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Abstract  This paper deals with the behavior of the 
solution and asymptotic behaviors of eigenvalues of a fourth 
order boundary value problem, having the following 
definition: 𝑦𝑦(4) + 𝑝𝑝3(𝑥𝑥)𝑦𝑦′ + 𝑝𝑝4(𝑥𝑥)𝑦𝑦 = 𝜆𝜆4𝜌𝜌(𝑥𝑥)𝑦𝑦  (1) with 
boundary conditions: 𝑦𝑦(𝑗𝑗)(0) − 𝑦𝑦(𝑗𝑗)(𝜋𝜋) = 0   ,    𝑗𝑗 =
0,1,2,3  Where 𝑝𝑝3(𝑥𝑥)  and 𝑝𝑝4(𝑥𝑥)  are real valued 
functions and 𝜌𝜌(𝑥𝑥) = 1, and 𝜆𝜆 is a spectral parameter in 
which 𝜆𝜆 = 𝜎𝜎 + 𝑖𝑖𝑖𝑖 ,𝜎𝜎, 𝜏𝜏 ∈ 𝑅𝑅, 𝑖𝑖 = √−1 , 𝜏𝜏 ≠ 0. Here it has 
been assumed that 𝑝𝑝4(𝑥𝑥) ∈ 𝐶𝐶[0, 𝑎𝑎] and 𝑝𝑝3(𝑥𝑥) ∈ 𝐶𝐶2[0, 𝑎𝑎]. 
Keywords  Spectral Problem, Eigenvalues , Eigen 
Functions, Asymptotic Formulas 

 

1. Introduction 
In [1] Sturm and Liouville first pursued this issue in 19th 

century. They examined the issue in a finite interval and for 
second order operators. Then, in 1908, after the satisfaction 
of the regular boundary conditions, Birkhoff studied the 
distribution of differential operators in a finite interval but 
for arbitrary orders. In [6] Jwamer using this concept defined 
fourth order of differential operator. In [7] Menken Hamza 
using the asymptotic formulas in the case 𝑦𝑦(4) + 𝑞𝑞(𝑥𝑥)𝑦𝑦 =
𝜆𝜆4𝑦𝑦, 0 < 𝑥𝑥 < 𝜋𝜋 was proved. 

2. Study the Behavior of the Solutions 
In this section, we try to estimate the behavior of the 

solution to the fourth order boundary value problem 
described above, and to find their conditions 𝐴𝐴𝑖𝑖(𝑥𝑥), 𝑖𝑖 =
0,1,2,3,4 later. 

Theorem 2.1 
Assume 𝜆𝜆 ∈ 𝑇𝑇𝑘𝑘  𝑜𝑜𝑜𝑜 𝜆𝜆 ∈ 𝑇𝑇𝑘𝑘��� , 𝑘𝑘 = 0,1,2,3  and 𝑤𝑤𝑘𝑘 , 𝑘𝑘 =

0,1,2,3 . Then there exist linear independent solutions 
𝑦𝑦𝑘𝑘(𝑥𝑥, 𝜆𝜆), 𝑘𝑘 = 0,1,2,3,4  of equation (1)  with sufficiently 
large|𝜆𝜆|, in such a way when 𝑗𝑗 = 0,1,2,3 uniformly in 
0 ≤ 𝑥𝑥 ≤ 𝜋𝜋 satisfying the relation  

𝑦𝑦𝑘𝑘
(𝑗𝑗)(𝑥𝑥, 𝜆𝜆) = (𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘)𝑗𝑗𝑒𝑒𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘𝑥𝑥 ��

𝐴𝐴𝑖𝑖
(𝑗𝑗)(𝑥𝑥)
𝜆𝜆𝑖𝑖

4

𝑖𝑖=0

+ 𝑂𝑂(
1
𝜆𝜆5

)� 

Such that 

𝐴𝐴0(𝑥𝑥) = 1,𝐴𝐴1(𝑥𝑥) = 0, 𝐴𝐴2(𝑥𝑥) = −1
4(𝑖𝑖𝑤𝑤𝑘𝑘)2 ∫ 𝑝𝑝3(𝑡𝑡)𝑑𝑑𝑑𝑑𝑥𝑥

0 , 

𝐴𝐴3(𝑥𝑥) = 1
4(𝑖𝑖𝑤𝑤𝑘𝑘)3 ∫ �3

2
𝑝𝑝3′ (𝑡𝑡) − 𝑝𝑝4(𝑡𝑡)�𝑥𝑥

0 𝑑𝑑𝑑𝑑 and 

𝐴𝐴4(𝑥𝑥) =
−1
16

� �5𝑝𝑝3′′(𝑡𝑡) − 6𝑝𝑝4′ (𝑡𝑡) +
4𝑝𝑝3(𝑡𝑡)
(𝑖𝑖𝑤𝑤𝑘𝑘)2 𝐴𝐴2

(𝑡𝑡)�𝑑𝑑𝑑𝑑
𝑥𝑥

0
 

Proof 
From [8], it was proved that the solutions of equation 

(1) for sufficient large |𝜆𝜆| which can be written in the 
form 

𝑦𝑦𝑘𝑘(𝑥𝑥, 𝜆𝜆) = 𝑒𝑒𝜆𝜆∫ 𝜑𝜑𝑘𝑘(𝑡𝑡)𝑑𝑑𝑑𝑑𝑥𝑥
0 ��

𝐴𝐴𝑖𝑖(𝑥𝑥)
𝜆𝜆𝑖𝑖

4

𝑖𝑖=0
+ 𝑂𝑂(

1
𝜆𝜆5

)� 

But 𝑒𝑒𝜆𝜆∫ 𝜑𝜑𝑘𝑘(𝑡𝑡)𝑑𝑑𝑑𝑑𝑥𝑥
0 = 𝑒𝑒𝜆𝜆∫ 𝑖𝑖𝑤𝑤𝑘𝑘 �𝜌𝜌(𝑡𝑡)4 𝑑𝑑𝑑𝑑𝑥𝑥

0  

= 𝑒𝑒𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘 ∫ 𝑑𝑑𝑑𝑑𝑥𝑥
0 = 𝑒𝑒𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘𝑥𝑥 

𝑦𝑦𝑘𝑘(𝑥𝑥, 𝜆𝜆) = 𝑒𝑒𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘𝑥𝑥 �∑ 𝐴𝐴𝑖𝑖(𝑥𝑥)
𝜆𝜆𝑖𝑖

4
𝑖𝑖=0 + 𝑂𝑂( 1

𝜆𝜆5
)�    (2) 

By differentiating (2) up to fourth order with respect to 𝑥𝑥, 
the following relations are obtained: 

𝑦𝑦𝑘𝑘′ (𝑥𝑥, 𝜆𝜆) = (𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘)𝑒𝑒𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘𝑥𝑥 �𝐴𝐴0(𝑥𝑥) + ∑ 1
𝜆𝜆𝑖𝑖+1

�𝐴𝐴𝑖𝑖+1(𝑥𝑥) +3
𝑖𝑖=0

𝐴𝐴𝑖𝑖
′(𝑥𝑥)
𝑖𝑖𝑤𝑤𝑘𝑘

� + 𝑂𝑂( 1
𝜆𝜆5

)�                   (3) 

𝑦𝑦𝑘𝑘′′(𝑥𝑥, 𝜆𝜆) = (𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘)2𝑒𝑒𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘𝑥𝑥 �𝐴𝐴0(𝑥𝑥) +
1
𝜆𝜆
�𝐴𝐴1(𝑥𝑥) + 2

𝐴𝐴0′ (𝑥𝑥)
𝑖𝑖𝑤𝑤𝑘𝑘

�

+ �
1
𝜆𝜆𝑖𝑖+2

�𝐴𝐴𝑖𝑖+2(𝑥𝑥) + 2
𝐴𝐴𝑖𝑖+1′ (𝑥𝑥)
𝑖𝑖𝑤𝑤𝑘𝑘

2

𝑖𝑖=0

+
𝐴𝐴𝑖𝑖′′(𝑥𝑥)
(𝑖𝑖𝑤𝑤𝑘𝑘)2� + 𝑂𝑂 �

1
𝜆𝜆5
�� 



72 Accurate Asymptotic Formulas for Eigenvalues of a Boundary-value Problem of Fourth Order  
 

𝑦𝑦𝑘𝑘′′′(𝑥𝑥, 𝜆𝜆) = (𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘)3𝑒𝑒𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘𝑥𝑥 �𝐴𝐴0(𝑥𝑥) +
1
𝜆𝜆
�𝐴𝐴1(𝑥𝑥) + 3

𝐴𝐴0′ (𝑥𝑥)
𝑖𝑖𝑤𝑤𝑘𝑘

�

+
1
𝜆𝜆2
�𝐴𝐴2(𝑥𝑥) + 3

𝐴𝐴1′ (𝑥𝑥)
𝑖𝑖𝑤𝑤𝑘𝑘

+ 3
𝐴𝐴0′′(𝑥𝑥)
(𝑖𝑖𝑤𝑤𝑘𝑘)2�

+ �
1
𝜆𝜆𝑖𝑖+3

�𝐴𝐴𝑖𝑖+3(𝑥𝑥) + 2
𝐴𝐴𝑖𝑖+2′ (𝑥𝑥)
𝑖𝑖𝑤𝑤𝑘𝑘

1

𝑖𝑖=0

+
𝐴𝐴𝑖𝑖+1′′ (𝑥𝑥)
(𝑖𝑖𝑤𝑤𝑘𝑘)2 � + 𝑂𝑂 �

1
𝜆𝜆5
�� 

𝑦𝑦𝑘𝑘
(4)(𝑥𝑥, 𝜆𝜆) = (𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘)4𝑒𝑒𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘𝑥𝑥 �𝐴𝐴0(𝑥𝑥) + 1

𝜆𝜆
�𝐴𝐴1(𝑥𝑥) +

4 𝐴𝐴0
′ (𝑥𝑥)
𝑖𝑖𝑤𝑤𝑘𝑘

� + 1
𝜆𝜆2
�𝐴𝐴2(𝑥𝑥) + 4 𝐴𝐴1

′ (𝑥𝑥)
𝑖𝑖𝑤𝑤𝑘𝑘

+ 6 𝐴𝐴0
′′(𝑥𝑥)

(𝑖𝑖𝑤𝑤𝑘𝑘)2
� + 1

𝜆𝜆3
�𝐴𝐴3(𝑥𝑥) +

4 𝐴𝐴2
′ (𝑥𝑥)
𝑖𝑖𝑤𝑤𝑘𝑘

+ 6 𝐴𝐴1
′′(𝑥𝑥)

(𝑖𝑖𝑤𝑤𝑘𝑘)2
+ 4 𝐴𝐴0

′′′(𝑥𝑥)
(𝑖𝑖𝑤𝑤𝑘𝑘)3

� + 1
𝜆𝜆4
�𝐴𝐴4(𝑥𝑥) + 4 𝐴𝐴3

′ (𝑥𝑥)
𝑖𝑖𝑤𝑤𝑘𝑘

+

6 𝐴𝐴2
′′(𝑥𝑥)

(𝑖𝑖𝑤𝑤𝑘𝑘)2
+ 4 𝐴𝐴1

′′′(𝑥𝑥)
(𝑖𝑖𝑤𝑤𝑘𝑘)3

+ 𝐴𝐴0
(4)(𝑥𝑥)

(𝑖𝑖𝑤𝑤𝑘𝑘)4
� + 𝑂𝑂 � 1

𝜆𝜆5
��                     (4) 

Now, the resultant equations (2), (3)  and (4)  are 
substituted by the equation (1) to obtain the results. 

3. Asymptotic Behaviors of Eigenvalues 
to the Problem 

The primary purpose of this section is to study the 
asymptotic behaviors of eigenvalues with different cases of 
the following types: 

(1) If ∫ 𝑝𝑝𝑖𝑖(𝑡𝑡)𝑑𝑑𝑑𝑑
𝜋𝜋
0 = 0 for 𝑖𝑖 = 3,4 

then 𝐴𝐴2(𝜋𝜋) = 0, 

𝐴𝐴3(𝜋𝜋) =
3

8(𝑖𝑖𝑤𝑤𝑘𝑘)3
[𝑝𝑝3(𝜋𝜋) − 𝑝𝑝3(0)] 

𝐴𝐴4(𝜋𝜋) =
−1
16

�5�𝑝𝑝3′ (𝜋𝜋) − 𝑝𝑝3′ (0)� − 6�𝑝𝑝4(𝜋𝜋) − 𝑝𝑝4(0)�� 

(2) If a zero is a root of 𝑝𝑝3(𝑥𝑥), 

then 𝑝𝑝3(0) = 0. 

to the given spectral problem by the theorem: 

Theorem 3.1 
Asymptotic behavior of eigenvalues for sufficiently large 

𝜆𝜆 of the spectral boundary value problem in the sector 𝑇𝑇𝑘𝑘 
has the form: 

𝜆𝜆𝑚𝑚 =
2𝑘𝑘

(𝑖𝑖)𝑘𝑘+4
 , 𝑘𝑘 = 0,1,2, … 

𝜆𝜆𝑚𝑚 = �
3
2 𝑝𝑝4(0) − 5

4 𝑝𝑝3
′ (0)

1 + (2𝑘𝑘)5

4

 

Proof 

𝑦𝑦𝑘𝑘(0, 𝜆𝜆) = �1 + 𝑂𝑂(
1
𝜆𝜆5

)� 

𝑦𝑦𝑘𝑘′ (0, 𝜆𝜆) = (𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘) �1 +
1
𝜆𝜆4 ��

3
8
𝑝𝑝3′ (0)−

𝑝𝑝4(0)
4 �� + 𝑂𝑂 �

1
𝜆𝜆5
�� 

𝑦𝑦𝑘𝑘′′(0, 𝜆𝜆) = (𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘)2

⎣
⎢
⎢
⎢
⎡
1 +

�1
2 𝑝𝑝3

′ (0) − 1
2 𝑝𝑝4(0)�

𝜆𝜆4
+ 𝑂𝑂 �

1
𝜆𝜆5
�

⎦
⎥
⎥
⎥
⎤
 

𝑦𝑦𝑘𝑘′′′(0, 𝜆𝜆) = (𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘)3

⎣
⎢
⎢
⎢
⎡
1 +

�3
8 𝑝𝑝3

′ (0) − 3
4 𝑝𝑝4(0)�

𝜆𝜆4
+ 𝑂𝑂 �

1
𝜆𝜆5
�

⎦
⎥
⎥
⎥
⎤
 

𝑦𝑦𝑘𝑘(𝜋𝜋, 𝜆𝜆) = 𝑒𝑒𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘𝜋𝜋 �1 +
1
𝜆𝜆3
�

3𝑝𝑝3(𝜋𝜋)
8(𝑖𝑖𝑤𝑤𝑘𝑘)3�

+
1
𝜆𝜆4
�
−1
16

�5�𝑝𝑝3′ (𝜋𝜋) − 𝑝𝑝3′ (0)� − 6𝑝𝑝4(𝜋𝜋)

+ 6𝑝𝑝4(0))�� + 𝑂𝑂(
1
𝜆𝜆5

)� 

𝑦𝑦𝑘𝑘′ (𝜋𝜋, 𝜆𝜆) = (𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘)𝑒𝑒𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘𝜋𝜋 �1 +
1
𝜆𝜆3
�
𝑝𝑝3(𝜋𝜋)

8(𝑖𝑖𝑤𝑤𝑘𝑘)3�

+
1
𝜆𝜆4
�

1
16

[𝑝𝑝3′ (𝜋𝜋) + 5𝑝𝑝3′ (0)

+ 2𝑝𝑝4(𝜋𝜋) − 6𝑝𝑝4(0)]� + 𝑂𝑂 �
1
𝜆𝜆5
�� 

𝑦𝑦𝑘𝑘′′(𝜋𝜋, 𝜆𝜆) = (𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘)2𝑒𝑒𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘𝜋𝜋 �1 +
1
𝜆𝜆3
�
−𝑝𝑝3(𝜋𝜋)
8(𝑖𝑖𝑤𝑤𝑘𝑘)3�

+
1
𝜆𝜆4
�

1
16

[3𝑝𝑝3′ (𝜋𝜋) + 5𝑝𝑝3′ (0)

− 2𝑝𝑝4(𝜋𝜋) − 6𝑝𝑝4(0)]� + 𝑂𝑂 �
1
𝜆𝜆5
�� 

𝑦𝑦𝑘𝑘′′′(𝜋𝜋, 𝜆𝜆) = (𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘)3𝑒𝑒𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘𝜋𝜋 �1 +
1
𝜆𝜆3
�
−3𝑝𝑝3(𝜋𝜋)
8(𝑖𝑖𝑤𝑤𝑘𝑘)3 �

+
1
𝜆𝜆4
�

1
16

[𝑝𝑝3′ (𝜋𝜋) + 5𝑝𝑝3′ (0)

− 6(𝑝𝑝4(𝜋𝜋) + 𝑝𝑝4(0))]� + 𝑂𝑂 �
1
𝜆𝜆5
�� 

Δ(𝜆𝜆) = �

𝑈𝑈0(𝑦𝑦0) 𝑈𝑈0(𝑦𝑦1)
𝑈𝑈1(𝑦𝑦0) 𝑈𝑈1(𝑦𝑦1)

𝑈𝑈0(𝑦𝑦2) 𝑈𝑈0(𝑦𝑦3)
𝑈𝑈1(𝑦𝑦2) 𝑈𝑈1(𝑦𝑦3)

𝑈𝑈2(𝑦𝑦0) 𝑈𝑈2(𝑦𝑦1)
𝑈𝑈3(𝑦𝑦0) 𝑈𝑈3(𝑦𝑦1)

𝑈𝑈2(𝑦𝑦2) 𝑈𝑈2(𝑦𝑦3)
𝑈𝑈3(𝑦𝑦2) 𝑈𝑈3(𝑦𝑦3)

� 

Where 𝑈𝑈𝑗𝑗(𝑦𝑦𝑘𝑘) = 𝑦𝑦𝑘𝑘
(𝑗𝑗)(𝜋𝜋) − 𝑦𝑦𝑘𝑘

(𝑗𝑗)(0),    (𝑗𝑗, 𝑘𝑘 = 0,1,2,3). 

𝑈𝑈0(𝑦𝑦𝑘𝑘) = 𝑦𝑦𝑘𝑘(𝜋𝜋) − 𝑦𝑦𝑘𝑘(0) 

𝑈𝑈0(𝑦𝑦𝑘𝑘)

= 𝑒𝑒𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘𝜋𝜋 �1 +
1
𝜆𝜆3
�

3𝑝𝑝3(𝜋𝜋)
8(𝑖𝑖𝑤𝑤𝑘𝑘)3�

+
1
𝜆𝜆4
�
−�5�𝑝𝑝3′ (𝜋𝜋) − 𝑝𝑝3′ (0)� − 6(𝑝𝑝4(𝜋𝜋) − 𝑝𝑝4(0)�

16
�

+ 𝑂𝑂(
1
𝜆𝜆5

)� − �1 + 𝑂𝑂 �
1
𝜆𝜆5
��                   𝑘𝑘 = 0,1,2,3 

𝑈𝑈1(𝑦𝑦𝑘𝑘) = 𝑦𝑦𝑘𝑘′ (𝜋𝜋) − 𝑦𝑦𝑘𝑘′ (0) 
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𝑈𝑈1(𝑦𝑦𝑘𝑘) = (𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘)𝑒𝑒𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘𝜋𝜋 �1 +
1
𝜆𝜆3
�
𝑝𝑝3(𝜋𝜋)

8(𝑖𝑖𝑤𝑤𝑘𝑘)3�

+
1
𝜆𝜆4
�

1
16

[𝑝𝑝3′ (𝜋𝜋) + 5𝑝𝑝3′ (0)

+ 2𝑝𝑝4(𝜋𝜋) − 6𝑝𝑝4(0)]� + 𝑂𝑂 �
1
𝜆𝜆5
��

− (𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘) �1 +
1
𝜆𝜆4
��

3
8
𝑝𝑝3′ (0) −

𝑝𝑝4(0)
4

��

+ 𝑂𝑂 �
1
𝜆𝜆5
��  𝑘𝑘 = 0,1,2,3 

𝑈𝑈2(𝑦𝑦𝑘𝑘) = 𝑦𝑦𝑘𝑘′′(𝜋𝜋) − 𝑦𝑦𝑘𝑘′′(0) 

𝑈𝑈2(𝑦𝑦𝑘𝑘) = (𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘)2𝑒𝑒𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘𝜋𝜋 �1 +
1
𝜆𝜆3
�
−𝑝𝑝3(𝜋𝜋)
8(𝑖𝑖𝑤𝑤𝑘𝑘)3�

+
1
𝜆𝜆4
�

1
16

[3𝑝𝑝3′ (𝜋𝜋) + 5𝑝𝑝3′ (0)

− 2𝑝𝑝4(𝜋𝜋) − 6𝑝𝑝4(0)]� + 𝑂𝑂 �
1
𝜆𝜆5
��

− (𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘)2 �1 +
1
𝜆𝜆4
��

1
2
𝑝𝑝3′ (0) −

1
2
𝑝𝑝4(0)��

+ 𝑂𝑂 �
1
𝜆𝜆5
��   𝑘𝑘 = 0,1,2,3 

𝑈𝑈3(𝑦𝑦𝑘𝑘) = 𝑦𝑦𝑘𝑘′′′(𝜋𝜋) − 𝑦𝑦𝑘𝑘′′′(0) 

𝑈𝑈3(𝑦𝑦𝑘𝑘) = (𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘)3𝑒𝑒𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘𝜋𝜋 �1 +
1
𝜆𝜆3
�
−3𝑝𝑝3(𝜋𝜋)
8(𝑖𝑖𝑤𝑤𝑘𝑘)3 �

+
1
𝜆𝜆4
�

1
16

[𝑝𝑝3′ (𝜋𝜋) + 5𝑝𝑝3′ (0)

− 6(𝑝𝑝4(𝜋𝜋) + 𝑝𝑝4(0))]� + 𝑂𝑂 �
1
𝜆𝜆5
��

− (𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘)3 �1 +
1
𝜆𝜆4
��

3
8
𝑝𝑝3′ (0) −

3
4
𝑝𝑝4(0)��

+ 𝑂𝑂 �
1
𝜆𝜆5
��  𝑘𝑘 = 0,1,2,3 

Δ(𝜆𝜆) = (𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘)6𝑒𝑒4𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘𝜋𝜋 �1 +
1
𝜆𝜆4
�

1
4

[5𝑝𝑝3′ (0) − 6𝑝𝑝4(0)]�

+ 𝑂𝑂 �
1
𝜆𝜆5
�� 

−(𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘)6𝑒𝑒3𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘𝜋𝜋 �4 +
1
𝜆𝜆4

([5𝑝𝑝3′ (0) − 6𝑝𝑝4(0)]) + 𝑂𝑂 �
1
𝜆𝜆5
�� 

+(𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘)6𝑒𝑒2𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘𝜋𝜋 �6 +
1
𝜆𝜆4
�

1
2

[15𝑝𝑝3′ (0) − 18𝑝𝑝4(0)]�

+ 𝑂𝑂 �
1
𝜆𝜆5
�� 

−(𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘)6𝑒𝑒𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘𝜋𝜋 �4 +
1
𝜆𝜆4

([5𝑝𝑝3′ (0) − 6𝑝𝑝4(0)]) + 𝑂𝑂 �
1
𝜆𝜆5
�� 

+(𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘)6 �1 +
1
𝜆𝜆4
�

1
4

[5𝑝𝑝3′ (0) − 6𝑝𝑝4(0)]� + 𝑂𝑂 �
1
𝜆𝜆5
�� 

Δ(𝜆𝜆) = (𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘)6 ��𝑒𝑒4𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘𝜋𝜋 − 4𝑒𝑒3𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘𝜋𝜋 + 6𝑒𝑒2𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘𝜋𝜋

− 4𝑒𝑒𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘𝜋𝜋 + 1�

∗ �1 +
1
𝜆𝜆4
�

1
4

[5𝑝𝑝3′ (0) − 6𝑝𝑝4(0)]�

+ 𝑂𝑂 �
1
𝜆𝜆5
��� 

Δ(𝜆𝜆) = (𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘)6�𝑒𝑒𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘𝜋𝜋 − 1�4 �1

+
1
𝜆𝜆4
�

1
4

[5𝑝𝑝3′ (0) − 6𝑝𝑝4(0)]� + 𝑂𝑂 �
1
𝜆𝜆5
�� 

Hence, by Δ(𝜆𝜆) = 0,  for sufficiently large  |𝜆𝜆| , the 
following equations hold: 

𝑒𝑒𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘𝜋𝜋 − 1 = 0 ⟹ 𝑒𝑒𝑖𝑖𝑖𝑖𝑤𝑤𝑘𝑘𝜋𝜋 = 1 ⟹ 𝜆𝜆𝑚𝑚 =
2𝑘𝑘
𝑤𝑤𝑘𝑘

,   

but 𝑤𝑤𝑘𝑘 = (𝑖𝑖)𝑘𝑘+4 

Hence, 𝜆𝜆𝑚𝑚 = 2𝑘𝑘
(𝑖𝑖)𝑘𝑘+4

 , 𝑘𝑘 = 0,1,2, … 

Or 

1 +
1
𝜆𝜆4
�

1
4

[5𝑝𝑝3′ (0) − 6𝑝𝑝4(0)]� + 𝑂𝑂 �
1
𝜆𝜆5
� = 0 

1 −
1
𝜆𝜆4
�

3
2
𝑝𝑝4(0) −

5
4
𝑝𝑝3′ (0)� + 𝑂𝑂 �

1
𝜆𝜆5
� = 0 

1 + 𝑂𝑂 �
1
𝜆𝜆5
� =

1
𝜆𝜆4
�

3
2
𝑝𝑝4(0) −

5
4
𝑝𝑝3′ (0)� 

Thus, 

 𝜆𝜆𝑚𝑚 = �
3
2𝑝𝑝4(0)−54𝑝𝑝3

′ (0)

1+𝑂𝑂� 1
𝜆𝜆5
�

4
 

𝜆𝜆𝑚𝑚 = �
3
2 𝑝𝑝4(0) − 5

4 𝑝𝑝3
′ (0)

1 + (2𝑘𝑘)5

4

 

4. Conclusions 
It is found the asymptotic formula for eigenvalues to the 

spectral problem as defined in equation (1), the coefficients 
in the differential equation are real valued functions and 
𝜌𝜌(𝑥𝑥) = 1  and it is assumed that 𝑝𝑝4(𝑥𝑥) ∈ 𝐶𝐶[0, 𝑎𝑎]  and 
𝑝𝑝3(𝑥𝑥) ∈ 𝐶𝐶2[0, 𝑎𝑎]. 
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