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Abstract By a Voronoi parallelotope P (a) we mean
a parallelotope determined by linear in normal vectors p

inequalities with a non-negative quadratic form a(p) as right
hand side. For a positive form a, it was studied by Voronoi
in his famous memoir. For a set of vectors P, we call its
dual a set of vectors P∗ such that ⟨p, q⟩ ∈ {0,±1} for all p ∈ P
and q ∈ P∗. We prove that Minkowski sum of an irreducible
Voronoi parallelotope P (a) and a segment z(u) is a Voronoi
parallelotope if and only if u = we, where w > 0 and e is a
vector of the dual of the set of normal vectors of all facets
of P (a). Then the segment z(u) is described by the same
set of inequalities with wae(p) = w⟨e, p⟩2 as right hand side
and P (a) + z(u) = P (a + wae). A similar assertion is true for
Minkowski sum of a reducible Voronoi parallelotope with a
segment.

Keywords Parallelotope, Voronoi Parallelotope,
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1 Introduction
1.1 Polytopes

Consider a d-dimensional polytope P (a) given by the fol-
lowing system of inequalities

P (a,P) = {x ∈ Rd : ⟨p, x⟩ ≤ a(p) for all p ∈ P}, (1)

where ⟨p, x⟩ is a scalar product of vectors p, x ∈ Rd. Here
P ⊂ Rd is a set of vectors containing a set of normal vectors
Pn of all facets of P (a). If the set P spans the whole space Rd,
then P (a,P) is a bounded polytope. The function a : P → R is
an arbitrary function.

A polytope P (a,P) is called reducible if it is a direct sum

P (a,P) = P (a,P1)⊕ P (a,P2)⊕ ...⊕ P (a,Pk)

of polytopes P (a,Pi) such that the sets Pi span di-
dimensional spaces R(Pi) , 1 ≤ i ≤ k, that intersect in a point.
We denote by Pin a set of normal vectors of all facets of
P (a,Pi). A polytope is called irreducible if it is not reducible.

For a vector p ∈ Rd and a number a(p) ∈ R, we define the
following affine hyperplane

Hp(a) = {x ∈ Rd : ⟨p, x⟩ = a(p)} (2)

Call a face F of the polytope P (a,P) contact face and de-
note it F (p) if F = Hp(a)∩P (a,P), i.e., if the hyperplane Hp(a)

supports P (a,P) at the face F . Hence, we call the correspond-
ing vector p ∈ P(a) contact vector and denote by P(a) the set
of all contact vectors.

A special case of a polytope is a segment z(e) of a line l(e)

spanned by a vector e ∈ Rd, where

z(e) = {x ∈ Rd : x = λe, − 1 ≤ λ ≤ 1}. (3)

The segment z(e) is symmetric with respect to origin 0. We
show below that z(e) = P (fe,P) for some function fe(p) if the
set P is good, i.e., it satisfies a special property (See Section
“Segments”).

1.2 Parallelotopes

We call the above d-dimensional polytope P (a,P) a
Voronoi parallelotope if the following conditions hold:

(i) the function a(p) = ⟨p,Ap⟩ is a non-negative quadratic
form;

(ii) the set P is symmetric, and the set Pn(a) of normal vec-
tors generates integrally a d-dimensional lattice L containing
P.

(iii) if kerA ̸= ∅, then dim(kerA ∩ P) = dim(kerA).
Here symmetric means that if p ∈ P then −p ∈ P, too, and

kerA denote kernel of the matrix A.
Recall that a parallelotope is a polytope whose parallel

translations form a tiling, i.e. they fill its space without in-
terstices (gaps) and intersections by inner points. Voronoi
proved in Voronoi [1] that if the above conditions (i) with a(p)

positive and (ii) hold, then P (a) is a parallelotope. Besides, if
a is positive, the parallelotope P (a,P) is a Dirichlet-Voronoi
cell of zero point 0 of the lattice 2AL with respect to the met-
ric form a∗(q) = 1

2 ⟨q,A
−1q⟩, i.e.

P (a,P) = P (a∗) = {x ∈ Rd : a∗(x) ≤ a∗(x− q) for all q ∈ 2AL}.

In fact, since a∗(x − q) = a∗(x) − 21
2 ⟨x,A

−1q⟩ + a∗(q) and
q = 2Ap ∈ 2AL, the above inequalities are equivalent to
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⟨x,A−12Ap⟩ ≤ 1
2 ⟨2Ap,A−12Ap⟩, i.e. to ⟨p, x⟩ ≤ a(p) for all

p ∈ L.
One can prove that, for any Voronoi parallelotope P (a,P),

the set P can be enlarged up to a set P(a) ⊂ L of minimal
(with respect to the form a) vectors of each parity class of
L. Moreover, the whole lattice L may be taken as the set P.
Note that only for p ∈ P(a) the hyperplane Hp(a) supports the
Voronoi parallelotope P (a,P) at a face F (p). For a parallelo-
tope, each its contact face is an intersection of two parallelo-
topes. Dolbilin call in Dolbilin [2] faces with this property
by standard faces.

For each p ∈ P(a), the vector 2Ap is called commensurate
(with the parallelotope P (a)). The commensurate vector 2Ap

connects the center of the parallelotope P (a) with the center
of a parallelotope that is adjacent to P (a) by the contact face
F (p). Commensurate vectors generate the lattice 2AL.

In general, lattices L and 2AL are distinct. But, if a(p) =
1
2p

2, then the lattices L and 2AL coincide. In this case the
Voronoi parallelotope is called usually Voronoi polytope, or
Dirichlet-Voronoi cell.

Recall that the dual of a lattice L is the lattice

L∗ = {q ∈ Rd : ⟨q, p⟩ ∈ Z for all p ∈ L}.

Since the set Pn(a) generates the lattice L, we can change L

by Pn(a) in the above definition of L∗. Define the following
important subset P∗

n(a) ⊂ L∗ as follows

P∗
n(a) = {e ∈ Rd : ⟨e, p⟩ ∈ {0,±1} for all p ∈ Pn(a)}. (4)

We call this set dual of Pn(a).
For a vector e, define the following quadratic form of rank

1
ae(p) = ⟨p, e⟩2, (5)

We prove below, that z(e) = P (ae,P) is a parallelotope for a
set P that is “very good” for e.

In this paper we prove the following

Theorem 1. Let P (a,P) be a Voronoi parallelotope, defined
in (1), where P ⊇ P(a) ⊇ Pn(a). Let P (a,P) =

∑k
i=1 P (a,Pi),

where sum is direct and P (a,Pi) is an irreducible parallelo-
tope for each i. Let u ∈ Rd be a vector. Then the following
assertions are equivalent:

(i) Minkowski sum P (a) + z(u) is a Voronoi parallelotope;
(ii) a projection of the vector u on the space R(Pi) is par-

allel to some vector ei ∈ P∗
in(a), i.e. u =

∑k
i=1 wiei.

For u =
∑k

i=1 wiei, we have

P (a,P)+z(u) = P (a,P)+

k∑
i=1

wiP (aei ,P) = P (a+

k∑
i=1

wiaei ,P).

The implication (ii) ⇒ (i) was proved in Grishukhin [3].
Magazinov proved in Magazinov [4] that (in our terms)

P (a) + bz(e) is a Voronoi parallelotope if this sum is a paral-
lelotope. It seems to us that our proof is simpler.

Note that the quadratic form ae(p) = ⟨p, e⟩2 of rank 1 is not
positive. If we consider e as a column vector, then Ae = eeT

is Gram matrix of the form ae. It transforms vectors p of the
lattice L generated by P into Aep = e⟨e, p⟩ that is projection of
p onto the line l(e) spanned by e. The kernel kerAe is the hy-
perplane He(0). By condition (iii), P (ae,P) is a parallelotope
if the intersection P ∩ He(0) generates a (d − 1)-dimensional
lattice. This lattice determines a partition of L into layers.

Hence AeL is projection of L onto l(e). If L =
∑k

i=1 Li,
then projection AeLi is a lattice if and only if, for all p ∈ Li,

⟨e, p⟩ = wik(p), where k(p) ∈ Z is an integer, and wi ∈ R does
not depend on p. We see that this condition holds if condition
(ii) of Theorem 5 holds.

2 Minkowski sum of polytopes
For a fixed set P of vectors, the polytopes P (a,P) defined

in (1) have the following simple property

Lemma 1. For any functions a1(p) and a2(p), the following
inclusion holds.

P (a1,P) + P (a2,P) ⊆ P (a1 + a2,P).

If p ∈ P is a contact vector of both the polytopes P (a1,P)

and P (a2,P), then p is a contact vector of the sum P (a1,P) +

P (a2,P) and of the polytope P (a1 + a2,P).

Proof. For k ∈ {1, 2}, let xk ∈ P (ak,P). Then ⟨p, xk⟩ ≤
ak(p) for all p ∈ P. This implies that ⟨p, (x1 + x2)⟩ ≤ a1(p) +

a2(p) for all p ∈ P, i.e., x1 + x2 ∈ P (a1 + a2). Hence P (a1) +

P (a2) ⊆ P (a1 + a2).
If p is a contact vector of both the polytopes P (ak,P), k =

1, 2, then the above two inequalities with xk hold as equalities.
Hence ⟨p, x1+x2⟩ = a1(p)+a2(p), Hp(a1+a2) supports the sum
of polytopes, and, therefore, p is a contact vector of the sum.
Obviously, the intersection P (a1+a2,P)∩Hp(a1+a2) = F (p)

is a contact face of P (a1 + a2,P). �

It is a problem to find conditions when the equality
P (a1,P) + P (a2,P) = P (a1 + a2,P) holds. This equality does
not hold if the sum P (a1,P) + P (a2,P) contains a facet that
is not a facet of P (a1 + a2,P). Hence Lemma 2 below gives
a sufficient condition for the equality P (a1,P) + P (a2,P) =

P (a1 + a2,P).

Lemma 2. Suppose that each facet of the sum P (a1,P) +

P (a2,P) is determened by a contact vector p ∈ P. Then

P (a1,P) + P (a2,P) = P (a1 + a2,P)

Proof. The condition of this Lemma means that each facet
F of the sum P (a1,P) + P (a2,P) has the form F = F1(p) +

F2(p), where Fk(p) is a contact face of P (ak,P) for both k =

1, 2. Let Pn ⊆ P be a set of normal vectors of all facets of
the sum P (a1,P) + P (a2,P). Then the following system of
inequalities

⟨p, x⟩ ≤ a1(p) + a2(p) for all p ∈ Pn

desribes the sum P (a1,P)+P (a2,P). But this is equivalent to
the equality

P (a1,P) + P (a2,P) = P (a1 + a2,Pn).

By Lemma 1, inequalities ⟨p, x⟩ ≤ a1(p) + a2(p) are feasible
for the sum P (a1,P)+P (a2,P) for all p ∈ P. This implies that
P (a1 + a2,Pn) = P (a1 + a2,P). �

We show below that the equality P (a1,P) + P (a2,P) =

P (a1 + a2,P) holds when P (a2) is a segment z(e) and a2 = fe,
where the function fe(p) is defined below in (6).

For i = 1, 2, let ai be a non-negative quadratic form
and P (ai,P) be the corresponding Voronoi parallelotope de-
scribed in (1). It is also a problem to find conditions when the
sum P (a1,P) + P (a2,P) is a parallelotope, and, in particular,
it is a Voronoi parallelotope.
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It is shown in Ryshkov at al [5] that the equality P (a1,P)+

P (a2,P) = P (a1 + a2,P) holds if a1 and a2 belong to closure
of an L-type domain. We show below that this equality holds
if a2(p) = ae(p), where the quadratic form ae = ⟨p, e⟩2 of rank
1 relates to the segment z(e), and then the sum P (a1,P) +

P (ae,P) is a parallelotope.

3 Segments
Let e, p ∈ Rd. Consider the affine hyperplane Hp(fe) de-

fined in (2), where

fe(p) =
⟨p, e⟩2

|⟨p, e⟩|
. (6)

It is natural to suppose that fe(p) = 0 if ⟨p, e⟩ = 0.

Lemma 3. For any vector p ∈ Rd, the hyperplane Hp(fe)

supports the segment z(e).

Proof. Note that end-vertices of the segment z(e) are points
±e. If ⟨p, e⟩ > 0, then the end-vertex e lies on Hp(fe). If
⟨p, e⟩ < 0, then the end-vertex −e lies on Hp(fe). If ⟨p, e⟩ = 0,
then the whole segment z(e) lies on Hp(fe). �

We say that a set of vectors P is good for a vector e, if the
following conditions hold:

(i) scalar products ⟨p, e⟩ have all the three signs +,− and 0,
for all p ∈ P;

(ii) the polytope P (0,P0(e)), where P0(e) = {p ∈ P : ⟨p, e⟩ =
0}, is a line (spanned by e).

Lemma 3 implies the following fact.

Lemma 4. Let the function fe(p) is defined in (6), P (fe,P) is
P (a,P) for a = fe, P (a,P) is given by (1) and P is good for e.
Then

z(e) = P (fe,P).

Proof. Note that fe(p) = 0 for p ∈ P0(e). Since P (0,P0(e))

is a line spanned by the vector e, the conditions of this Lemma
and Lemma 3 imply that z(e) = P (fe,P). �

4 Minkowski sum of a polytope with a
segment

At first, we consider the Minkowski sum P (a,P) + z(e) of
an arbitrary polytope P = P (a,P) defined in (1) with the seg-
ment z(e) defined in (3). Á.Horváth call in Horváth [6] the
sum P + z(e) by an extension P e of P . Recall that we call a
face F contact and denote it by F (p) if F = P (a,P) ∩ Hp(a).
The vector p is called contact vector of the face F = F (p).

For a face F of a polytope P = P (a,P), let lF (e) be a paral-
lel shift of the line l(e) (spanned by e) such that lF (e)∩F ̸= ∅.
Call the face F transversal to e if lF (e) ∩ F is a point. Other-
wise, call the face F parallel to e and denote this fact as F ∥ e.
If F = F (p) is a contact face of P (a,P), then F (p) ∥ e implies
lF (e) ⊂ Hp(a).

We say that a face F belongs to a shadow boundary of P

in direction e if lF (e) ∩ F = lF (e) ∩ P . Denote by Fe(P ) a set
of all faces of P that belong to the shadow boundary of P in
direction of e. It is worth to note that faces of the shadow
boundary are considered as open faces. Let F ∈ Fe(P ) and
F ′ ⊂ F be a subface of F . If lF ′ (e) = lF (e) and lF ′ (e) ∩

F ′ ̸= lF ′ (e) ∩ P , then F ′ ̸∈ Fe(P ). If there is lF ′ ̸= lF and
lF ′ (e) ∩ F ′ = lF ′ (e) ∩ P , then F ′ ∈ Fe(P ).

A face F is transformed into a face F+z(e) in the extension
P e = P+z(e). Denote dimension of F by dimF . Lemma 5 be-
low helps to understand how faces of P e change with respect
to faces of P . Assertions of Lemma 5 are obvious.

Lemma 5. Let F be a face of a polytope P . Consider the sum
P e = P + z(e). There are the following three possibilities for
the sum F + z(e) :

(i) if F is parallel to e, then F + z(e) = F e is an extension
of F , and dim(F + z(e)) = dimF ;

(ii) if F is transversal to e and F /∈ Fe(P ), then F + z(e) =

F + e is a parallel shift of F by the vector e;
(iii) if F is transversal to e and F ∈ Fe(P ), then F + z(e) =

F ⊕ z(e) is direct sum of F and z(e), and dim(F ⊕ z(e)) =

dimF + 1. �

Now consider Minkowski sum of a polytope P (a,P) given
in (1) and a segment z(e). Suppose that the set P is good for e.
Then, by Lemma 4, z(e) = P (fe,P). If we want to prove that
P (a,P)+P (fe,P) = P (a+fe),P), then, according to Lemma 2,
we have to prove that each facet of the sum P (a,P)+P (fe,P)

is determined by a contact vector p ∈ P.

Lemma 6. Let P = P (a,P) be a polytope, where the set P is
good for a vector e. Suppose that each (d−2)-face F ∈ Fe(P ),
which is transversal to e, is a contact face F = F (p) such that
⟨e, p⟩ = 0. Then each facet of the sum P (a,P) + P (fe,P) is
supported by the hyperplane Hp(a+ fe) for some p ∈ P.

Proof. By Lemma 4, we have z(e) = P (fe,P). According
to Lemma 5, each facet Fe of the sum P e(a) = P (a)+ z(e) has
one of the following three types

(i) extension Fe(p) = F e(p) of a facet F (p) of P ;
(ii) a parallel shift Fe(p) = F (p) + e of a facet F (p) of P ;
(iii) direct sum Fe(p) = F (p)⊕ z(e) of a (d− 2)-face F (p) of

P and the segment z(e).
Consider the three cases (i), (ii) and (iii).
Case (i). In this case, F (p) ∥ e. Since F (p) lies on the hyper-

plane Hp(a), we have e ∥ Hp(a). This implies that ⟨p, e⟩ = 0,
and therefore fe(p) = 0. Hence the facet Fe(p) = (F (p))e lies
in the hyperplane Hp(a) = Hp(a+ fe).

Case (ii). Let the facet F (p) of P be transversal to e and
F (p) /∈ Fe(P ). Then ⟨p, e⟩ ̸= 0. Hence the sum F (p) + e is
a shift of F (p) obtained as follows. Let x ∈ F (p). Then the
point

x+ e
⟨p, e⟩
|⟨p, e⟩|

belongs to F (p) + e. Here the multiple ⟨p,e⟩
|⟨p,e⟩| describes direc-

tion of the shift. Since F (p) is a facet of P = P (a,P), we have
⟨p, x⟩ = a(p) and therefore

⟨p, x+ e
⟨p, e⟩
|⟨p, e⟩|

⟩ = a(p) + fe(p) = (a+ fe)(p).

Since x is an arbitrary point of F (p), this implies that the facet
Fe(p) = F (p) + e of P + z(e) is supported by Hp(a+ fe).

Case (iii). Let F (p) be a contact (d − 2)-face of P that is
transversal to e and F (p) ∈ Fe(P ). The face F (p) is trans-
formed into the facet Fe(p) = F (p) ⊕ z(e) of P + z(e). Since
⟨p, e⟩ = 0, the hyperplane Hp(a) = Hp(a+fe) supports the face
Fe(p) = F (p)⊕ z(e). �

Now Lemma 6 and Lemma 2 imply the following
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Theorem 2. Let P = P (a,Pa) be a polytope and z(e) =

P (fe,P) be a segment, where the set P is good for e and
Pa ⊆ P. Let each (d − 2)-face F ∈ Fe(P ) that is transver-
sal to e be a contact face F (p) of P = P (a,Pa) for p ∈ Pa such
that ⟨p, e⟩ = 0. Then

P + z(e) = P (a,Pa) + P (fe,P) = P (a+ fe,Pa).

Proof. If Pa is good for e, without loss of generality, we
can set P = Pa. If Pa is not good for e, we can enlarge
the set Pa up to the set P such that right-hand sides a(p) for
new vectors p ∈ P − Pa are chosen such that the halfspaces
{x ∈ Rd : ⟨p, x⟩ ≤ a(p)} contain P (a,Pa), ⟨p, e⟩ = 0 and the
hyperplane Hp(a) supports P . Hence P (a,Pa) = P (a,P).

Now Lemmas 6 and 2 imply the following equality

P + z(e) = P (a,P) + P (fe,P) = P (a+ fe,P).

Note that the hyperplanes Hp(a) = Hp(a+fe) for p ∈ P−Pa

support neither facets nor (d − 2)-faces of P = P (a,Pa) that
are transversal to e. Hence P (a + fe,P) = P (a + fe,Pa). So,
we have the wanted equality. �

Remark. It is worth to note that Theorem 2 demands only
that Pa is contained in the set P that is good for e. But the set
Pa can be contained in P strictly.

5 Minkowski sum of a Voronoi paral-
lelotope with a segment

Now we consider Minkowski sum of a Voronoi parallelo-
tope P (a,P) and the segment z(u) for some vector u. We sup-
pose that P contains the set of contact vectors of all contact
faces of P (a). At first, we suppose that P (a,P) is irreducible.

Obviously, each segment is a parallelotope, and moreover
it is a Voronoi parallelotope P (au,P). In fact, we can choose
lengths of vectors p ∈ P such that ⟨p, u⟩ ∈ {0,±1}. If P is good
for u, the function fu(p) is transformed in the quadratic form
au(p) defined in (5), and P (au,P) is a Voronoi parallelotope.

But when we consider a sum of a parallelotope P (a,P)

with a segment z(u), we cannot change lengths of vectors
p ∈ P. We can represent z(u) in the form P (fu,P) only if the
set P is good for u. In the case of a parallelotope P (a,P), we
change the notion “good” by notion “very good” as follows.

We say that a symmetric set of vectors P(e) is very good
for a vector e, if the following conditions hold:

(i) scalar products ⟨p, e⟩ takes all the three values ±1 and 0,
for all p ∈ P(e);

(ii) the set P0(e) = {p ∈ P(e) : ⟨p, e⟩ = 0} spans a hyperplane
He(0).

The conditions (ii) of notions “good” and “very good” are
equivalent, since in the last case the set P(e) is symmetric.
Hence the notion “very good” is a strengthening of the notion
“good”.

It is worth to note that (ii) above is equivalent to item (iii)
of definition (see Introduction) of the Voronoi parallelotope
P (ae,P).

Let Pn(a) ⊆ P(a) be a set of normal vectors of facets of
P (a,P). If, for the vector u ∈ Rd, the inclusions ⟨p, u⟩ ∈
{0,±w} hold for all p ∈ Pn(a), then one can set u = we for
e such that ⟨p, e⟩ ∈ {0,±1} for all p ∈ Pn(a). Hence we will
consider vectors e ∈ P∗

n(a), where the dual P∗
n(a) is defined

in (4). Recall that the set Pn(a) generates a d-dimensional
lattice L.

Of course, there may be another vectors p ∈ P with ⟨p, e⟩ ∈
{0,±1}. Hence we introduce the following set

Pe(a) = {p ∈ P(a) : ⟨p, e⟩ ∈ {0,±1}}. (7)

Obviously, Pn(a) ⊆ Pe(a) ⊆ P(e), where, recall, P(e) is a very
good for e set.

Let a parallelotope P (a,P) be given by (1). Then, for w >

0, we have
wP (a,P) = P (wa,P). (8)

Lemma 7. Let u = we, where w > 0 and e ∈ P∗
n(a). Let

p ∈ P(e). Then z(u) = wz(e),

fe(p) = ⟨p, e⟩2 = ae(p), and z(u) = wP (ae,P(e)) = P (wae,P(e))

where the function fe(p) is defined in (6).

Proof. It is easy to see that fe(p) = ae(p) for all p ∈ P(e).
By Lemma 4, z(e) = P (ae,P(e)). Using (8), we obtain last
equalities. �

Lemma 8. Let Pn(a) be a set of normal vectors of a Voronoi
parallelotope P = P (a,P). Let e ∈ P∗

n(a), and let F ∈ Fe(P )

be a (d − 2)-face of P that is transversal to e. Then F = F (p)

is a contact face for a contact vector p such that ⟨p, e⟩ = 0 .

Proof. Suppose to the contrary that F generates a 6-belt
B. Let ±p1,±p2,±p3 ∈ Pn(a) be normal vectors of the 6-belt
B. Let F = F (p1) ∩ F (p2). Note that F (p1), F (p2) /∈ Fe(P ),
since F is transversal to e and F ∈ Fe(P ). Hence, for i = 1, 2,
⟨pi, e⟩ ̸= 0, and therefore ⟨pi, e⟩ ∈ {±1}. Without loss of gen-
erality, we can suppose that ⟨p1, e⟩ = 1 and ⟨p2, e⟩ = −1. Let
F (p3) ̸= F (p2) be the other facet of the 6-belt B that is ad-
jacent to F (p1). Since P = P (a,P) is a Voronoi parallelo-
tope, the equality p3 = p1 − p2 holds. This equality implies
the equality ⟨p3, e⟩ = ⟨p1, e⟩ − ⟨p2, e⟩ = 2 that contradicts to
⟨p3, e⟩ ∈ {0,±1}. Hence F cannot generate a 6-belt. Therefore
F = F (p) is a contact face.

Obviously, F (p) = F (p1) ∩ F (p2), where F (p1), F (p2) are
facets of P (a,P). Recall that 2Ap1 and 2Ap2 are commen-
surate vectors of facets F (p1) and F (p2). Hence the vector
2A(p1+p2) is a commensurate vector of the contact face F (p).
Therefore p = p1+p2. Since e ∈ P∗

n(a), ⟨p1, e⟩, ⟨p2, e⟩ ∈ {0,±1}.
If ⟨p1, e⟩ = ⟨p2, e⟩ = 0, then ⟨p, e⟩ = 0. Otherwise, without loss
of generality, we can suppose that ⟨p1, e⟩ = 1, ⟨p2, e⟩ = −1.
this implies ⟨p, e⟩ = 0. �

Note that Lemma 8 implies that p ∈ Pe(a) for all contact
vectors of (d − 2)-faces F (p) ∈ Fe(P ). Recall that Pn(a) ⊆
Pe(a).

Theorem 3. For P ⊇ P(a), let P = P (a,P) be a Voronoi
parallelotope defined in (1), where Pn(a) ⊆ Pe(a) ⊆ P(e),
and P(e) is a very good for e set. Then

P (a,P) + z(e) = P (a,Pe(a)) + P (ae,P(e)) = P (a+ ae,P).

Proof. Let F (p) ∈ Fe(P ) be a (d−2)-face that is transversal
to e. Then, by Lemma 8, F = F (p) is a contact face of P =

P (a,P) and ⟨p, e⟩ = 0. Since ae(p) = fe(p) for all p ∈ P(e),
we can apply Theorem 2, where Pa = Pe(a) and P = P(e).
We obtain P (a,Pe(a))+ z(e) = P (a+ae,Pe(a)). Note that new
normal vectors of the sum P + z(e) are obtained from above
contact vectors of (d − 2)-faces F ∈ Fe(P ). Hence the set
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Pe(a) ⊆ P contains all normal vectors of the sum P+z(e), and
P (a+ ae,Pe(a)) = P (a+ ae,P).The assertion of this Theorem
holds. �

So, we have proved that P (a,P)+P (ae,P) = P (a+ae,P) if
e ∈ P∗

n(a) and P ⊇ Pe(a). Recall that ae(p) = ⟨e, p⟩2. Now we
will prove the following

Theorem 4. If the Voronoi parallelotope P (a,P) is irre-
ducible and the sum P (a,P) + z(u) is a parallelotope, then
u = we for some e ∈ P∗

n(a) and P (a,P) + z(u) = P (a+wae,P).

A proof of Theorem 4 is based on two Lemmas below. Let

P0(u) = {p ∈ Pn(a) : ⟨p, u⟩ = 0}

and
P1(u) = {p ∈ Pn(a) : ⟨p, u⟩ > 0}.

Note that the sets 2AP0(u) and ±2AP1(u) are sets of facet
vectors of facets F of P = P (a,P) that belong and do not
belong to shadow boundary Fu(P ), respectively. Let L0(u)

be a lattice integrally generated by vectors of the set P0(u).
Obviously, the parallelotope Pu = P (a,P)+z(u) has a non-

zero width in direction of the line l(u). Let C(Pu) be the set
of commensurate (facet) vectors of facets of Pu that belong
to shadow boundary of P (a,P) in direction of l(u). Facet
vectors of C(Pu) are either facet vectors of P (a,P) of facets
that belong to shadow boundary, or commensurate vectors
of contact (d − 2)-faces of that shadow boundary. B.Venkov
proved in Venkov [7] that vectors of C(Pu) generate a (d− 1)-
dimensional lattice Lu. Obviously, 2AL0(u) ⊆ Lu. Hence
dimL0(u) ≤ d − 1. Lemma 9 below shows that the equality
dimL0(u) = d− 1 holds if P (a,P) is irreducible.

Lemma 9. If the Voronoi parallelotope P (a,P) is irreducible,
then dimension of the lattice L0(u) is d− 1.

Proof. It is proved in Grishukhin [3] and Dutour at al
[9] that the set P0(u) intersects triples of normal vectors of
all 6-belt of P (a,P) if the sum P (a,P) + z(u) is a parallelo-
tope. Consider the space H0 = ∩p∈P0(u)Hp(0). A.Magazinov
called the space H0 perfect. For each vector v ∈ H0, the sum
P (a,P) + z(v) is a parallelotope. It is obvious that u ∈ H0.
A.Magazinov proved in Magazinov [4], Theorem 4.4, that the
parallelotope P (a,P) is reducible if dimension of the space
H0 is greater than 1. This implies that, for the irreducible
Voronoi parallelotope P (a,P), the space H0 is the line l(u),
and the set P0(u) generates a hyperplane H(u) that is orthogo-
nal to the vector u. The lattice L0(u) ⊆ L∩H(u) has dimension
d− 1, since P0(u) generates it. �

Let L1(u) be a lattice integrally generated by differences
p− p′ of vectors p, p′ ∈ P1(u).

Lemma 10. L1(u) ⊆ L0(u).

Proof. Suppose to the contrary, that there are p, p′ ∈ P1(u)

such that p−p′ ̸∈ L0(u). Then the sublattice L′
1 ⊆ L generated

by p− p′ and by L0(u) has dimension d.
Consider the corresponding facet (commensurate) vectors

2Ap and 2Ap′. Since p, p′ ∈ P1, the facets F (p) and F (p′) do not
belong to the shadow boundary. Hence in the sum P (a,P) +

z(u), these vectors are transformed into vectors 2Ap + u and
2Ap′ + u. The difference of these vectors 2Ap− 2Ap′ does not
depend on the length of the vector u.

The lattice 2AL contains the layers 2AL0(u), 2A(L0(u) + p)

for p ∈ P1(u) and 2A(L0(u) + (p − p′)). The spacing between

layers 2AL0(u) and 2AL0(u) + 2A(p − p′) does not depend on
the length of u. Call the last layer stationary. But the spacing
between layers 2AL0(u) and 2A(L0(u)+p) for p ∈ P1(u) do de-
pend on the length of u. Chose a particular layer that moves
and compare it with a layer that is stationary. Compare ver-
tical heights of these layers by taking a ratio. The length of
u can be adjusted so that this ratio is irrational, in which case
these layers do not generate a lattice. This is a contradiction.
�

Remark. Another proof of Lemma 10 can be found in
Magazinov [4]. Referee asserts that Lemma 10 can be proved
by using Theorem 6 of V’egh [8]. But Theorem 6 is not cor-
rect as it is stated.

Lemma 10 has the following important

Corollary 1. Let the Voronoi parallelotope be irreducible.
Then, for any p ∈ P1(u), the scalar product ⟨p, u⟩ = w > 0

does not depend on p. In other words, u = we for some e ∈ P∗
n,

since ⟨p, u⟩ = 0 for p ∈ P0(u) and Pn(a) = P0(u) ∪ (±P1(u).

Corollary 1 implies Theorem 4.

Now Theorems 3 and 4 imply

Theorem 5. Let P (a,P) be an irreducible Voronoi parallelo-
tope, defined in (1). Let u ∈ Rd be a vector. Then the follow-
ing assertions are equivalent:

(i) Minkowski sum P (a,P)+z(u) is a Voronoi parallelotope;
(ii) u = we for some vector e ∈ P∗

n(a), z(u) = wP (ae,P).
Both the above conditions imply

P (a,P) + z(u) = P (a,P) + wP (ae,P) = P (a+ wae,P).

Theorem 5 is a generalization of results for Voronoi poly-
topes of root lattices Dn, E6 and E7 obtained in papers Gr-
ishukhin [10], Dutour at all [9] and Grishukhin [11], respec-
tively.

Theorem 5 have the following important Corollary.

Corollary 2. If P∗
n(a) = ∅, then P (a,P) + z(u) is not a paral-

lelotope for any vector u.

Examples of P (a,P) with P∗
n(a) = ∅ are Voronoi parallelo-

topes of lattices E∗
6 and E∗

7 that are dual of the root lattices
E6 and E7 (see Dutour at al [9] and Grishukhin [11]).

Note that if the Voronoi parallelotope is reducible, then
one can apply Theorem 5 to each component separately. This
gives the following

Theorem 6. Let P (a,P) be a Voronoi parallelotope, defined
in (1). Let P (a,P) =

∑k
i=1 P (a,Pi), where sum is direct and

P (a,Pi) is an irreducible parallelotope for each i. Let Pin(a)

be a set of normal vectors of the parallelotope P (a,Pi) for
all 1 ≤ i ≤ k. Let u ∈ Rd be a vector. Then the following
assertions are equivalent:

(i) Minkowski sum P (a,P)+z(u) is a Voronoi parallelotope;
(ii) u =

∑k
i=1 wiei, where ei ∈ P∗

in(a), and z(u) =∑k
i=1 wiP (aei ,P).
Both the above conditions imply

P (a,P)+z(u) = P (a,P)+
k∑

i=1

wiP (aei ,P) = P (a+
k∑

i=1

wiaei ,P).

Let Pi0 = {p ∈ Pin : ⟨p, u⟩} and let Li0(u) be the lattice
generated by vectors of Pi0. Let di be dimension of P (a,Pi).
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By Lemma 9, dimLi0(u) = di − 1. The set ∪iPi0(u) generates
the lattice ∑

i Li0(u) of dimension ∑k
i=1(di − 1) = d− k. This

shows that dimension of the perfect space is less than d− 1 if
the parallelotope P (a,P) is reducible.
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à la théorie des formes quadratiques, J. für die Reine und
Angewandte Mathematik, Vol. 133, 97–178, 1908; Vol. 134,
198–287, 1908; Vol. 136, 67–181, 1909.

[2] N.P.Dolbilin, Properties of faces of parallelohedra, Trudy
MIAN, Vol. 266, 112–126, 2009.

[3] V.Grishukhin, Minkowski sum of a paralleltope with a seg-
ment, Math. Sbornik, Vol. 197, No. 10, 15–32, 2006 (trans-
lated in Sbornik: Math. Vol. 197, No. 10, 1417–1433, 2006).

[4] A. Magazinov, Voronoi’s conjecture for extensions of Voronoi
parallelohedra, 1–32, 2013 submitted to Discrete and Com-
putational Geometry.

[5] S.S.Ryshkov, E.A.Bol’shakova, On the theory of mainstay
parallelohedra, Izvestia: Math., Vol. 69, No. 6, 1257–1277,
2005.
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