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Abstract The paper reports on theoretical study of
electron states for a quantum dot in a graphene monolayer.
Discrete energy spectrum of quasiparticles inside the
quantum dot is found. Energy levels and corresponding
quasiparticle resonant wave functions are obtained, which
allow calculating the local density of states inside the
quantum dot. Some experimental results recently released
are referred.
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1. Introduction

Graphene is a mono-atomic layer of carbon atoms
arranged on a 2D honeycomb lattice (Fig 1.). Since the first
publication of K.S. Novoselov et al. [1, 2] graphene “has
rapidly changed its status from being an unexpected and
sometimes unwelcome newcomer to a rising star” [3] and
has firmly established itself in condensed matter physics. It is
a unique material which has been attracting unfading interest
as a fascinating system for fundamental studies and is
considered as perspective material for various applications
(see, e.g. [3,4]).

Electronic structure of graphene is well described
elsewhere (see, e. g. the review article [5]. Near each corner
of the hexagonal first Brillouin zone (also called Dirac
points or K-points) the quasiparticle excitations obey 2D
linear dispersion relation and behave like 2D massless
“relativistic” particles, e. g., neutrino. That leads to a number
of its unusual peculiar electronic properties [1-5].

Using technological tailoring or electric field a potential
relief can be created in a graphene layer which gives new
interesting phenomena and provides new opportunities for
its application. As was shown in [6] an electron in graphene
can, in some states, perfectly pass through the potential
barrier independently of its height, just like in quantum
electrodynamics — effect well known as Klein paradox [7].
That is in fact a sort of interband tunneling [8-10]: from a
valence band state (hole-like) to the conduction band state

(electron-like) in case of a quantum well (QW) or from a
conduction band state (hole-like) to the valence band state
(electron like) in case of a quantum barrier (QB). However,
as was shown in [11] alongside with such delocalized “Klein
tunneling states” 1D elementary excitations localized mainly
in the quantum well, may exist in a QW of enough power -
they form a sort of a peculiar quantum “rod” in a grapheme
monolayer. Also conventional valence electron tunneling
through a QW may take place in some states [11].

In view of that it is interesting to consider a possibility of
localized electron states in a “quantum dot” (QD) in a
graphene monolayer. Recently discrete structure of electron
density of state was observed in scanning tunneling electron
spectroscopy experiment with single-layer graphene [12],
which was interpreted just in terms of electron wave
resonances in a localized p-n junction formed by field effect.
So in this paper we undertake the theoretical study of
stationary electron states in a quantum dot in a graphene
monolayer.

Underscore that we consider the QD inside formally
unbounded graphene layer, not touching upon tunneling out
from graphene through its edge [13].

2. Model and Theory

We consider the stationary electron states in a circularly
symmetric potential:

U<0, p<a

V(p) ={ ; (M

0, p>a

where p is the polar radius, U>0 is the QD depth, a is the
QD size, and assume that the states of nonequivalent valleys
around opposite Dirac points do not mix (“zigzag” form of
the boundary conditions which are the most typical [14,15]).
Then we can describe the electron excitations near Dirac
points by two-component wave functions
Y(x.y)=[¢,,¢5] obeying 2D Dirac-Weyl-like equation
[5, 16-18]:

Hy ={~ilvya-V+V -1}y = Ey, 2)

where vy =10® cm/c is the characteristic velocity (or Fermi
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velocity), o =(oy, 0,) are the Pauli matrices, / is the 2x2 unit
matrix, V =(0/0x,0/0y) , ¢,, ¢y being respectively the

envelope amplitudes on sublattices 4 and B of graphene
honeycomb lattice (Fig. 1).

Figure 1. A schematic fragment of graphene lattice with a circular
quantum dot.

Further we are interested in electron states with the energy
0>E>U and put:

E-U=hvyk, E=-hvyk; k>0,x>0.

In view of (1) we thus come to the following set of
equations:
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Substituting ¢ from the second equation of each pair into
the first one leads to:

ot 8
(a—2+a—2)¢A =—k’p,. p<a
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Due to the circular symmetry it is convenient to use polar
coordinates (p,0); it gives:
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We then search for the solution of Egs. (5) in the form:
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?4(P,0) =R, ()0 4(0) .
Then immediately find:
0,0)=e", n=0,1,2..

which leads to the Bessel equation for Z(z)=R,(p=z/k) if p<a,
or Z(z)=R,(p=z/k) when p>a:

2 2
d°2) | 1dZE) 4" 70)=0.
z zZ z

dz?
We put thus:
RO () = 4,J,(kp), p<a -
4’ \p 0 &)
B ,H, (xkp)+C,H,” (kp), p<a

4,0, (kp)-e", p<a

o (p.0) = " o y
[B,H, (xp)+C,H,” (xp)le™, p<a

where J,(z) is the Bessel function of the order n, H,"”(z) and
H,™(z) are the Hankel functions of the order n of the first and
the second kind respectively which describe the incident and
reflected circular waves, 4,, B, and C, are the constants.

Using the well-known recurrent relation for cylindrical
functions [19]:

z%— nZ,(z)=-z2,,,(z)
dz

we then find from (3):

n Aan l(kp)'ei(’lﬂ)@’ p<a
o5 (p.6)=y """

[B,H\\ (k) + C, H\ 2 (xp)le ™™, p > a”

n+
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For a stationary state in a closed QD the current across its
border must be zero. The current density j in graphene is
defined by the formula (see, e.g., [14]):

i=v(vovw),

from which we find with (6) and (7) for the current density j,
normal to the circular border of a QD (1):

I =L 7, ha)d (ke ®)
That leads for the condition
J,(ka)=0, 0.1
or
i (ka)=0, 9.2)

which define the discrete energy eigenstates £, in the QD.
Evidently it is sufficient to consider Eq. (9.1) only, as (9.2)
coincide with the next of (9.1), so

E, =U+mk,, <0, k,, =z,./a,

,  (10)
+U/hvy); m=1,2...

Ko =—(k

nm

z,m being the m-th successive zero of the corresponding
Bessel function of the order n. The corresponding wave
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functions will be:
To match the wave function inside and outside of the QD
one must put for the states defined by Eq. (9.1):

Banr(lir)z (Knma)+Can;(12) (Knma) =0 (11)
A"mJ”+] (kﬂma) = BnnHr(tl)l (Knma) + Can;g—)l (Kma)

+

That allows finding the ratios B,,, /4., and C,,, /4,, and
thus to determine the wave function outside the QD, A4,,,
considered as normalizing factor:

_ J)H—l(knma) | H;SZ) (Knma)
HleJr)l (Knma) ' Hilz) (Knma) - H/(zl) (Knma) : Hr(li)l (Knma)
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The corresponding wave functions for E,, energy state
inside the QD thus will be:

O™ (.0) = Ayt Zymp ! @)™

) - (13)
05" (9,0) = Ay Zpp ! @)- €V p<a
The local electron density in a (nm) state is found as:
2 2 2
A I R (14)

according to Eqs. 6, 7 it does not depend on polar angle 6.

To calculate the density of states inside the QD we
normalize the wave functions per unit probability in the QD
area:

27| Ay [V K 11 KnP)| 1pdp =1
0

) (19
= |Anm|2 = 2”I[|Jn (knmp)|2 +|Jn+1 (knmp)|2 ]pdp
0

Using the well-known formula for Bessel functions
J,(az) under the condition J,(a)=0 [19]:

1

1
[, @)f zdz= @)
0

it can be written in the form taking (10) into account:

1

| = 1 (15.1)
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A good approximation for (14.1) can be obtained from the
same formula for Bessel functions:

P~ ! (15.2)
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which is valid already for n>1 and even for n=0, 1, m>2.
The similar procedure for the states defined by Eq. (9.1) is
obvious from Egs. (6), (7), (9.2). All the (nm) states other
than (0m) are thus doubly degenerate. seen from asymptotic
of the Bessel functions [19]: their zeros z and z . are

very close if
l 1 1 '
m+—nmn=m+—n',
2 2

and get closer with m increasing. For example in a QD with
powerful enough potential, say x=31, five highest levels
Eyi0>Ergr Esg, Ecyy Egg lie in the interval

(29.55+30.64)hvy/a , i.e. mean interlevel distance
AFE ~0.25(hv, / a) , while E,,, — E,q ~0.07(hv,/a). The

scheme of energy levels in a QD for some values of its
relative potential power y are presented schematically in Fig.
2 which clearly demonstrate the above energy spectrum
peculiarities of resonant states in a QD.
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Figure 2. Scheme of energy levels ina QD, € = Ea/ hvo ra-u=3,b-u=5,c-u=6.5,d-u=6,e-u=6.8, d- u=10.5; red — n=0 series, green — n=1,

orange — n=2, violet — n=3.

We consider above the QD formed by the negative
potential U<0 (1), the quasiparticle stationary states inside
the QD are therefore the conduction band, electron-like
states. It is quite obvious, that the same approach can be
applied for the positive potential U>0 in (1). In that case the
quasiparticle stationary states inside the QD will be the
valence band, hole-like states.

It is important to note that local electron density in
stationary states (10) inside the QD is not uniform. Being
independent on the polar angle 8 it varies with p as follows
from (13) and (14) in accordance with the corresponding
Bessel functions:

V,(nm)F _

D(E,,,p) = g,

= 21| A 1 G 2+t K 2|

(16)

where g=4 is the spin and valley degeneration factor and #, is
the above mentioned degeneration factor of £, state (77,=1
for n=0, and #,=2 for n=1, 2, ...).

In the center of the QD all the Bessel functions but J, are
equal to zero, while Jy(z) has it maximum value Jy(0)=1;

J1(2)<0.6 and has it maximum at z=2, J,(2)<0.5 for n>1, and
their first maximum is at z>3. So near the center of the QD
only the states of low n series contribute substantially to the
electron density. For the example in Fig. 2f only levels Ey,,
(red lines) and E, (green lines) are actually essential up to
p~0.2a; as seen they are almost equidistant with
AE=1.8(hvy/a). Say, for a=40nm one has AE~30meV. Most
probably just that was the case observed in [12].

The results though are strictly relevant to the QD with the
discontinuous potential (1) will certainly hold qualitatively
for more smooth potential too.

3. Conclusions

We have studied theoretically the electron states in a
quantum dot formed in free-standing graphene monolayer by
a circular potential well. We have found that only discrete
quasiparticle energy levels are allowed inside the quantum
dot which seems to be a sort of peculiar resonant modes of
the two-component graphene quasiparticle wave function.
Inside the quantum dot formed by negative potential
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quasiparticle states are the conduction band, electron-like
ones, while inside the quantum dot formed by the positive
potential they are the valence band, hole-like states. Energy
levels and corresponding quasiparticle resonant wave
functions are obtained, which allow calculating the local
density of states inside the quantum dot. Experimental
results newly available are briefly referred to from that point
of view.
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