 
and interpretations. The important contribution of this paper 
is that when the order of fractional order derivative 
approaches to 1, the result of derivative process approaches 
to classical derivative and operator is linear; otherwise, the 
result of derivative process is different from classical 
derivative and applied operator is non-linear. 
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1. Introduction 
The fractional calculus is an old research subject and there 

is a belief that fractional calculus may model physical 
systems more than classical calculus. The fractional calculus 
is used as fractional derivatives or integrals, and it is not a 
local point calculus. In order to make fractional calculus use 
by more science and engineering communities, fractional 
calculus needs a new definition and approach, and also the 
geometrical meaning of fractional order derivatives must be 
known by researchers. 

There are many researchers deal with this subject such as 
fractional calculus [1], solving fractional differential 
equation with differential transform method [2], analytical 
schemes for fractional differential equations [3], fractional 
equation for oscillator [4], waves in Hirota equations [5], 
soliton rings in quantum semiconductor plasmas [6], 
geometrical meaning of chain rule in fractional calculus [7], 
fractional-order formulation of power and exponential 
distributions [8], fractional entropies [9], new class of 

analytic functions derived by fractional differential operator 
[10], approximating spectral Jacobi-collocation for 
fractional order integro-differential equations of Volterra 
type [11], viscosity solution of nonlinear time fractional 
equation [12], positive solutions for a class of nonlinear 
fractional differential equations [13], etc. These are some of 
researches on the fractional calculus and fractional 
variations. 

These studies include similar approach for fractional order 
derivatives (FODs). This means that the order of derivative is 
not integer; in general, conventional calculus deals with 
derivative/integration of integer order, on the other hand, 
fractional calculus deals with any order differentiation and 
integration. There is no a clear reasoning for fractional order 
derivative/integration. Due to this case, Alexopoulos and 
Weinberg tried to describe the meaning of fractional order 
derivatives by using power-law. They asked the following 
questions: “what is the physical interpretation of the half 
derivative of distance:d0.5s(t)/dt0.5 where s(t) stands for 
distance? They tried to support their interpretation on the 
distance, velocity and acceleration. Alexopoulos and 
Weinberg have used the definitions in the literature for 
fractional order derivative and definitions involve some 
deficiencies. Due to this case, the same physical related 
concepts will be used in this article by using the proposed 
method in Karcı’s papers [14, 15, 16, 17]. 

The fractional order derivative methods based on the 
series expansion and pseudo-continuity have deficiencies. 
Due to this case, there is a need to redefine fractional order 
derivative. In this point of view, there were some studies on 
the re-definition of fractional order derivatives [14, 15, 16, 
17] involve a new method for fractional order derivatives. 
The physical and geometrical interpretations of fractional 
order derivatives were illustrated analytically and 
experimental by using distance, velocity and acceleration 
concepts by using this definition. 

This article is organized as follow. Section 2 describes 
new approach for fractional order derivative and 
interpretation of fractional order derivative. Section 3 
illustrates the experimental results. Finally, Section 4 
finalized this article. 
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2. New Approach for FODs and Its 
Interpretation 

The definitions for fractional order derivative include 
deficiencies, and due to this case there is a need to re-define 
the fractional order derivative concept. This re-definition 
was done in Karcı’s paper [14, 15, 16, 17] by using indefinite 
limit and L’Hospital rule. The detail of this re-definition is as 
follow. 

The meaning of derivative is the rate of change in the 
dependent variable versus the changes in the independent 
variables. Assume that f(x):R→R is a function and the 
equation of derivative can be considered as 
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 The order of derivation can be considered as non-integer. 
There will be two cases: 

Case 1: If the order of derivative is α∈R, 
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 This yields the derivative to power (exponent) α, and this 
is not a fractional order derivative. 

Case 2: If the order of derivative is α∈R, then the 
fractional order derivative is 
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 In the case of very small value of h, the above limit 
concluded in indefinite limit such as 
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In this case, the method used for indefinite limit (such as 

L’Hospital method) can be used, and the FOD can be 
rephrased as follow. 
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The some properties of FOD can be explained in the 
following theorems. The other information about this 
definition can be found in [14, 15, 16, 17]. 

Theorem 1: Assume that α, β∈R. When α≠β, f(α)(x)≠f(β)(x) 
where f:R→R. 

Proof: The derivatives terms can be expressed as follow. 
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Theorem 2: Assume that α, β∈R and f:R→R, then 
( ) )()()( )()()( xfxxf βαβα +≠ . 

Proof: The derivatives terms can be expressed as follow. 
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Theorem 3: The FOD of distance, whose order is 2, is not 
same as acceleration. 

Proof: Assume that X(t) is distance, and the acceleration 

is 2
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Theorem 4: Assume that α, β∈R, α+β=1 and X(t) is 

distance, V(t) is velocity and A(t) is acceleration. The 
following facts exist for FODs. 

a) X(α+β)(x)=V(t). 

b) ( ) )()()(
)()( tVttX ≠

βα . 

c) ( ) )()()(
)()( tAttV ≠

βα  

d) X(2)(t)≠A(t). 

e) V(α+β)(t)=A(t). 
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Proof: The verifications of these equations can be 
illustrated by using Eq.1. 
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Theorem 5: Assume that f:R→R, α∈R, and x0, x1 are two 
extreme points. The following conditions are satisfied. 
a) If f(x0) is maximum, f(x1) is minimum and xa∈(x0,x1) is 

inflection point, then ∀xb∈(x0,x1), f(α)(xa)≤f(α)(xb). 
b) If f(x0) is minimum, f(x1) is maximum and xa∈(x0,x1) is 

inflection point, then ∀xb∈(x0,x1), f(α)(xa)≥f(α)(xb). 

Proof: Let α, ε∈R and ε<<1.  
a) Assume that the order of derivation is α. Then 
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where xb=x0+ε. 
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where xb=x0+2ε. 
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and x+nε=xa, xb=x0+(n-1)ε, and n∈Z+.  The same reasoning 
is valid for interval (xa,x1) in reverse order. 
b) Assume that the order of derivation is α. 
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where xb=x0+ε. 
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and x+nε=xa, xb=x0+(n-1)ε, and n∈Z+. The same reasoning is 
valid for interval (xa,x1) in reverse order  

3. Experimental Results of FODs 
Alexopoulos and Weinberg tried to explain the meaning of 

fractional order derivatives by using distance, velocity and 
acceleration equations. When the order of derivative is 0.5 
for distance equation, this mean is not summing the 50% of 
distance and 50% of velocity. The aim of this paper is to 
demonstrate the meaning of fractional order derivatives on 
the equations of distance, velocity and acceleration. 

3.1. Velocity vs Distance with Constant Acceleration 

Assume that acceleration is 4 (a=4). Then the equation of 
distance in this case is X(t)=V0t+2t2 with time interval 
t∈[0,10] and velocity equation can be obtained by taking 
first derivative such as 
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V0=10. 

The first derivative (velocity) of distance is seen in Figure 
1 as blue and thick line. The fractional order derivative (FOD) 
of X(t) by using equation (1) is  
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where α is order of derivative andα∈R. Figure 1 illustrates 
the FODs of X(t) for order list such as {0.1, 0.2, 0.3, 0.4, 0.5, 
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0.6, 0.7, 0.8, 0.9, 1, 1.1, 1.2, 1.3, 1.4, 1.5, 1.6, 1.7, 1.8, 1.9, 2}. 
The important point here is the coincidence of first derivative 
of X(t) and FOD of X(t) with order 1 are equal. The FOD of 
X(t) is seen in Figure 1 as cyan line where it coincides on the 
blue thick line (first derivative of X(t)). When the order of 
derivative is greater than 1, the result is greater than first 
derivative for monotonic increasing functions (Figure 1). 
The velocity is the first derivative of distance with respect to 
time variable t. The abbreviation F.Vel.a=0.3 stands for 
fractional order derivative of distance with alpha value 0.3. 
When the order of derivative is approaching to 1, fractional 
order derivative approaches to velocity for derivative of 
distance. When order of derivative diverges from 1, the 
result diverges from the velocity and its geometrical meaning 

is not known clearly for other values of order. 

3.2. Velocity vs Distance with Variable Acceleration 

Assume that acceleration is 3t with t∈[0,10] (a(t)=3t). 
Then the equation of velocity in this case is  
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Figure 1.  The fractional order derivatives of distance for orders={0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1, 1.1, 1.2, 1.3, 1.4, 1.5, 1.6, 1.7, 1.8, 1.9, 2} 
(acceleration is constant). 
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The velocity equation can be obtained by taking first 
derivative such as 
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The first derivative (velocity) of distance is seen in Figure 
2 as blue and thick line. The FOD of X(t) by using equation 
(1) is  

)
2
310()

2
110(

)
2
310()2/1(10)()()(

212

2
131

)(

tt

t
t

tt
dt

tdX
t
tXtV

++=

+






 +
=






=

−

−−

α

αα
α

 

where α∈R. Figure 2 illustrates the FODs of X(t) for order 
list such as {0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1, 1.1, 1.2, 
1.3, 1.4, 1.5, 1.6, 1.7, 1.8, 1.9, 2}. The important point here is 
the coincidence of first derivative of X(t) and FOD of X(t) 
with order 1 are equal. The FOD of X(t) is seen in Figure 2 as 
cyan line where it coincides on the blue thick line (first 
derivative of X(t)). When the order of derivative is greater 
than 1, the result is greater than first derivative for monotonic 
increasing functions (Figure 2). The velocity is the first 
derivative of distance with respect to time variable t. When 
the acceleration is variable, the meanings of derivations 
stand same. The order of derivative converges to 1,FOD of 
distance converges to velocity. When order of derivative 
diverges from 1, the result diverges from the velocity and its 
geometrical meaning is not known clearly for other values of 
FOD order. 
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Figure 2.  The fractional order derivatives of distance for orders={0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1, 1.1, 1.2, 1.3, 1.4, 1.5, 1.6, 1.7, 1.8, 1.9, 2} 
(acceleration is variable). 
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Figure 3.  The fractional order derivatives of velocity for orders={0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1} (acceleration is constant). 
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Figure 4.  The fractional order derivatives of distance for orders={1.1, 1.2, 1.3, 1.4, 1.5, 1.6, 1.7, 1.8, 1.9, 2} (acceleration is constant). 
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3.3. Constant Acceleration vs Velocity 

There will be two cases for accelerations: Constant 
acceleration and variable acceleration. When acceleration is 
constant, the FODs of velocity can be compared to constant 
acceleration. Assume that acceleration is 4 (a=4). Then the 
equation of velocity in this case is V(t)=V0+4t with time 
interval t∈[0,10] and initial velocity V0=10. FODs of 
velocity is 
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The first derivative (acceleration) of velocity is seen in 

Figure 3 as blue and thick line. The FODs of V(t) by using 
equation (1) are also seen in Figure 3, and it can be seen 
easily that when order of derivative of velocity approaches to 
1, the FOD converges to acceleration. On contrary, when 
order of derivative gets away from 1, the FOD diverges from 
the acceleration (Figure 4) and the geometrical meanings of 
obtained results are not known clearly. 

 

3.4. Variable Acceleration vs Velocity 

The case of variable acceleration will be explained in this 
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The first derivative (acceleration) of velocity is seen in 

Figure 5 as blue and thick line. The FODs of V(t) by using 
equation (1) are also seen in Figure 5 and Figure 6, and it can 
be seen easily that when order of derivative of velocity 
approaches to 1, the FOD converges to acceleration. On 
contrary, when order of derivative gets away from 1, the 
FOD diverges from the acceleration (Figure 6) and obtained 
results are not known clearly. 
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Figure 5.  The fractional order derivatives of velocity for orders={0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1} (acceleration is variable). 
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Figure 6.  The fractional order derivatives of velocity for orders={1.1, 1.2, 1.3, 1.4, 1.5, 1.6, 1.7, 1.8, 1.9, 2} (acceleration is variable). 

3.5. Velocity and FODs of Distance for Constant Acceleration 

The effect of order on the derivation can be illustrated on a small deviation in derivation orders. Figure 7 and Figure 8 
depict that FOD gets closer to the first derivation of distance with constant acceleration. 
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Figure 7.  The fractional order derivatives of velocity for orders={0.1, 0.2, 0.3, 0.4, 0.5,0.6, 0.7, 0.8, 0.9, 1} (acceleration is constant). 
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Figure 8.  The fractional order derivatives of velocity for orders={1.1, 1.2, 1.3, 1.4, 1.5,1.6, 1.7, 1.8, 1.9, 2} (acceleration is constant). 

3.6. Velocity and FODs of Distance for Variable Acceleration 

The effect of order on the derivation can be illustrated on a small deviation in derivation orders. Figure 9 and Figure 10 
depicts that FOD gets closer to the first derivation of distance with constant acceleration. When order of derivation gets away 
from 1, the obtained results will be different from the first derivative of distance (velocity); on the other hand, when order of 
derivation converges to 1, the obtained results get more similar to first derivative of distance (velocity). 
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Figure 9.  The fractional order derivatives of velocity for orders={0.1, 0.2, 0.3, 0.4, 0.5,0.6, 0.7, 0.8, 0.9, 1} (acceleration is variable). 
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Figure 10.  The fractional order derivatives of velocity for orders={1.1, 1.2, 1.3, 1.4, 1.5,1.6, 1.7, 1.8, 1.9, 2} (acceleration is variable). 

4. Conclusions 
The definition for fractional order derivative in [14, 15, 16, 

17] was used in this study. It was seen that the order of FOD 
converges to 1, the obtained result get similar to first 
derivative. When the order of FOD converges to 2, the 
obtained results are not similar or the same meaning with 
second derivative. The second derivative is the 
differentiation of first derivative and the order 2 of FOD 
means that the order of the first time derivation is 2. These 
two terms are not same, and it was seen that acceleration is 
different from the FOD of order 2. This case can be observed 
on the Figure 1, Figure 2, Figure 4, and Figure 6. The applied 
derivative operator is linear for order of 1; otherwise, the 
applied derivative operator is non-linear. 
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